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Umobot yuebnuxom Govino yoobro noavzoeamsves,
8 nem @eéedenwvt cnedyroujue 0603HAYECHUA:

— 3ajJa4M IO HOBOH TeMe s padoThl B KJacce,

— 3aja4dyu AJad AoMallHed paboTel,

OBTOPEHUEe paHee NPOWAEHHOTO,

— 38Ja4YM HA CMEKAaJKY,

— 3azaHusa 6a30BOTO YPOBHI,

— OoJiee CJOKHBIE 3aQaHHA 0O HOBBIM TeMaM M TeMaM
IMOBTOpPEHMUs,

— 3aZaHus, Tpebyoomue yMeHUA HaXOAUTh HECTAHJADTHBIE
CIIOCO0BI peIeHus;

I I0©©00e

v - 3aBeplIIeHHe JoKasaTeJbCTBa TeOPEeMEI.

©OO© - marepuas anA TeX, KOMY HHTEDPECHO,



Masa 1
MocTpoeHne maremMarn4eckon reopum

§ 1. MatemaTuyeckoe moaenuposaHue

1. MaremaTuyecKkas MOJeJb peajibHOM 3agadu

Mamemamukxa — 3mo UCKYCCMe0 HA3bL6AMb PpA3HbLE BEULU
00HUM U meM JHce UMEHEM.

Anpnu Ilyarkape (1854-1912),
(ppaHLy3cKUil MaTeMaTUK, GU3UK U duaocod

IIpn usyuenuu npobiieMm (DU3UKHA, XUMHY, OUOJIOTUH, SIKOHOMHKH U MHOTHX APYTHX
HAYK CerojH#A IIMPOKO MCIOJb3yeTcA MareMaTruieckoe Mogeanposanue. Habaronaa 3a AB-
JIEHHAMH OKDY/KAaIOIero MUpa, YYeHble CTAPAIOTCA BHIABUTH UX HauboJiee CyIecTBeHHbIEe
CBOMCTBA M YCTAHOBUTH 3aKOHOMEPHOCTH, KOTOPLIM OHH IOAYMHAIOTCA. Korga pesyabrarTsl
TAKUX HaOIOAeHMH HOJy4Yaercs 3alMcaTh Ha MaTeMaTHYeCKOM fA3blKe, TO yIaeTcd I0-
CTPOUTH MATEMaTUYECKYI0 MOAEe/]Ib ABJIEHHUS.

WHorzxa, kasajnock Obl, Pag/JMYHbIe ABIEHUA MU IPOIECCHl ONMUCHIBATCA OJHUMH U
TeMH ke 3aKkoHamu, Torza BO3HUKAaeT BO3MOXKHOCTh JaTh UX eJMHOe onucaHue. Bor 31ech
¥ IPOABJAETCA IpaKTHYecKoe yA00CTBO MaTeMaTHU4Yeckoro mozenuposanusd. Hanpumep,
dhopmyna a = bc MoKeT OIMCHIBATH KaK IPAMOJIMHEHOEe pABHOMEDHOE ABUIKeHHE (S = vt),
TAK U PABHOMEpPHYI0 pabory (A = wt) U MHOMKECTBO JAPYIUX PaBHOMEPHBIX IpoieccoB. ITo-
3TOMY IIPHU PEIleHWH 3a7a4 JAHHOTO THIA MBI, HAIPMMep, MOXKeM JIETKO HAWTH 3HAYEeHUS
BEJIMUUH D ¥ W T0 oblleMy IpPaBMITY HAXOMKJeHMA HEM3BECTHOTO MHOMXUTensd (U = § : t,
w=A:t1t).

HasIKk MaTeMaTHKH, COCTOANIUIN, B YACTHOCTH, M3 YHCeJ, OYKB U BhIpAKeHUI, ypaB-
HeHUH 1 HepaBeHCTB, IIOMOraeT 3allMCATH B3aMMOCBA3M, JeKallliie B OCHOBE DA3IMYHLIX
IIpoIieccoB. A 3TO y’Ke IO3BOJAET YIPOCTHTHL PellleHHe MHOIMX NPAKTHUYECKHX 3a1ad.

WNnea moxenupoBaHUA COCTOHUT B 3aMEHe peajIbHOTO 00beKTa HeKOTOPHIM ero «3aMec-
THTEeJIeM», HasblBaeMEIM Mogenbro. CHayasa cBoiicTBa M3ydaeMoro obsexra GopmMyIupy-
I0TCH, Hanpumep, Ha A3blKe ¢us3uku. Taxmm obpasom, crpouTca (pHU3HUecKasd MOJENb.
IloctpoerHasa (pusuyeckasda MoAeab — 3TO (GaKTHUECKH TEKCT MaTe-
MAaTHYECKOH 3aJaun. 3alucaB ero Ha MaTeMaTHYeCKOM fAB3LIKE, MBI
IOJIYIUM MaTe€MaTHYECKYI0 MOIENb.

IIpu mocTpoeHHH MOJeNH, KAK [PABHUJO, IPOUCXOAUT YIPO-
IeHHe IepBoHAYaJbHOI 3agaum. Tak, B sagayax, KOTOpPBIE MEI
paccMmaTpHuBaJu paHee, paboune paboranu ¢ OAHHAKOBOH IIPOU3BO-
JUTEJLHOCTHIO, & BCe 00BLEKTHI ABHIAINCE C OAUHAKOBONH CKOPOCTHIO.
KoneuHo e, yOpolieHue Ipy MOZEIUPOBAHHY IPOUCXOIUT HE TOJIb-
KO B INKOJbHBIX yuyeOHHUKAX, HO U B peanbHOU :xu3Hu. Hanpumep,
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fnasa 1, §1, n.1

aBTOIMMJIOT CAMOJIETA BCerja Ipolrle YeJoBeKa — MUJIOTA, & KOMIBIOTePHAS UMHTAILUS UTPLI
B (pyTOOJ TIpoIe peaJbHOMH UIPLI.

IIponecc MmaTeMaTHUeCKOro MONEJIMPOBAHMS, KAK MEI VyKe 3HAeM, BKJIIOUaeT B cebs
Tpu 3rana. BCIOMHHAM HX.

I. ITocmpoenue mamemamuveckoi modenu.

Ha manHOM aTame TEKCT 3aJa4YM NEePeBOAUTCS HA MaTeMaTH4YecKH# A3bIK. [las aToro
omnpeziesigieTcd, YTO M3BECTHO, UTO HAJO HAWTH, YCTAHABIMBAIOTCA B3aMMOCBA3H MEXKAY
HM3BECTHBIMU M HEH3BECTHBIMM BeJIMUMHAMH, BBOJATCA OyKBeHHBIE 0003HaUeHHsA, COCTAB-
AAIOTCA MAaTeMaTHYeCKHe COOTHOIIEHWA: ypaBHeHMA M HepaBeHcTBa. Ilpm arom Ba:kHO
BpiOpaThk OyKBeHHBIe 0003HAUYeHHA TAKHM 00pas3oM, YTOOBI NOJydYeHHBIE COOTHOIIEHHS
HMeJIM KaK MOKHO OoJjiee IpOCTOH BHZ.

II. Paboma ¢ mamemamuieckolu modensio.

B pesysbrare mepeBoza NpaKTHUYECKOH 3ajauy Ha MaTeMATHUYECKHH SASBIK MOT'YT BO3-
HHKHYTH ABAa CJIy4as:

1) umeeTcs mMareMarH4yecKas TEOPHdA, IIO3BOJIAIOINAA NOJYYUTH pelleHHEe NaHHOH
3afa4H;

2) Takoil MaTeMaTHYECKOH TEOPHH HE CYIIeCTBYeET.

B mepBOoM ciiydae MbI IIPOCTO BbIOMpaeM crocod, IMO3BOIAIOIMN IOJYYHTH PEIleHHe
s3azaud. Bo BTOpOM ciIy4yae MBI ZOJIKHBI CO3JATh HOBBIH MJIM YCOBEPIIEHCTBOBATH HEKOTO-
PBIi cTapbiii cnocod TakuM 00pasomM, 4TO0BI OJYYUTH B MTOTE pellleHUe JaHHOH 3agaydu (1
0/IHOBPEMEHHO BCEX APYTMX Nogo0HBIX 3ajga4). IIpu aToM MPOMCXOAWUT Pa3BUTHE M CAMOM
MaTeMaTHYeCKOU TEOPHH.

MaremMaTHKa MOXKeT pa3BHBAThCA TaKKe, MCXOAA JHUIIb M3
cBOeii BHYTPEHHEH JIOTUKW M KDPacoThl, omepexad morpebGHoCTHA
npakTuku. Tak, HampuMep, EBKIUI ele 0 Hameld 3pbl 380U
OCHOBBI TEOPHMH JeJIUMOCTH, a4 CerojJHs OHA IIHPOKO UCIOJIb3YeTCS
B 3ajauax mudpoBaHUA U AeMIH(MPOBAHUA TEKCTOB.

II1. IIpakmuvweckuil 6bL600.

ITonyuuB penieHne MaTeMaTHUYeCcKOH 3azadu, HEOOXOAMMO €ro
NIPOAHAIM3UPOBATE, TO €CTh Pa3o0pAThCA B er0 PeaJbHOM CMBICTE, a
3aTeM CIeJIaTh BHIBOALI. B ATOM COCTOUT TPETHIH STAll MaTeMaTHYECKOI'0 MOASJIUDOBAHUA.

TaxkuMm oOpa3oM, MaTeMaTHYeCKOe MOJEJUDPOBAHME IIO3BOJIAET CBECTH pelleHHe 00Jb-
IIOoT0 YWCJIa BHEITHE DASMUUHBIX TMPAKTHYECKHX 3a/Ja¥ K PelleHWI0 YPaBHEHWH U Hepa-
BEHCTB. A 3T0, B CBOIO OUepe/b, BeJIeT K PA3BUTHI0O MATEMATHYECKOH TEOPHH, B YACTHOCTH
K PA3BUTHIO TEOPUH YDABHEHHH W HEPABEHCTB.

Ho gna Hauana HAM HAJO0 HAYUYUTHCSA CTPOHTH yA0OHBIE MaTeMaTHYeCKHe MOJeNH,
NPUBOAAINME K YPABHEHHMSM, CIIOCO0 pelleHHMs KOTOPHIX M3BecTeH. W Torja cieayomuii
mar — NpuMeHeHHWe 3HAKOMOTO AJIrOpHTMa — He COCTABHUT TPYJAa, ABIAACH, KAK I'OBOPAT,
«IeJIOM TEeXHHKH» .

BenoMHMM B YTOUHHMM M3BECTHRIM HAM AJTOPHUTM DELIeHHS 3a7a4 MEeTOJNO0M MaTeMa-
THYECKOT0 MOJeJIupoRanus. J[JIa 3TOro paccMOTPUM CIAeAVIOIIYIO 3a1auy.

3amaua.

Mama kynuiaa Muine KHUMM 4 JUCKHA. BMecTe KHHT B AucKOB ObL10 9. MssecTHo, uTO
KOJMYeCTBO KYILJIEHHBIX MaMOW KHHT IIPU AeJeHUH Ha 3§ AaeT ocTaToK 1, a KOIH4YeCTBO
KYILIEHHBIX €10 AMCKOB IIPH AeJIeHAH Ha 3 AaeT octaTok 2. Oauu u3 auckos Muma noxa-
pui cBoit cectpe. CKOIBKO AMCKOB y HETO OCTAJIOCh?




Pewenue:
I. ITocmpoenue mamemamuueckoi modenu.

DurcHpyeM, YTO M3BECTHO M YTO HAO HAWTH.

Hawm uaBecTHO, 4yTO MaMa Kynuia odmum uyuciaoMm 9 KHur u guckoB. KoinuecTBo KHUT
IpH AeJIeHUH Ha 3 faeT OCTATOK 1, KOJMUYecTBO JMCKOB IIPH AeJIeHUH Ha 3 JaeT OCTaToOK 2.
OpuH u3 guckoB Muma Imogapui CBOEM cecTpe.

Hy:xHo HaWTH, CKOJLKO AUCKOB OCTAJOCh ¥ Muimn.

Bribn M _HEeM3BECTHBIE BEeJUYNH o YaTh BOIT

O603HayuM X — KOJHYECTBO KHHUI, 4 J — KOJHUYECTBO AUCKOB, KOTOpPhLIe KYIIMJIa
MaMa.

W3 ycnosusa 3agauu ciaepyet, uto x €N u y €N.

EQIQ,H&EJ!HB&EM B3AHMOCBASH MeIV H3BECTHLIMH W HeH3BeCTHLIMH BeJWYHMHAMMHW.

Tax kax x npu genesun Ha 3 gaetr ocrarok 1, To mo Gopmyse JeJleHHUs ¢ OCTATKOM
x =3a + 1 (a eNy), rae N, — MHOKeCTBO HaTypaJbHbIX uuces u 0.

Amnanoruyno y = 3b + 2 (b eN).

CocrapigeM ypaBHEHHE,

ITo ycsnoBHIO, cyMMa MCKOMBIX YHcCesJ paBHa 9, sHaumT, x + y = 9.

Bce B3auMMOCBf3H, 3aJJaHHBIE B YCJHOBHH 3a]aud, OMMCAHBI NMOJYYeHHBIMH ypaB-
HeHHAMH.

Takum 06pasomM, MBI HOJYYWIN MaTeMATHIECKYI0 MOJEb, COCTOAILIVIO U3 TPeX ypasHe-
HU# ¥ TpeOOBaHUI K MEePEeMEHHBIM, BXOAANIAM B 9TH YPABHEHUA. 3aNUIlIeM UX BCE BMECTe
1 3a(pMKCHpyeM 3HAYEHHEe BeJHMYHHBI, KoTopoe Tpedyerca HauTH. (PurypHasa ckobka
o0o3HayaeT, 4TO BCe YPABHEHUS JOJKHBI BHIMOJHATHCS OJHOBPEMEHHO.)

x+y=9,xeN,yeN
x=3a+1,ac¢eN, > y—-1=2
y=3b+ 2,beN,

3aMeTHM, UTO B XOJle IIOCTPOEHUA MATEMATHYECKON MOJEJH MBI BBIAEIHIH TPH BaK-
HBIX IIara, KOTOpble He ObLIM 3aHMKCHUPOBAHEI B AJNrOPHTME, KOTOPBIA HCIOJb30BAJICA
HAMM paHee:

v/ MBI ONIPeAeIHIN MHOKECTBO 3HAYEHUH, KOTOPhleé MOTYT NMPHHMMATH HEM3BECTHLIE
BeJIMYHAHE];

F mpoBepman, 9TO KaKALIA 9JIEMEHT yCJIOBUSA 3aJaYd OMUCAH COOTBETCTBYIOIAM
VpPABHEHHEM;

* 3aMKCHPOBAJIH MCKOMYIO BEIHUYHHY.

Kasxaplit 13 9TUX HOBBIX BBIJI€JIEHHBIX IIATOB HENOCPEJACTBEHHO BJMSET HA IPABHUJIb-
HOCTBH IIOCTPOEHMA MOJIeJH W NPaBUJBHOCTH OTBETA, NMOITOMY HEOOXOAMMO AOMOJHHTH
9THMH IIaTaMH IMOCTPOEHHBIN paHee aJIrOPHUTM.

II. Pa6oma ¢ mamemamuieckoi modenvio.

Ilocne Toro kKak MOZesb MOCTPOEHA, MOKHO B NepBOe YDABHEHHE BMECTO X M I TOJ-
CTABHTh COOTBETCTBYIOIME UM BBIDAYKEHUS W BBINOJHHUTH HECJIOKHEBIE IpeobpaszoBaHUs
IOJIy4€HHOr0 YpaBHEHUs, NOMHH, 4TO X, y €N, a, b €N

Ba+1)+B+2)=9 © 3a+b)=6 © a+b=2 &

< a=0,b=2,uma=1,b=1,umma=2,b=0 <

< x=lLy=8, mmx=4,y=5,mmx="7y=2.

fhasa 1, §1, n.1
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fnaea 1, §1, n.1

Torga KoIMuecTBO AMCKOB, OCTaBIIMXCA y Mumm, paBHO:
y-1=T7T,mwm y-1=4,umu y—-1=1.
II1. ITpaxmuvweckuil 6vL600.
Hrax, MBI IONIYYHIN, YTO JaHHAA 3afia4a UMeeT TPH pelleHusd, AJA KakI0ro u3 KoTo-
PhIX 3HAYEHHHA BEJIHYHH X U Y COOTBETCTBYIOT YCJIOBMIO 3ajauyH: IIOJyYeHHbIe 3HAUYEHUA —

HATYPaJbHBIE YUCJI4, IPU 3TOM BO BCEX VKA3aHHBIX CIYYaAX YHCJIO KHUT NPH JeJeHHH Ha
3 maer ocraTok 1, a YMCIO AUCKOB IIPH JIeJIeHAN HA 3 JaeT OCTATOK 2.

Omeem: y Mumu ocranock aubo 7 guckos, nubo 4 gucka, aubo 1 guck.

B urore MBI mpuUmaH K CIeAYVIOMIEMY YTOUHEHHOMY BAPHAHTY AJTODHATMA pelleHUs
3a/1a4 MeTOJOM MATEMATHYECKOTO MOJEJIHPOBAHUS!

AJU‘DplITM pelieHusda 3agad MeTOI0M MaTeMaTH4YeCKOro MoaejlMpoBaHHA

I. IlocTpoeHHe MaTeMaTHYECKOH MOIEJNIH.

1) BEuMaTenbHO IPOYKUTATE 3a71a4y.

2) OnpenenuTh, KAKHe BeJIMYWHBI M3BECTHBI M KAKUE HAJ0 HANTH.

3) IIpoBepuThs COOTBETCTBHE €JHUHUI] H3MeDeHUA BeJIHUYNH.

4) BeifpaTh HEeM3BECTHLIE BEJIWUWHEl U BBECTH JJIS HUX OYKBeHHBIe 0003HAUEHMS.
5) OnpepenuTs MHOMKECTBO 3HAUEHHWH, KOTOpPble MOTYT IIPHHUMAThH HEU3IBECTHRIE
BeJIMYMHEIL,

i 6) YcTaHOBUTEH B3AMMOCBA3H MEXAY BeJIUUHHAMH.

7) CocTaBuTh yYpaBHeHHe U 000CHOBATE €ro.

8) IIpoBepHuTh, YTO KasKAbIA 3JIeMEeHT YCJOBHA 3aJaduHl ONHUCAH COOTBETCTBYIOLI[UM
ypaBHEHHEM.

9) 3adMKCHPOBATh HCKOMYK BeJIUYHHY.

II. Pabora ¢ MaTeMaTHYECKOH MOJEJbI0.
10) Hajiitu Bce pelmeHus, YAOBJIETBOPAIOIHE [IOCTPOEHHOM MOZEIH.

III. ITpakTHYeCKUi BBLIBOT.
11) ITpoBepuUTEL COOTBETCTBHE MOJYUYEHHOrO OTBeTa BOIMPOCY 3ajayu.
12) Y6enuThes, 4YTO MONYYEHHEIE PEIIEHHS COOTBETCTBYIOT CMBLICIY 38JauH.

@ 1 I SanuIIKTe pelleHne 3aJadyl B BUje OVKBEHHOIO BhIDAYKEHHA W HAUAWTE ero 3Ha-

yeHHe IJIA:
a) n = 208, m = 50; B) n = 242, m = 110;
) n = 180, m = 46; r) n =210, m = 62.

1) «3a xHHUrY u ¢doToansbom sanjatunu n p. KHura crouna
Ha m p. popo:xke doroansboma. CKOJIBKO CTOMIA KHUTA?»

2) «ABToMOOMIbL B aBTOOYC Ipoexasn BMecTe 11 KM. V3BecT-
HO, 9TO aBTOOYC Mpoexas Ha M KM MeHbIIe, 4eM aBTOMOOHIIb,
CKOJIBKO KHMJIOMETPOB IIpoeXasl aBTOMOOUIB? »

3) «JllBoe pabouux cpenanu BmecTe n Aeraneid. Ilpu atom
ImepBbIi paGounii caenas Ha n gerajei Gosbliie, 4eM BTOPOM.
CKOJBKO JeTajieil cheas HepBblil pabouymii? »
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ITocTpoiiTe MaTeMaTHYECKYIO MOIEJb M PeIluTe 3ajady:

a) Ilerio cnpocuin, ckoabKo emy Jjer. O orBetma: «Eciam m3 Moero yaBoeHHOro
TeleperrHero BO3PACcTa BHIYECTH YTPOEHHBIH MOH BO3PACT, KOTOPHIHA ObLI BOCEMb JIeT
Hasaj, TO MOJIYYHTCA MOH Temepenramii BodpacT». Croabko yer Ilere?

6) Korga mosapa CIPOCHIM, CKOJBKO SHI[ HY}XHO B3ATb, YTOOBI IIPATOTOBHTH IIHPOT,
oH orBeTHNI: «Eciu B3AThL Ha 3 sillla MEeHbIIE, YeM dTO HEOOXOAMMO, YBEJIWYUTH ITO
YUeao B 5 pas, a 3aTeM BhIYECTh M3 ITOJYYEHHOTO PesyJibTara YHc/Io, B 2 pasa Oosbliee
HeoOXOAMMOro YMeiaa AHIl, TO MOJIYYHUTCA YHCIO, HA 5 GoJbliee HCKOMOro». CKOJIBKO
SAUI HY?KHO B3ATh, UTOOBI IPUIOTOBUTE TPH IIHPOTA II0 PELeNTy 3TOro nosapa?

B) Bricora Ocrarkmuckoii Oamam Ha 216 M Gombire, yem DiidenenBoii. Ecau BricoTy
OcTaHKMHCKOH OalTHU YBEJIWYUTE B 8 pasa, & U3 BhICOTHI DidiesieBol OAlTHN BBIYECTH
134 u cJI0KKTH TMOJYyUeHHBIEe BeIHMYHHBbI, TO moayuurcsa 1810. Uemy paBHa BbICOTA
OcrankuHCKO#N Oaman?

Pemure zagauy:

a) BeIpyuka KHMXKHOI0 Marasusa (IIOCTYILUIeHHE JeHEeHBIX CPeLCTB OT MOKyIaTesiei)
cocraBuiia B nepsoM KBapraiie 700,46 teic. p. MsBecTHo, 4TO B AHBape BbIpy4YKa Oblia
Ha 49,58 THIC. P. OoJBINe, YeM B ¢eBpajie, a B mapte — Ha 178,92 TeIC. p. MeHbIIIE,
yeM B (eBpaie. CKOJIbKO JeHE;KHBIX CPEJACTB IOJYYWAJI MaraswH OT IIOKyIaTeseil B
mapre?

6) Typuersr mporim 3a 3 aua 112,73 kM. Bo Bropoit neEbL OHU
npouuty Ha 4,54 KM MeHbIIe, YeM B IIePBLIA, & B TPETHH JAeHb —
Ha 5,61 kM Goubiue, yuem B mepBbiil. CKOJIBKO KHJIOMETDOB
IIPOILILTHA TYPUCTHI BO BTOPOIi JeHB?

B) IlloxonranHasa ¢dabpHKa BeINYyCTHJIA B aBTycTe 524,48 TOH-
HbI KOH(peT Tpex copToB: «MuUHIanbHBIE», «KIyOHUUHEBIEY,
«CnuBounkie». [IpH 3TOM MUHIATLHEIX KOH(ET MPOU3BENH HA
39,56 ToHHBI MeHBIIEe, YeM KJIYOHUUHBIX, 4 CIMBOYHBIX — HA
97,69 ToHHEBI Gosblle, YeM KJIYOHHYHBIX. CKOJIBKO MHHIATBHBIX
KOH(MeT Npou3BeJN Ha MIOKOJanHOH dhabpuke B aBrycre?

a) Komnauusa «llucrocnsiic» Beinyckaer gucku DVD. CrouMoeTs M3roTOBIEHUA OJHOTO
aucka coctaiager 50 p. Ilpu sToM KoMIDaHHA HeceT eXeMeCSYHO CJIeAVIOIHe pacxo-
avl: aperga nomeniesnit — 50 000 p., sapniara nepcorana — 100 000 p., nunesHsnu
u aBropckue roHopapsl — 200 000 p., npoume pacxonsr — 30 000 p. Ilena mpoxaku
OJHOTO AMCKAa cocTaBiser B cpegneM 250 p. Kakoe KoInuecTBO JUCKOB JOJIKHA IPO-
LaBaTh KOMIAHHA €KeMeCAYHO, UTOOLI OKYIIATH BCe CBOM PACXOABI?

0) Komnanusa «Illokoxpum» mpopaer moxoJagable 0aToHUYMKH. CTOMMOCTDH 3aKyIOKHA
omHOro 6aTOHYMKAa cocTaBiaseT 24 p., a CTOMMOCThL Ipojasku — 32 p. B mecAn kom-
nanusa npoaaer 80 000 caTorunkoB. KakuMH AOJIKHBI OBITh €XeMeCAYHBIe PACXO (bl
KOMIaHWM, 4T00BI ee MPHUOBLIL paBHANACH HYJIIO?

B) Kommasmsa «JlaliTctap» mpojgaeT MHOTOMYHKIIMOHAJLHBIE TYPUCTUYECKHE (DOHADH.
CroumocTs mponaku oxHOro ouapsa cocrasaser 570 p. Exxemecsuno KoMIanus He-
ceT caenyrorue pacxons: apesza nomernenui — 300 000 p., sapnsara nmepcosana —
400 000 p., mpoune pacxoasl — 76 900 p. B mecan kommanusa mnpozxaer 4570 dona-
peit. ITo kakoif MaKCHMAIbLHOM IeHE MOYKET 3aKYIaTh KOMIAHUA 9TH (DOHAPH, ITOOKI
IIOKPBIBATE BCE CBOH PACXOjbi?
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ITocTpoiiTe MaTeMaTAYECKYIO MOJe/b M PENINATEe 3a1aqy:

a) Cymma ABYX HaTypajJbHBIX uuces pasHa 12. [Tepsoe uncso npu geseHun Ha 5 gaer
OCTATOK 3, a BTOPOE YHCJIO IPH AeJIeHUH Ha 5 maeT ocraTtok 4. Haliamre oty uucia.

6) Cymma gByX HaTypaJbHBIX uuce’ pasHa 28. Ilepsoe umcsio npu JeleHnd Ha 8 gaer
OCTATOK 5, & BTOPOE YHCJIO IIPH JeJieHWH Ha 8 maer ocratok 7. Haligure atu umcia.

B) CymMmMa IBYX HaTypaslbHBIX yucen pasHa 44, Ilepsoe uucisio npu gesenuun Ha 11 gaer oc-
TaToxk 9, a Bropoe umcso npu neseHud Ha 11 maer ocrarok 2. Haitaure atu umcia.

r) Cymma nByx HaTypaibHBIX uyucesn pasHa 47. IlepBoe uueao mpu jesesum Ha 15
Aaer octaTok 11, a Bropoe uucao npu JeneHud Ha 15 gaer ocrarox 6. Haiigure ot
qHCIaa.

6 | Paseiire sammcu Ha TPH IpYIIBI: BHIPAasKeHNs, YDABHEHMS, HEPABEHCTBA.

a) 158 + 2 - 6; B)-1=23(Ta +2);  n)a— b x) —1,04 < 2¢ < %;
6) 0,6y — 45 = bx; r) 2 > 3; e) (a — b)% 3)d?=0.
BcnioMEHTE, KAKMMH OCOOGHHOCTAMHM 00JafaeT KaxKJas M3 3THX IPYIIL.

Yro 0011ero Bo BCeX BLICKA3LIBAHUAX?

a) PaszHocThIO IBYX umcel a — b HaswIBaeTcA 4YMCJO €, TAKoe, 4TO a = b + c.

0) CpenauM apudMeTHYECKHUM HECKOJbKHUX UMCeJ HA3BIBAETCH Pe3YJIbTAT JeJICHUS
CYMMBI 3THX UHCEJ Ha HX KOJHYEeCTBO.

B) IlepemeHHOI1 BesMUNHOM Has3biBaeTcsa OYKBEeHHOe 0003HAUEHNE AJIA dJIeMEeHTa HEeKO-
TOPOro MHOJKECTBA.

r) HarypanbHoii (n-#) cTeneHbI0 YKc/Ia d HA3BIBAETCA YHCJIO @", PaBHOEe IPOM3BEeIeHUIO
n MHOKHTeJEeHl, KaXKAbli M3 KOTOPEIX PABEH d.

SanuIuTe CAeAVIOLIHe BhIPaXKeHnd:

1) cymMmMa KBafpaToB ABYX YHCEN; 3) pasHOCTb KBAAPATOB ABYX YHCEJ;

2) KBaApaT CyMMBI ABYX YHCEJ; 4) xkBagpaT pasHOCTH JABYX 4HCeJ.
Haiiure 3HaYeHUA IIOJVYEHHBIX BBIDAMKEHHUH A/ YHCeN:

a) 8 u 2; 6) 4 u 3; B) T u —5; r) -9 u —6.
Peuure ypaBHeHUe:!

a) 2(x — 9,5) — 3(x + 1,8) = —4,4; B) —4(x — 7,6) = 8(x — 1,8) — 3,2;

6) 5,7 - (x — 11,3) = 2(x + 3,7); r) 15,83 — 2(x — 0,9) = -0,7 + 3(x — 2,4).

Pemure 3agauy:

a) ABromobunHCT npoexan 3a ABa AHA 080 KM, NIpUyYeM B NepBBHIN AeHbL OH Ipoexal
paccroaaue B 1,5 pasa Oosbiree, yeM BO BTOpPoM. CKOJBKO KUJIOMETPOB NPOEXAaJl aB-
TOMOOHMJIMCT B NEPBBIH JeHb?

0) Pacxoasl mpeinpUATHA HA 3aKYIKY CHIpbA YBEJIMYHJINCH B Mapre B 2,1 pasa mo
cpaBHeHHIO ¢ (eBpasieM. Becero B (heBpasle m MapTe Ha 3aKyOKY ChIPbS IOTPaTHINA
1643 TeIc. p. Kakyio cyMMy mOTpaTH/IO MPeANpHUATHE HA 3AKVIKY ChIDhA B Mapre?
B) 3agyMajM TPH HATYpPaJbHBIX yucia. MaBecTHO, yTo UX cymMma paHa 960. ITeproe
yueso Ha 36 Gosblie Broporo, a Bropoe B 2,5 pasa Gonbime Tperhero. Kakue umcia
3agyMann?
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r) Komanzna n3 4 GeryHoB yuactsoBajia B actadpere. Mx peayiasrar cocrasma 104,3 c.
ITepnerit 6eryn nmpodeskast CBOIO YaCTh AMCTAHIIMKA Ha 3 ¢ ObICTPee BTOPOro, BTOPO — Ha
2,1 c menqseHHee TPeThEro, & YeTBepThI ~ Ha 1,6 ¢ MejgieHHee NepBOro. 3a CKOJILKO
CeKVHJ npobeskas uyeTBepThii 6eryH C¢BOIO YacTh JUCTAHIMK?

11§ Pemure zanauy:

BBIITYCKHUKOB?

ManpuMK COyCTHJICA HO ABMIKVIIEMYCH SCKaJaTopy

a) Beipyuka mMarasuHa cocTaBMIA B 9TOM roay Ha 323,69 Teic. p. GoJiblle, YeM B Npegbl-
aymeM. Beero 3a atu ABa roja MaraswH NOJYYHJ BRIPYYKY B pasmepe 927,45 Tric. p.
CKroJIBKO JeHer MOJIYYMJI MAarasuH OT MOKyIaTeJeil B 3TOM roay?

0) B Barose mMerpo, mocjie TOro Kaxk M3 HEro BRIIIM 9 YesoBeK, a Bomutn 17 uyeso-
BeK, crasno B 1,5 pasa Gosblue miogeii, yem 6bL10 A0 3T0ro. CKOJIBKO YeJIOBEK CTAJO
B BaroHe?

3anumuTe COelVIONIHe BhIPAKeHHUA:

1) cymMma Ky0OB ABYX UMCeJ; 2) xy6 CYMMBI ABYX UHCeJ.

Haiiaure 3HAYEHUSA NOMYUYEHHBIX BBIPDAKEHUU AN YHCEN:

a)3dul; 6) -5 m 2.
Yro Bel 3ameyaere?

Pemure ypaBHeHuUe:

a) —(x + 15,4) = —5,4 + (3,7 — 2x);
6) x + 12,3 — 5(x — 5,9) = 8,6.
BBIIIOIHUTE BHEIYUCICHUA H PACIIONOMKHUTE OTBETHI IIPUMEPOB B MOPAJKEe BO3PACTAHHUA,
COIIOCTABMB MX COOTBETCTBYKOIOMM OykBaM. Bl y3HaeTe HasBaHUe pasjesia Marema-

THKH, OCHOBOIIOJIOXKHHKOM KOTOPOro ObLI BeJHKHI (ppaHIY3CKHH MareMaTWK AHpH
Ilvarkape.

[m] -4,3 + (-3,1 - 7,8) [A] (11,8 - 3,6) + 2,5

[0] -6,4 + 5,2 - (12,7 - 3,5) [0] 0.5 + 14,9) - (17,4 + 1,9)
[4] 1,2 - 2,4 - 32,5) (18,1 - 17,3 + 2,5) - 34,5
(] 5.8 + 13,1 - (-3,4) [0] 45,7 - 38,9 + (-28,4)

3,2 + 15,8 ~ (-5 + 4)

r

15 BBINyCKHUKH IIKOJIBL IIOCJE BBLINYCKHOIO Beyepa
obMensIHCh QoTOrpahuaMy Kasablid ¢ KAXIbIM.
Bceero morpebosanocs 650 dororpaduii. Croabpko 6bLI0

MeTpOo M HacuuTaa 45 crTyneHeK. 3aTeM OH C TOH Ke
CKOPOCTBIO TIOJHAJICA BBEPX II0 9TOMY 3CKAaJaTopy U Ha-
cunran 225 cryneHek. CKOIbKO CTYIEHEK OH HACYMUTAJ
ObI, OPOIAA IO HEeMOABMMKHOMY 3CKAIaTopy?
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2. OcHOBHBIE TPeOGOBAHMA K MATeMaTHYECKOH MoOJeIH

10

Bmecmo mozo wumodel uckamsep HeKomopoe coomuowierue,
nado cnpocumo, 603MOMCHO JU MAKOE COOMHOWeEHUE,

Hunse Xenpux Abens (1802-1829),
HOPBEXKCKAN MaTeMaTHK

B npeapiayiieM INYHKTe MBI FOBOPHJIM O TOM, YTO IIOCTPOEHHE MATEMATHYECKHX MOJe-
e sipiasiercsa d3QGEKTHBHEIM METOAOM UCCJIEI0BAHUSA ABJIEHUH M 00’beKTOB OKPYIKAIOIIEro
mupa. MaremaTHuyeckoe MOJeJIMPOBAHNE ITO3BOJIAET He TOJbKO MX HM3yuaTh, HO U yIpas-
JATH UMH. XOPOIIO MOCTPOEHHAS MOJEJb OMOTaeT jajske MPOTrHO3UPOBATH (NpeABHIETS,
ONpeAesATh 3apaHee) MOJEJIHPYeMoe SABJIeHHE.

MaremaTnueckasa MOJeJb — 9TO MHCTPYMEHT B pyKax Hccjgegoparess. Buj ee niasa
OAHOM W TOH Ke 3aJauM MOKeT OLITh pasjauuabiM. W aiia Toro uTobbl pemenue GbLIO 110-
JIYYEHO MAKCHMAJIBHO IPOCTHIM M VA0OHBIM CIIOcO0OM, MaTreMaTH4YecKas MOJEeNb, KaK M
MHOTHE I10JIe3HBIe MHCTPYMEHTHI, AOJIKHA ObITE docmamowno npocmoil.

BmecTe ¢ TeM IIpM MOJEJTHPOBAHMM BAXKHO HAXOAWUTH PA3yMHBEIN OalaHC MexAy IIpo-
CTOTOM MOJEJH K ee COOTBETCTBHEM peajbHOMY 00beKTy. Beab HeT HUKAKOIO CMBICIA B
MOJ€eH, abCOJIOTHO TOYHO OTpa’kalolieit Bce cBoMcTBa O0bEKTA, €CAM IPH ATOM HEBO3-
MOXXHO IIPOBECTH ee HccaefoBaHue. To iKe MOMKHO CKAas3aTh U O MOJENH, MCCAeJoBaHHE
KOTOPO#l O4eHb IIPOCTO, HO Pe3yJbTAT HE JaeT JOCTOBEPHOH MHMOPMAIMH O MOBeJeHHH
u3ydaeMmoro oobexTa.

IToaromy BaskHBIM siBNseTCH TpeGoBaHUE JOCMAMOYHOU NOAHOMBL MATEMATHYCCKON
Mozeau. A MMEHHO, MaTeMaTH4yecKas MOJeNb JOJKHA OTPAMKAaTh BCe CYIIEeCTBeHHBIe JJIA
pellleHHA 3afauM CBOMCTBA 0OBEKTa. ITH CBOMCTBA MOrYT OBITH ONUCAHLI ABHO B YCJIOBHH
sagaun. OHH MOryT TakKe cieJloBaTh U M3 ocobeHHOCTEH m3ydyaeMmbuiXx o0bexkToB. Tak, Ha-

2
npuMmep, eCjii B 3ajlade pedyb HAeT O KOoJu4YecTBe n ydalmuxcd KJiacca, TO OTBeT n = -5 §

3aBeloMO HeBepHBIM., Bens B 3ajaue )akTHUYECKU eCcTh yciaoBHe 1 € N, KOTOpOe ABHO He
VKa3aHo.

I[anai‘{'re penimM 3ajavyy H NOCMOTPHM, KaKnue HM3MeHeHHA B HalleM aJIrOpHTMe To-
BJIEKYT 3TH TDGGOBaHHH K MaTeMaTH4YeCKHM MOJeadM.

3anxaua.

ITepeviit yzon mpeyzoavrura na 20°6oabuie 8mopozo, HO 6 MPU PA3a MeHbULe MPEMb-
ezo yzaa. Hatidume yzabl 3mozo mpeyzorvHuKa, eciu CYmma nepeéozo i mpemvezo Yyzios
pasna 120°.

OnpenensieM, YTO U3BECTHO M YTO HAJO HANTH.

WsBecTHO, UTO mepBhiil yroj tpeyroisHuka Ha 20° 6osabiie BTOPOro, HO B TPHU pasa
MeHbIIIEe TPeThero, a CyMMa IepBOro M TpPeThero yriaoe pasHa 120°.

Hano HaliTH yribl 3TOr0 TPEyroJBHHAKA.

B O0TBETCTBME eAMHWIL U3MEDEeHUSA BeJUYMUH
BenuunHbl BCeX YIVIOB BhIPDAXKEHBI B rpajiycax, H03TOMY eIUHUILI U3MEePeHUA BeJIUIHH
COOTBETCTBYIOT JADPYI APVYIY.
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Briou H THBIE BeJIMYNHEI TOpBIE O yaTh OVKBOIA.
Jas Toro uTo6BI MONMYUHTE §0Jiee IPOCTEIE VPABHEHHA, 0003HAUYMM X° BeJIMYMHY MEeHb-
IIero M3 yrijoB TPEyroJbHHUKA, TO €CTh BEJHYHAHY BTOPOIO yrJja.

ene M MHOMECTBO 3HA Hf‘l 0TO e M T IPHHUMATE HEHM3BEeCTHEIE BeJIH-
UYHHEI.
BesnuunHa yria TpeyroabHUKA MOMKET IPUHUMATE TOJBKO IIOJOMKUTeIbHEIe 3BHAUEHUS,
meHbmue 180°, smauut, 0 < x < 180.

BEJIHT{PIHB nepnor'o yrna TPeyroJibHUKA PAaBHA (x + 2G)° a TpETbEI'O ymm — S(x + 20)°.
Tax KaK 9TO YIUIbI TPEYTrOJBHHKA, TO AJIA HHX TAK’Ke NOJIKHBI BBINOJHATHCA HepaBeH-
CcTBa:

0<x+ 20 <180; 0 < 3(x + 20) < 180.

Taxke M3BECTHO, YTO CyMMa IIEPBOI'0 M TPeThero yrjos pasHa 120°.

Ha mepBbiil B3rJIAA Kamercd, YTO APYyroi mHGOpMALUK B yCJIOBHH He AaHo. OgHAKO
HepeJKOo ObIBaeT Tak, 4TO KaKHe-TO B3AMMOCBJ3HM 3aJaHbl He ABHO, 4 BEITEKAIOT U3 CBOMCTB
3aJaHHOTO O0'BEKTA.

B namem ciayyae 00'beKT MOAENMPOBAHHS — TPEYIOJbHHK, & CyMMa YIVIOB Ji000r0
TpeyroJbHKKa paBHa 180°.

Takum 00pasoM, NPH IOCTPOEHUU MATEMATHYECKOU MOJEJH HEODXOAMMO TAKMKe
YCTaHOBHTH B3aHMOCBA3H Me KAy BeIHYMHAMHN, BO3HHKAIOIIHE U3 CBOMCTE MOXE/IHPYEeMOro
o0beKTa (ecaH OHH ecTh).

ITo yc.nosmo, cymma nepnoro H Tperhero ymioB pasHa 120°, 3Hauwur,
(x + 20) + 3(x + 20) = 120.
CymMMa yriioB TpeyroabHUKa paBHa 180°, 3HauuT,
(x + 20) + x + 3(x + 20) = 180,

H BE M, UTO KasKILINA 3] HT BH YK OIMCAH COOTBETCTBVIOOIMM COOT-
HOIIIeéHHEeM.

Mpu1 saduKCHpPOBAIN, UTO MEPBBIH YIroJ TPEYyroJbHHKA Ha
20° GosblIe BTOPOTO B B TPH pasa MeHBIE TPEThEro, CyMMma
nepBoro u rperbero yrios pasua 120° u 4uro samanHas (ury-
pa — TPeyroJbHUK.

3aMernM, YTO paHee HPH MOAEJIHPOBAHHM 3aJa4 MBI CTAJI-
KHUBAJHACh JHIIb ¢ YPABHEHUAMH, HO TpebyeMble COOTHOIIEHHA
MOTyT ObITh 3ajaHbl M HepaBeHcTBaMHu., Tak, YyKasaHHOE MHO-
JKeCTBO 3HAYEHHII IepEMEHHON X He MOKeT ObITh OIIMCAHO ypaB-
HEeHHeM, HO MOJKeT OBITh OnmucaHo HepaBeHcrBamu. ITosTomy
COOTHOILIEHUSA MBI OyZeM IMOHMMATh Teleps B 0ojiee MIMPOKOM
CMBEICIIE,

D M JHICKO B HHY.

Tpebyercs HAWTH BeJIWYHHBI KAMKAOT0 B3 TPEX YIJIOB TPEYrOJbHHUKA, TO €CTh 3HAYEHUA
x + 20, x u 3(x + 20).

BrinumeM cOOTHOIIEHHS, KOTOPbIE MBI COCTABHJIN, U 3a(HKCHPYEM HMCKOMBIE BEJIH-
yuHbl. [Ipu 8TOM BaKHO 3aMETHTB, UTO BCE COCTABJIEHHBIE COOTHOIUIEHHSA HAOJIKHBI BLIIIOJI-
HATHCA OJHOBPEMEHHO.

11



Iasa 1, §1, n.2

(x + 20) + 3(x + 20) = 120 * + 20 — 2
(x + 20) + x + 3(x + 20) = 180 > | x =7
0<x<180;0<x+ 20 < 180; 0 < 3(x + 20) < 180 3(x + 20) =

chcouoe 3HAYEHHE X JOJKHO ynonne'rnopa'rb Ramnomy U3 COCTaBJIEHHBIX COOTHOIIIEe-
Hui. OgHAKO H3 [epBOro ypaBHeHus ciaeayer, uro x = 10, a u3 Broporo — uyro x = 20,
9T0O OJHOBPEMEHHO BBINOJHATHCA He MOKeT. TakuMm oO6pasoM, NPHUXOAUM K BBIBOAY, YTO
JaHHad 3axadya He MMeeT pelieHMi.

IIpoBeaenHoe HccraegoBaHUE MOKA3BIBAET, HACKOJBKO BajKHO NpH padoTe ¢ mMaTeMa-
TUUYECKHMH MOJEJIAMH YUIMTHIBATH BCe CYIIECTBEHHBIE CBOMCTBA HCCIEIYEMbIX 00BEKTOB.
HeiicTBHTEIBHO, €CIH ObI MBI He YUJIH TOT0, YTO CyMMa yIJIOB TpeyroJbHHKa paBHa 180°,
To moayuuan 6wl pemenue 30°, 10° u 90°, Koropoe He oTpakaeT 0OBLEKTHBHBIX 3aKOHOB
OKPYIKAIIEro MUpa: TPeYroJIbHUKOB ¢ TAKUMH yriaMH He CYIecTBYeT.

HUrak, mareMaTHYeCcKas MOJeJb AOJKHA YAOBJIETBOPATH TpeboBaHHIO docmamoyHoll
ROAHOMbL, TO €CTh COAEPIKATH BCe CYIIEeCTBEHHEBIE B3aMMOCBA3H MeXJIY HCCJIeIyeMbIMH
obbexTamu. I10oaTOMY MBI IPUXOAUM K CEAYIOLIEMY YTOYHEHHIO IIAroB 00LIero ajaropuTMa
PellleHHs 3a7a9 MeTOAOM MaTeMaTHYeCKOro MOJeJTHPOBAHUA:

AJII'DP]ITM penieHHsa 3ajad MeTOI0OM MATEMATHYECKOIro MOJeJHPOBaHHA

I. ITocTpoenne MaTeMaTHYECKOH MOJeJIM.

1) BuumaTeJbHO NPOYUTATE 3a4a49y.

2) OnpepenuTsh, KaKHe BEJIWYUHBLI U3BECTHBI M KaKHe HAJAO0 HAMTH.

3) IIpoBepuTh COOTBETCTBHE €AWHMI U3MEPEHNUA BEJIHYUH.

4) BuibpaTh HeH3BeCTHLIE BEeJIMYWHLI M BBECTH AJA HUX OyKBeHHBIe 0003HAYEHHUS .
5) OnpenesrdTs MHOMKECTBO 3HAUEHMI, KOTOpPhIe MOTYT NPHHHUMATL HEU3BeCTHEIE
BEJIMYMHEI.

6) YeTaHOBUTE B3aUMOCBAZH mem,z(y BeJHUNHAMK (mo_mag_mg__mo_g____

7) Coc'ranm'b ypaBHEHHEe KX HEePABEHCTBO (o,uno WITH Hecxo.nmco) u 000CHOBATH UX.
8) IIpoBepHuTh, UTO KAKABIM 3JIeMEHT YCJIOBHA 3aJa4YH OIMMCAH COOTBETCTBYIOLIUM
COOTHOIIIEHHEM.

9) 3aurcHPOBATEL HCKOMYIO BEJIHYHUHY.

II. PaGora ¢ MaTeMaTHYeCKOM MOJIEJbIO.
10) HaiiTu BCce pemnieHus, yZAOBJIETBOPAIOL[HEe OCTPOEHHOH MOJEsH.

I1I. TIpakTHYeCKHH BBIBOA.
11) ITpoBepuTh COOTBETCTBHE HOJYYEHHOrO OTBETA BOIPOCY 3alladyd.
12) V6egurpcsa, 4TO HOJYYEHHBIE PELIeHHWA COOTBETCTBYIOT CMBICIY 3ajayM.

e 17 IlepumeTp DPAMOYIOJbLHOTO YYACTKA 3eMJIK paBeH 62 M, a pasHOCTH MeKAY ero
JJIMHOM ¥ IIMPHHOM paBHa 5 M. YeMy paBHa IIOIIAAb 9TOTO Y4acTKa 3eMau?

18 l a) Paccrosaaune AD Mesxay HA4YaJIOM U KOHIOM JomaHoi ABCD pasHo 9,6 cm. UsBecTHO,
uyto AB pasno uereeptu AD, BC na 0,4 cm mensme AB, a CD B 1,5 pasa Gonsme BC.
Yemy paBHa giauHa gomanoi ABCD?

6) ITocrpoiite nomanyiwo ABCD, yaoBieTBOPAIINYI0 VCIOBHIO NPefBIAYIIEH 3aJadu.
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ITocTpoiiTe MaTeMaTHYECKYIO MOJeNb U PelIuTe 3afady:

1) Benuuunel yrioB TPeyroJabHUKA B I'pagycax pPaBHBI TPeM HOCIe0BATEIbHBIM
HaTypaJbHBEIM yuciaam. Haiigure nx.

2) BenuuuHb! yIVIOB TPEYrOJbHHKA B rpajgycax pPaBHBI TpeM II0CJeA0BaTeJbHBIM
YeTHBIM uHcjaM. Haiiaure ux.

3) BenmuuHEI YIJIOB TPeyroJbHHKAa B Ipajgycax paBHBI TPEM IOCJeH0BATEJIbHBIM
HaTypaJbHLIM YHCJaM, KpaTHBIM TpeMm. Hailigure nux.

Pemure 3agauyy, HCIOIB3Yys MeTOA nepebopa:

a) B mxospHOM mapke pactyT ay0bl, KJeHbl, Oepessl i Tonoas. MasectHo, yTo ny6os,
KJIeHOB U Oepe3 oguHaKoBoe KosudecTBo. [Ipu sToM yueno Tomoseit Gosree yeM B 3 pasa
OoJIblile, YeM YHCJIO BCeX OCTAJBHBIX JEePEeBbEB. A YHCJIO KJIEHOB M TOIOJIEH MeHbIe
12. CKOJBKO B 9TOM IapKe pacTeT TOIoJei?

6) B ropoackom 3oomapke KHUBYT 00e3bAHBI, KPOKOAMIIbI, CJIOHBI U THrpPHI. M3BecTHO,
4T0 00€3bAH, CJIOHOB H KPOKOIMJIOB OJMHAKOBOE KOJIHUEeCTBO. YHuCI0 TUrPOB DoJiee ueM
Ha 11 Gonbuie, yeM uucso 06e3bAH U KPOKOJAUIIOB BMecTe. A UHCIIO THI'DOB M CJOHOB
B cymme meHblIe 16. CKOIBKO B 9TOM 3001IapKe KPOKOAHIOB?

B) B TypHupe npuHHMann yyactue He MeHee 12 urpokos. B HTOroBoi radauie TypHMpA
OBLIIO YKAa3aHO, YTO UTPOKK MOIJIM HabpaTh ciaeayiomue 6aansi: 5, 7, 8, 10. KosmuuecTso
UrpoKoB, HaOpaBmux 5, 7 u 10 Samnos, ObLIO OAMHAKOBEIM, 8 NI'DOKOB, HaOpaBIIMX
8 bGannoB, 6b1I0 BOJIBIIE, YEeM BCeX OCTAJBHBIX, BMecTe B3ATHIX. IIpm arom Gosbnie
7 6annop Habpanm meHee 10 urpokos. Ckoabko HrpokoB HaGpasu 8 Gayiop?

21 l Kakue BBICKA3bIBAHUA SBJAIOTCA O0IMMMH, KaAKHe — BBICKA3BIBAHHAMHU O CY-
IEeCTBOBAHMH, a KAKHe — HH TeMH HH apyrumu? OnpenenuTe MX HCTHHHOCTD.
Jia N0KHBIX BBEICKA3bIBAHUH MOCTPOITE OTPHIAHHE.

a) Temneparypa Bosayxa B KpacHoapcke Bcerga pasaa —30°C.
6) Hexoropsie rpuber — ¢bego0HbIE.

B) HacexoMbie ABJAAIOTCA XUBOTHBIMH.

r) UsBecrHbili MmaTemMaTuk Abenb sxun B Hopeerum.

1) UHorga Ha nmaipMax pacTyT KOKOCHI.

e) Bce mIKONBHUKH TI00AT UIPATH B MIAXMATHI.

’K) ABTOMOOMIL MOMKeT pasBuBarTh ckopocTh 300 xm/4,

3) HexoTopble peKn He HMEIOT MCTOKA.

u) Hexkoropele cobaku JIaior.

K) Uuoraa popurenu 6anyioT CBOUX JETe.
Ja) Bece yunrens — 3KeHIIHHBI.
M) Ha npomiom ypoke MBI M3Yy4aau NpaBHJa CIOMKeHUs Apobeii.

Jdnuaa npaMoyroiabENKa paBHa 17 cm. Kakue 3HaueHHA MOXKeT NPHHHUMATH LIMPHHA

~ 9TOT0 ONPAMOYIOJbLHUKA, €CJIM ero IepuMeTp MeHbIe HNepuMeTpa IPAMOYTOJIbHHUKA,

JANHHAa Koroporo paBHa 15 cMm, a mmpuna — 13 cm?

13
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Pemmwnre 3anauy:

a) Korma Typuer npormiesn g BCEro IyTH, TO /0 CePE/MHbI T My OCTABAJIOCH POATH

ee 4% KM. Halimdre IJIHHY BCEro myTH.

6) Ecam k umcny paboumx Ha 3aBojie NpUOABHMTEL IIOJIOBHHY HX KOJHMYECTBA M elle

2
3 OT UX KOJIMYECTBA, TO MOJIY4HTCH 3510 uenoeek. CKOIBKO pabouux HA 9TOM 3aBoje?

B) B ogHoi#t miKose TpHU celbMBIX Kiacca: T «A», 7 «B» u 7 «Bs. B 7 «A» yuurcsa

3
% BCEX CeMHKJACCHUKOB, B 7 «B» — 7 BCEX CeMHUKJIACCHUKOB, a B 7 «B» — 20 ye-

jgoBeK. CKOJIBKO CEMUKJIACCHUKOB B 3TOM MIKoJe?

Pemmure 3agauy merogoMm npob m ommboK:

a) Bansa saragaJ aBa HaTypaJabHBIX yucia. OnHo U3 aTux yncea Ha 10 Goabime Apyroro
ymesa. Ux nponssesenue pasHo 375. Kakue umcia saragan Baua?

0) Korpa Tamio mompocmam gare ee ajgpec, oHa ckasana: «Homep moero goma Ha
12 MeHBIIIe HOMEpa MOeil KBAPTHPEI, & UX NpoudBegeHne paBHo 1728». Kakoit Homep
y Tanunoro goma?

B) B xkmacce ManpumkoB Ha 4 0oJbllle, 4eM JeBOUEK. A IpPOU3BEeJeHHE KOJUYeCTBa
MAaJBYHKOB H JieBoueK paBHO 252. CKOJBKO MaJbUMKOB B 3TOM KJjacce?

PemunTe 3agauy:

a) BrIpyuKa KOMIBIOTEPHOM KOMIAHWM B IepPBLIA roj paboThl IIOCTIE OTKPBITHS CO-
crasuia 527,3 Teic. p., a pacxoasl — 723,9 Teic. p. Bo BTOpoii M nocaeayoumue roas
BeIpyuKa Ob1na Ha 135,2 TeIC. p. GoJblle, YeM B IIePBBIH
rox. Pacxoasr ke BO BrTOPOH M IOCHEAYIOLIHME IOAbl ObLIN
ma 159,7 Teic. p. MeHbIIe, YeM B HepBBIH rojg. Yepes
CKOJIBKO JIeT IIOCJIe OTKPBITHS CYMMa BCEeX PacXoOB
KOMIIAHHUHM CPAaBHSAJIACH ¢ BLIPYUKOH?

0) Pacxoapl KOMIIAHUH 110 TIPOU3BOACTBY BEJOCHIIETOB B
nepeeii rox pabdots! cocraBuan 895,5 Teic. p. Bo BTOpDOIt
ron paboTsl OHM cokparuauck Ha 123,6 Teic. p. u Goxee
He U3MEHANUCh. BHIpyUKa KOMIIAHUHN HE M3MEHSJIach Ioj
or roga. Kakoit 6b11a exeroiHas BbIPYUKAa 3TON KoMIa-
HHUH, €CJIA K KOHILY IIIeCTOrO rojla CyMMa BCeX PaCXO[OB
KOMIAHUU CO IHS OTKPEBEITUS CPABHSAJIACH C BBLIPYUKOM
3a 2TO BpeMa?

PemuTe ypaBHEeHUE:

2 _ 51, X, x_ 17, 3x _3x ..
a)x+5—55, 6)5+4 120, 3)7 2+5,
)X -9 - 3% m) 3 - 22—y e) 3¢ - 3) = 5(% - 5).

OauH B3 OCTPBIX YIVIOB IPAMOYIOJBHOTO TPEYroJbHHKA Goabme apyroro Ha 26°.
HaiiguTe BeJIMYHHY MEHBIIEr0 YIJja 9TOT0 TPeyroJbHUKA.
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Anror 1 Kcroma co3fann KOMIIAHUIO 0 ITPOM3BOACTBY NOHYHMKOB M KYNHJIH 000pyI0-
BaaHe crouMocThio 50 100 p. Oru pemmyu, YTO NPHU pacyere exeMecAUHON MTPUOLLIN
OyAyT yYMTHIBATH B PACXOJAX JIMIIbL YACTh CTOMMOCTH aToro obopynoBanusa. Ha kakyio
cymmy Oyzer exeMecaYHO YMEHbIIAThCA NEePBOHAYANLHAA CTOMMOCTE 000PYAOBaAHUA,
ecJI¥ yMeHbIIeHHe AOKHO IMPOMCXOAUTL PABHOMEPHO B TeUeHHEe 5 JIeT, & K KOHIY
5-ro rojfia CTOMMOCTEH 000PYAOBAHUA HOJKHA OBITH paBHA HYyII07

a) MBaH nossxeH OBLI YBEJIHYUTH YHCIO 341—3,'7 B 18 pas, a on yBenuuun ero Ha 18. Ha
CKOJIBKO II0JIYYeHHBIN MM pe3yJbTAT MeHbIIe NIPABHJIBHOI0?
6) Karsa momxHa ObLIA VBEIUMYUTH YHCIIO 27’% Ha 7, a oOHa yBeJIWuHnJa ero B 7 pa3. Ha
CKOJIbKO IIOJYYeHHBIN eil pe3yabTar (oJibIle IPABUIBHOIO?
B) AJslekcell JO/DKeH Oblll YMEHBIIUTE YHCJIO 12% B 3 pasa, a OH YMEHBIINJI €70 Ha 3.
Ha cKOJBKO NMOJYYEeHHBIA UM pe3yabTAT DOJbIIE MPABHJILHOTO?
r) Harama gonskHa ObLIA YMEHBIIATE YUCIIO 2% Ha 4, a OHA YMEHbIIWJIa ero B 4 pasa.
Ha cKOJBKO HOJYYE€HHBINA il peayJbTAT MEeHbIEe IPaBUIbHOr0?
Pemnre ypaBHeHHE:

4 OL+Z -0 w3232
BRITTIONHUTE BEIYMCIACHHUA W pacirudpyiiTe Ha3BaHHME UMHA TOPOACKONH NHOJHIIMH B
Poccuiickoit mMIepun:

a)2x—-é-=

@Phedd  EubddoBes
O] 23-13: 5 +2 [0] 15: 3 : 83 - 25 - 325k
Bl G251 [Eliststim'1s

@ doh Bog ol

(] o5 -85+ 15" 3

he

32 | IkonsaukK IPOXOAHNJ TECTHpPOBAHME 3HAHHMM IO MareMaTHke. B Tecre GnLIO
20 sagma4. 3a KakAYI0 BEDHO PEINEHHYI0 3agady €My 3aCYMTBIBAJIOCE 3 O4YKa,
a 3a HEepPeIIeHHYI0 MJH PElIeHHYI0 HeBEPHO 3aJa4y BBIYHTAJNOCH 5 04KOB. B mTOre oH
Habpan 20 6annoB. CKOJBKO 3844 OH PEIUHI BEPHO?

15
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§ 2. OcHOBbLI NOCTPOEHUS

MaTeMaTu4eckon reopumu

1. MeToa nMOCTPOEHHA MATEMATHYECKOH TEOPHH

16

Mamemamuia — 6cezo ruwb uzpa, 6 KOMOPYIO UZpardm CO2JAACHO
npocmoim npasuidam...

Hasug M'nasbepr (1862-1943),
HEMENKHH MaTeMaTHK

MeTton MaTeMaTU49eCKOT0 MOJAEJIUPOBAHUA UCIIOJL3VETCA IJSA pPellleHHs PA3HbIX MIPaK-
THYecKHUX 3aaa4. [locsie mocTpoeHMs MareMaTH4YeCcKOH MOJEJIM eCTeCTBeHHBIM oOpasom
BCTAET BOIIPOC O CYIIECTBOBAHWM MATEMATUYECKON TEOPUH, TTO3BOJSAIONIEH ITOTYUUTEL PeIlleHue
ucxoaHoi 3agaun. [Toaromy maBaiiTe o6CyIUM, KAKHUM 00PA30M CTPOATCA MATEeMATUUYECKHe
TEOPUU U B YEM UX MPEUMYINeCcTBO Iepel NPYTAMH TEeOPUAMH.

Jna sroro paccMoTpuM npocto¥ mpumep. Mbl 3HaeM, 4TO cymma mpex nociedoéa-
MENbHBLX HAMYPAAbHBLX Wucen Oerumca Ha 3. DTO BEPHO, TaK KaK JaHHAd cyMMa
MosKeT ObITh 3anucaHa B Buge n + (n + 1) + (n + 2), rae n € N. Ilpeobpasosas monyuenHoe
peipaskerne n +(n+ 1)+ (n + 2)=8n + 3 = 3(n + 1), MBI IPUXOAUM K ZOKA3ATEIBCTBY
TpebyeMoro yTBep:KAeHNA.

CBoe J0KA3aTeJbCTBO MBI OCHOBBIBAJIM HA TOM, 4YTO CYMMYy
mpex nocnedoéamenbHbly HAMYPALbHBLY HUCel MONHO 3ANiL-
camv 6 eude n + (n + 1) + (n + 2).

B cBoio ouepenn, 3TO mocjieHee yTBepKJeHHE HEIOCPeICTBEeH-
HO CJIelyeT U3 TOTO, YTO eCAU HAMYpPAiLbHOE YUCLO PAEHO T, MO
credyrowee 3a Hum paswo n + 1, a wucno, credyrouee san + 1,
pasno n + 2,

A mouemy Ke BepPHO IIOCJeJHee YTBepIKIeHmue?

Jliis Toro 4ToOBI OTBETHTE Ha 3TOT BOIpOC, pasbepeMcd CHadasa B TOM, KaK CTPOMTCHA
MaTeMaTH4YecKas Teopus.

MaremaTHUYeCKHe YTBEpP:KIeHUs, 00pasHOo IroBOpA, MOYKHO BBICTPAMBATHL B LENOYKH, B
KOTOPBIX OJHO YTBep:KIeHHEe JIOTHUYECKH cjeayeT w3 apyroro. Ho Kampgas u3 9THUX LEmno-
YeK J0KHA UMeTh HAuaJbHOe 3BeHO, MHaue Ipollecc 00OCHOBAHWUs VTBep KIAeHWH Oyaer
0eCKOHe4YHBIM.

Bor moueMy B OCHOBY MATeMATHYECKOM TEOPHH JIOJKHbI ObIThH HOJOEHBE HEKOTODbIE
NepeoHaualbHble YMmeeprdeHuA — VTBEPHKIeHUA, UICTHHHOCTh KOTOPEIX OPHHUMaeTcA Oe3
JOKAa3aTelIbCTBA. JTH YTBEDKICHHA — HAYAJIbHBLIE 3BEHBA B IeNH MATEMaTHYecKOil TeOpHH.
OHu Ha3BIBAIOTCA aKcMoMaMHu, Bce ocralibHbIe 2JIeMeHTHI L€l HA3bIBAKTCA TeopeMaMH
U BHIBOLATCA M3 8KCHOM ITYyTEM JIOTHYECKHX pacCy:RIeHHH.

Akcnoma => | Teopema 1 | => | Teopema 2 | => | Teopema 3 | =>
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Mer yxxe BeTpeuasuchk ¢ nomobHOI cuTyanuei, KOrja TOBOPMJIK O TOM, UTO B MaTe-
MaTHKe OJHM MOHATHS ONPeAeIAIOTCA uepes Apyrue, Apyrue uyepes Tperbu u T. n. Tak
KaK 3TOT IIPOIeCcC TAKMKE He MOXKeT IPOJOJIKATECH 0eCKOHEUHO, TO JOJIKHEI IIOABUTHCH
NOHATHA, He HMEII[e ONpeJeleHnA. JTH HeolpeAeaseMble NIOHATHA B MaTeMaTHUKe Ha-
3BIBAIOTCS MEePBOHAYANBHBIMM, UJIN OcHO8HbiMmu. Hanpumep, B KJlacCHUeCKOH reOMeTpHHU
OCHOBHBIMY NOHSATHUAMHE SBJIAIOTCA MOHATUSI MOYKL, NPAMOL U naockocmu. A edunuya
U HAMYpabioe LUcl0 OTHOCATCHA K [IePBOHAYANBHBIM IIOHATHAM TEOPHUH UHCEeI,

quamoe :‘,> Onpegpensemoe =:> Onpenensemoe ':D
- [OHATHEe nousaTue 1 OoHATHE 2

HUrak, onpejgeieHue KAaKJIOTO MOHATUS, HE SIBISIONIErOCS TEPBOHAYANBHLIM, OMU-
paeTrcda Ha paHee BBeJeHHbIe IMOHATHUA. Hpﬁ 3TOM eCcJIM NOHATHe A oopejgenaseTcda depea
nouarue B, To B HaswkBaloT podom (Unu pododvim noHsmuem) And A, a yKasaHHbIE B
OllpejelieHHHM HOBBIe CYILleCTBeHHBLIE IIDH3HAKH A — ero BHIOBHIM OTJIMYHEM.

PaccemoTpuM, HanpuMep, oIpejieleHUe KBajpaTa:

«KBagpar — 370 npAMmOy20AbHUK, YV KOTOPOTO BCe CTOPOHBI PABHBI» .

MgbI BHAMM, YTO KBAAPAT OIPEENIAETCS KAK NPSAMOYIOJBHHK C OCOOBIMH CBOMCTBAMMU.
3HayuT, A KBaJApaTa POJOBLIM IIOHATHEM ABJIAETCA NOHATHE NPAMOYIOJBHHKA, 4 ero
BHJOBBIM OTJIHUHEM ABJAETCA TO, YTO ¥ HETO BCE CTOPOHBI PABHEIL.

CoorHomienne MeXAy POJOBEIM IOHsTHeM B (IpAMOYroJbLHH-

KH) U DOHATHEeM A (KBaApPAaThl) MOIKHO H300pPASHTEL ¢ MOMOIILIO
AuarpaMmsl ditiepa—Benna (puc. 1). Ha sToit auarpaMmMe Mbl BHIIM,
HTO MHOMeCTBO KBaJIpaToB ABIAETCA MOIMHOMECTBOM MHOMKECTBa
NPAMOYTOJIbHHKOB. B

Taxum 0o0pasom, OpH MOCTPOEHUH MATEMATUYECKON TEOPHAM MbI Puc. 1

cHavaJa BbIOMpaeM HepBOHAYAJbHBIE IIOHATHA, & 3aT€M C MX II0-
MOIIIBIO OIIpeAesIgeM OCTaJbHble NOHATHA. OnqHaKo NpH BeIOOPE IIEPBOHAYATBHBIX ITOHATHI
MBI CTAJIKABAEMCA ¢ HEKOTOPBIMYU TPYIHOCTAMHU. JleACTBATENIBHO, €CIM UM HEBO3MOXKHO JaTh
ompejeNeHre, TO KaKk Mbl y3HaeM, YTO OHH O3HayaiorT? Beap MOACHAMIOIME IPHMEpPbl ZAiOT
JIALIIb HEKOTOPOE IIPeACTABJIEHME O HUX, & MaTeMaTHKa ABJIAETCA HAYKOW TOYHOM U He [0~
IIyCKaeT HeCTPOrOCTH CBOMX OCHOB.

Beixox m3 310ro NpoTHBOPEYMA NpeljaraerT aKCMOMaTHYeCKHH MeTo[ IOCTPOeHHs Ma-
TeMaTHdecKoi Teopun. CyTh €ro 3aK/JIH0YaeTcsa B CAeLVIOLIEM.

AKcHoMaTHYeCKHH MeTOoJ

1) Bribupaercsa nepedeHb NePBOHAUANLHBIX MOHATHMN.

2) OcHOBHBIE CBOMCTBA NEePBOHAUAILHBIX IOHSATUH 3aJAI0TCA CUCMEMOU AKCUOM.
3) Hosble NOHATUA BBOZATCA TOJBKO C INOMOINbIO IIEPBOHAYAIBHBLIX M paHee
BBEJEeHHBIX HOHATHHA.

4) Hossle yTBep:AeHHSA (TEOPEMBI) JOKA3BIBAIOTCH TOJLKO C IMOMOIIBI0 AKCHOM U
paHee NTOKASAHHBIX YTBEDIKIEHHH,

Tax xamapiii pas Ha 6ase yske M3BECTHOrO JAIOTCA ONpPEAESeHHUsA HOBBIM HOHATHAM U
AOKa3bIBAKOTCA UX HEM3BECTHEIE CBOMCTBA.

IMocTrpoeHue mMaTeMaTHYECKON TEOPHMM MOKHO CPaBHHUTH CO CTPOMTEILCTBOM 3JaHHS,
ITonsATHO, UTO IS BO3BeJ€HUA HOBOTO 3[aHMSA HYKHO BAJ0KHUTh QYHAAMEHT M HA HEM
cTpouTh gAom. Tak ¥ B MaTeMaTHYECKOM TEOPMH CHAYaJia BhIOMPAlOTCH IEePBOHAYAJBHEIE

.1
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TOHATHA U YTBEPIKIeHNUA, IPHHUMAaeMble 0e3 JOKA3aTeILCTB, 4 3aTeM Ha X OCHOBE BBOAATCH
HOBBLIE IIOHATHUA, 4 BCe OCTAJbHELIE YTBEDXKAEHHS JOKASBIBAIOTCHA C IOMOIBIO JIOTHYECKHX
YMO3aKJIIOUeHH .

Yro sxe gaer akcuoMarudeckuit meron? B maremaruxe oH obecrieunBaeT HademHOCMb,
Kak 1 QyHAAMEHT A1 AoMa. A IJis MAaTeMATUYECKON TEOPHH 3TO 03HAYAET Q0CIMOBEPHOCTL
MOJYYE€HHBIX BBIBOJOB. MMenHO moaTomy 00 ypoBHE pasBUTHA HAYKH CErofHs CYAAT MO
TOMY, B KAKOH CTEIeHH B HEIl IPUMEHSIOTCH MaTeMAaTHYeCKHe MEeTOMEI.

AKCHOMBI B COBPEMEHHOH MaTreMaTHKe — 9T0 He 6e3yCJIOBHEIE MCTUHBI, KAK MHOrAA IIPH-
HATO cynTaTh. CKOpee, aKCHOMBL — 3TO HEKOTODhLIE BhIOPAHHBIE CBOMCTBA II€PBOHAYAILHBIX
nouaTui. Co3maTens MaTeMaTHYECKOI TEOpHMHU MOJKeT caM BBIOMpaTh HepBOHAYAIbHbIE
noHATHA B akcuoMbl, OHAKO 9TOT BEIOOP OH MOJKET AEJaTh C OIpeAeNeHHbBIMU OrpaHnve-
HUAMHA. B 9acTHOCTH, BEIOpaHHAA CHCTEMa aKCHOM J0/IKHA ObITH HeNnpomueopeyusoil, To
ecTh OHA He JOJKHA NPUBOAUTEL K IIPOTHBOPEYAIIAM JAPYT APYTY BhIBOJAaM. [leiicTBHTENBHO,
ecJ¥ CHCTeMa aKCHOM HEKOTOPOH MaTeMaTH4YecKOil TEOPHH TaKOBa, YTO B peayJbTaTe
JIOTHYECKHUX DPACCY’KIeHHH MOXXeT 6bITh IIOJNYYEHO, YTO OJHO M TO JKe YTBEep:KIeHHe
OZHOBPEMEHHO BEPHO M HEBEPHO, TO IIOMCK HCTHUHBI C IIOMOMIbIO 3TOH TEOPHUHU Tepser
CMBICJI.

3HAaUeHWEe AKCHOM IIePBBIM ONEHHJ ADPHCTOTelb, BeIHUYAHINHI JXpeBHerpedecKui
dbunocod u yueHsrit. OH cumTas, YTO BO BCeX 00JACTAX HAYKH MMEKIOTCA BLICKA3BIBAHHUS,
KOTODBIE HACTOJBKO OYEBHIHEI, UTO HE HYKAAKOTCA B JOKA3aTEAbCTBAX. A IPHUMEHUTD aK-
CHOMATUYECKHUHA METOJ B FeOMETPUH YIaJoch EBKIINIY: OH CO3JaN CHCTEMY AKCHOM, KOTOpas
cTana OCHOBOW JIOPHYECKOTO 0DOCHOBAHUS BCEX HM3BECTHBIX HA TOT MOMEHT I'eOMETPUUYECKUX
YTBEP KIeHUH.

B XIX Beke, M3MeHUB BCero JUINbL OJHY AKCHOMY B cHcTeMe akcuoMm EBkiauna,
pesukuil pycckuii maremarux H.M. JlofaueBCcKuil ITOCTPOUI HOBYIO HENPOTHBOPEUUBYIO
reomerpuio. 'eomerpuio JlobaueBCcKOro Ha3BAIM Hee@KAUDOB0I, IONJUEPKHYE €€ OT/IHYHue
OT KJACCUYECKOH reoMeTpHH, OCHOBAHHOM HA akcmomax Epkiampa.

MosxeT BOBHHKHYTE BOIPOC: KAKYIO K€ TeOMEeTPHUIO CUHUTATH
npaBuiIbHOM — reomerpuio Eknuza unu Jlobauesckoro? Oreer oxa-
3BIBAaETCHA ITaPaJOKCAJBbHBEIM — 3TO JBe Pa3HbIe MaTeMaTHYeCKHe Te-
OpHH, KAMKIAA U3 KOTOPHIX HMeeT PeasbHBIN NPAKTUYECKHNA CMBICI.
T'eomerpus EBramga — 3aro reoMeTpus IIJIOCKOTO OPOCTPAHCTBA, a
reomerpusa Jlo6aueBcKOro — reoMeTpHsa UCKPUBJIEHHOIO IIPOCTPAHCTBA,
IIOX0KEr0 Ha BOPOHKY. B 3aBHCHMOCTH OT IOCTABJEHHBIX 3a7a4 MBI
MOMKEeM I10Jb30BaTLCH TOH WJIH APYrod MATeMATHYECKOHU TeOpHei.

Tenepsb, 03HAKOMHUBIIKChH ¢ HAEAMH, HA KOTODBIX CTPOUTCA MaTeMaTHYeCKad TeOpHf,
MBI MOKEM OTBETHTDH H Ha BOOPOC O CBOMCTBaX HATYPAJbHBIX YHCEJ, IOCTABUBIINI HAC B
TynuK BHadane. CucreMa akCHOM JJIs MHOKECTBA HATYPAJbHBIX YyceJ ObL1a chOpMyJIn-
poBaHa uranbaHCcKUM MaTemaTukom [xysenme Ileano nume B XIX Bexe. OHa, B yacTHO-
CTH, II03BOJIAJIA BBIBECTH BCe M3BECTHBIE HAM CBOMCTBA HATYDAJIBHBIX YHCEJ JIOTHYECKHM
nyreM. U mmeHHO u3 akcuom IleaHo caegyer, 4To ecam HATYPAJIbHOE YHCJIO PaBHO 71, TO
cJaeAyIollee 3a HUM paBHO n + 1, a ymcio, ciaepyooinee 3a n + 1, paBHo n + 2.

e 33 Kakune u3 cieaylommMx BbICKAShIBAHUN ABAATCA onpegenenuamu? lus onpexge-

18

JeHW HA30BHTE oIpepejdeMble IIOHATHA H [IOHATHSA, ¢ IOMOINBI) KOTOPBIX HA€TCHA
onpefesieHue:

a) OKpy:KHOCTh — 3TO HE KBajpar.

0) ¥V kBajgpara BCe yIJIbl DaBHEIL.
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B) HarypasbHoe 4HCIIO ABIAETCA COCTABHBIM, €CJIM OHO HMMeeT 0oJiee ABYX Pa3IMUHBLIX
JeNUTeIeH.

r) YeTHble yncia — 9TO HATypaJbHbBIE YHCJa, KPpaTHEIE 2.

1) ApudmMernka — 3T0 Dapua MaTeMaTHKH.

e) OTpe3koM Ha3bIBAETCA YACTh IPAMOM, OTPAHNYEHHAA ABYMA TOYKAMH.

IIpounTaiiTe onpene/leHUS ¥ HABOBUTE OlipejiesiieMble MOHATUA. Kakoll go/kHA OBITH
IIOCJIeJOBATEJbHOCTh ONpPeAeIeHHA 3TUX NOHATHH OPH IOCTPOEHHH MATEMATHYECKOM
reopuu? Ilouemy?

«KBagpaTroM HasbIBaeTCsa ONPAMOYTOJBHHK, BCE CTOPOHBI KOTOPOTO PABHBI».
«HeTBIpeXyrolbHUK — 5TO MHOTOYTOJBHHUK C YETHIPEMS CTOPOHAMEY .
«YeTBIPpeXyrobHAK, BCE YIJIBI KOTOPOTO PaBHBI, HASLIBAETCA IMPAMOYIOJIBHHKOM» .

MoskeT 11 mpOIeCC IIOMCKA paHee BBEJCHHBIX MOHATHH, HA KOTOPLIE ONMPAIOTCA HOBBIE
IIOHATHA, IPOAOJIMATBCA 6eckoHeuHO?
Kaxoii BBIX0OJ U3 9TOro IpeAaoKeH B MaTeMaTHKe?

ChopmynupyiiTe onpeneeHu:

a) npaBMJIBHOM Apo0u; B) OTHOLIIEHHUS; 1) 4eTHOrO 4McJja;
6) mpocToro umucia; ') OPOIOPIINH; €) mpoIeHTa,
BhIOUpAs HYKHbIE TOHATHA M CBOMCTBA M3 HHKEIIPMBEAEHHOI'O CIMCKA:

1) HaTypasbHOE YHCJIO; 7) unCJIHTEb MEeHbIIe 3HAMEeHATEII;

2) npobn; 8) npousBefeHUe ABYX 4YMUCEJ;

3) umcio; 9) corasa goud;

4) KpaTHOe 2; 10) uacTHOe ABYX 4YHCeJ;

9) MeHBbIIE eJMHUIIHI; 11) uMeeT POBHO 2 pA3JIMYHBIX JAEJINTEJIS;

6) ABa OTHOINEHUS; 12) ucTUHHOE PaBEeHCTBO.

a) HaszoBuTe pofioBble IIOHATHA H BHAOBLIE OTJIMYUA B OIpezeie-
Huax u3 Ne 34, HapucyiiTe Ans JaHHBIX ODOHATHH AHarpaMmy
Jitnepa—Benna.

6) BeinmoJsiHATe TO Ke 3aflaHMe JJiA onpejeiaeHuit uz Ne 33,

HpoanaﬁTe onpeneJieHHA U HA30BHTEe OoNpeaenasdgeMblie IO-
HATHA. I[J'Iﬁ Kamxigoro U3 onpeﬂ.e.ﬂeﬁnﬁ Ha30BHUTEe NOHATHA,
KOTOpbI€ B HHX HCIIOJIB30BAHLI:

a) Yucsio @ IpOTUBONOJNOMKHO ueay b, ecix a + b = 0.
0) Ilennie yncaa — 3TO HATYpAJbHEIE YHCJIA, UM IPOTHBONOJIOMHEIE U HYJIb.

B) MogyneMm uuciia @ HA3LIBAETCA PACCTOAHHE OT TOYKH, COOTBETCTBYIOLEH JaHHOMY
YHCJIy HA 9HUCJIOBOM mpsamoit, xo 0.

Hoxaxure, uTo:

a) CyMMa Tpex IlOCJeLOBATEIbHBIX UYETHBIX YHCeJ AeJuTcA Ha 6.

6) CymMa Tpex IocjieloBaTeIbHBIX HEYeTHBIX UHCeJ JeJIMTCA Ha 3.

B) CymMmMa uyeTsIpex IIOCJeJOBATEJbHLIX HATYPANbHBEIX YHCeJ IIPH JejJleHUH Ha 4 Haer
OCTaTOK 2.

r) CymMa uyeThIpeX IOCJIEeA0BATENbHEIX YEeTHHEIX YMCes IPH JeJleHNH Ha 8 maeT ocra-
TOK 4.

19
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39 B HEKOTODOﬁ MaTeMaTHYeCcKOH TeOpPpHH BEeleHbl CHeAVHIINHe IIepBOHAYAJLHBIE

NOHATUA: MOPUK, OAHAPUK, CAA0KUlL, KUCAbLi, KpYzablil, KeadpamHublil, mazKuiL,
maeepOuiit. [Ina 9THX MOHATHI BBEeJeHA CIEAyIONlasd CHCTeMa aKCHOM:

A, Ectb xoTs OB OAMH TOPUK U XOTA OBl OAUH GaHAPHK.

A, Topuk cragxkmii.

A, Banapux KHUCHBIA.

A, Topuxu u GaHAPUKE MOTYT ObITH KaK KPYIJIBIMM, TAK M KBaJPATHbIMH.
A, Topuru u GaHAPUKH MOTYT OBITH KAK MATKHMMH, TAK U TBEDIABIMHU.

C y4yeToOM HOBBIX onpeneJeHUN JOKaMKHATe YKa3aHHYIO TeopeMy:

a) Onpedenenue. S1610k0 — KPYIJIBIH TOPHK.
Teopema. SI6m0K0 cnagroe.

6) Onpedenenue. Jlumon — MArkuit 6aHapHK.
Teopema. JINMOH KHUCJIBIH,

B) Onpedenenusn. AneapCAH — 9T0 KPYIVIbIE TOPHK.
Manzgap — 9TO TBepABIi alleJibCHH.
Teopema. MaHnap KpPyIJiblil U CIagKUi.

r) Onpedenenusn. Illomunop — 310 KBaApaTHBINA OaHAPHK.
Kaprone — 8T0 TBepALIH HOMHLOP.
Teopema. Kapronb KBaJpaTHBIH U KHCJHIN.

@ BeIUMCINTE YCTHO H PACIIONOKHUTE OTBETHI TPUMEPOB B NMOPAAKe yOBIBAHUA.

20

Bel y3HaeTe Ha3BaHUE CAMOI SPKOM 3Be3/ibl HA HOUHOM Hebe.

[P] 24,4 + 9,7+ 2,5+ 15,6 + 10,3 95,614 — (19,99 + 45,614)
20,98-0-1-(12,7-0:4,56)+92,7: 1  [C] (75,48 + 3,916) - 75,48
42,9:1-0-3516 + 5,28 : 52,8 [€] -2.5-(-4)-8-12,5
CocraBbTe BHIpaKeHHe UM HaMJuTe ero 3HauveHue npu a = — 15, b = — 12,6.

a) ITlepBoe u3 3agyMaHHBIX uyucesa GoJblne a Ha 32, a BTOPOE PaBHO Pe3VJabTATy OT
neneHus yucna b Ha 2,1. Haligure cymMMy 8THX YHCeJ.

6) Bropoe M3 3agyMaHHBIX 4YHCeJ PABHO IPOW3BeJEHMIO YMC/a ¢ HA ymciao 3,3, a
IepBoe — IIpoHM3BelleHUI0 unciaa b u uuciaa 4,7. Halinure pasHOCTh MEM/Y IMePBBIM KU
BTOPBIM YHCJIOM.

B) IlepBoe 13 3afyMaHHBIX YHCeJ PDABHO Pe3yJIbTATY OT AeJeHHA Yucjia a Ha 5, a BTO-
poe menbie b Ha 34. Haliiure npousBeeHue 3TUX YUCEJ.

r) Bropoe u3 sagymMaHHBIX uyucesJ MeHbIIe ¢ Ha 90, a mepBoe paBHO PE3YJIBTATy OT
JeneHusa yuciaa b ga 12. HaliguTe yacTHOE OT JeJIieHHA BTOPOro 4YHCJa Ha IepBoe.

TIpounTaiiTe BHICKABHIBAHWSA, 3aNUCAHHBIE HA MATEMATHUYECKOM fA3BIKE C TOMOIIbIO
KBaHTOpPOR obigHOCTH (V) 1 cyiecreoBanusa (3). [lokarkuTe MCTHUHHBIE BHICKA3LIBAHUS,
a s JOMKHBIX — IOCTPONTE UX OTPUILAHMUA.

a)dneN:n=3k+ 2,k €N; m) VYV neN:2n— cocraBHOE YHCJIO;
6)VmeN:m=15l+ 4,1 e N; e) dmeN:2m + 1 — nmpocToe YHCJIO;
B) V a € N : a nenurcsa Ha camo ceba; )3 k € N : 2k — xkpatHo 3;

r)3 b € N : b genurca "a 0; 3) VdeN:3d+ 1- me kparuo 5.



fasa 1, §2, n.1
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E

2 ]

A = (6,8547 : 2,19 + 0,6039 : 5,49) : 1,62;

CocraBbTe GYKBEHHOE BHIDAYKEHHE Ui HAXOKICHUA HEUSBECTHOTO
YHCIa U HaWIWUTe ero NPH JAHHBLIX 3HAYeHUAX OVKB!

a) 4McJI0, paBHOe % or a (a = 1,2);
©) uncJo, pasaoe 0,25 or b (b = 5,6);

B) 4HCJIO, % KoToporo pasHa ¢ (¢ = 0,14);

r) gucyao, 0,3 koroporo passsr d (d = 90);
) 4HMCJI0, paBHOE YacTH, KOTOPYIO YHCJI0 k cocrasiaser ot uucaa m (k = 0,25, m = é};
€) YMCI0, PABHOE YacTH, KOTOPYIO YMCJ0 1 cocTasiader or uuenaa p (n = 0,8, p = 2%}.

IlocTpoiiTe MaTeMaTHYECKYI0 MOJEJb ¥ PelIuTe 3ajady:
= 4 .
a) Beipyuka npennpuATHA B IEPBBLIA JA€Hb COCTABHUJIA 1—5 BBIPYUYKH 38 BTOPOM JeHb.

Beero 3a atu aBa aHA BeIpyuka cocraBuia 76 908 p. CKONBKO JAeHEr NOJYYMHJIHA OT
OOKyIaTejeil B MepBbId JeHb?

3
0) 3a mMecsan pacxoAsl KOMOAHUM HA OeH3uH cocraBuiau 45 720 p., 4TO coCTABMIIO i1
BCcex pacxooB koMnaauu., CKOJBKO JieHer U3PacxoJoBajia KOMIAHHA B 9TOM MecsAle?

B) [Ipubenes KoMIanum B nepeoMm noJyroguu cocrasuiaa 648 000 p., a Bo Bropom —
342 000 p. Kakyio yacTb cocTaBuja OPHOLLIE BTOPOTO NIOJYrOoAHA OT NPHUOBLIN Iep-
BOro?

Haiigmre MHOMKECTBO IIEJBIX PelIeHnii HepaBeHCTBAa:
a)x-3>2; B)2<a<T,; mlz|<2;
6)y +9<12; r) -3 < b<5; e)|n+38|>4.

CpasauTe yncaa A u B:

B =(0,9893 : 0,13 — 6,4) - 62,9 — 77,109.

47 } 3auepkHuTE GYKBLI, COOTBETCTBYIONINE BEICKASBIBAHUAM, He ABJIAIONMMCH OTpe-
penenusaMu. [Ipouuraiire moapsax ocTapuinecsa OVKBBI — U BBl Y3HaeTe eAUHUAILY
H3MepeHusl BA3KOCTH, KOTopas Obljla Ha3BaHa Tak B YeCTh BBLAAOINErocd (hpaHIly3CKOIo
(husuka.

@ Yueno a HaspiBaeTcsa obpaTHbIM K uucay b # 0, eciim a * b = 1.
@ B npAMOyrojisHOM TpeyroJbHUKe JBA yIJja OCTphIe.

IIpousBeseHNEM ABYX HATYPAJBHBIX YHCEJ @ W b HaseIBaeTcA cymMMa b ciaraeMsalx,
KayKa0e U3 KOTOPBIX PABHO d.

HarypanpHoe YHMCIIO @ JeJuTcs Ha HATYPAJIbHOE YMCJI0 b, eClIu CYLIecTBYeT TaKoe
HaTypaJIbHOe YHCJIO ¢, 4TO a = bc.

@ Ipo6e — 3TO He mesoe YHCIo.
21
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@ HenpaBniabHas apo0e 6osblne mian paBHa 1.

@ Mogyae nroboro yucna GoJibllle UM paBeH HYJIO.

IE OKpy:XHOCTh — 9TO HE IpAMasd.

IE' IIpousBoguTeNBHOCTE — BTO 00BeM PabOTHI, CAEJIAHHOW 32 eJUHUIY BPEeMeHU.

B HEKOTOpO# MAaTeMaTHYeCKONU TEOPHY BBeZEHBI ClIeAyIollHe IepBOHAYAIbHbIe TOHATHUA!
mann, 6oad, meepovLit, Hudkuil, npamoil, kpueoii. [Ina 3TAX NOHATHHA BBEJeHa cje-
AyIOUlas CHCTeMa AKCHOM:

A, Ectp xors 661 OAMH TAI U XOTA GBI OAMH BOAA.

A, Tanner 1 BOaAbI MOTYT OBITH KaK MPAMBIMH, TAK ¥ KPHBBIMH.
A, Tann TBepAbIiA.

A, Boax mugxui.

P R

e ——wpa (s o ]

: .\m\\@%
g

= e

C yueTroM HOBBIX ONpeJesieHHH TOKAMKUTE YKA3AHHYIO TEOPDeMY:

a) Onpedenenue. ATIOMAHAK — 9TO NIPAMOH TaJLII.
Teopema. ANIOMHHANA — TBePABIH,

0) Onpedenenue. Cok — aT0 KPHUBOHl Boal.
Teopema. Cox — XUIKUIA.

Brnagenpnsl MOHYMKOBOM Kommanuu AHTOH ¥ Kcrolma mocumTanud, 4TO KOJHUYECTBO

5
IIOHYHUKOB, IIPOJAHHBIX HMH B El]eBpaJ'le, COCTaBHJIO 7 OT KOJIH4YeCTBa NOHYHMKOB, IIPO-

JaHHBIX MU B MapTe. Becero sa atu aABa MecaAna oHu npoganu 480 moHunkoB. CKOIBKO
norunkoB AHToH u HKcroma npoganu B despane?

HecKoabK0 MIKOIBHUKOB; BJIOMUB IIOPOBHY JI€HET, BHIODAIH KOMIBIOTEPHYIO UTDPY H
peluIn ee KYyIuTh. B mociaegHuii MOMEHT ABOE OTKA3AJHCh YYACTBOBATH B MOKYIKE,
II09TOMY KaXKIOMY M3 OCTABIIMXCS IIKOJILHHKOB NPHMIIJIOCE BAILIATUTE HA 1 p. 60JEB-
me. CKOJBKO CTOMIA KOMIBLIOTEPHAS UIpa, eclaM ee CTOMMOCTh Oonbiie 140 p., HO
mensme 160 p.?

BreITOJEMTE BBIYHCJEHHS W paclIudpyiire ¢haMHINI BTOPOro B MCTOPDHUM HIaxMar
yeMnuoHa Mupa, vuenuka Jlasuna ['masbepra.

[E] (0,04 + 3,597,35+ 2,65) [K] (6,39 - 2,1028) : (18 - 5,3408 - 11,3022 : 1,35)
(13 - 12,47) - 0,8 - 19 [P] [1,91-6:(2,5-5)]:(114,6 - 0,002)
(5,4 — 3,65)(10,28 — 7,09) [7,36 - 4,5 - (15,2 - 0,2)] - (65,24 : 13,048)

5,6825 | 8,056 [503,424 1 36,3 4

52 OnHOBpEeMEeHHO 3a’KIJIM ABe CBeUYM OJWHAKOBOU NIWHBI. OAHA

CBeua MOJTHOCThIO cropaer 3a 6 wacoB, a Bropad — 3a 2 yaca.
Yepes HEKOTOpPOE BpeMs CBeUYM OJHOBPEMEHHO IMOTACHJIM, M OKasa-
JIOCh, UTO OTApPOK [EpBOI cBeuw B 3 pasa AJIHHHEe, UeM BTODPOH.
CKONBKO BPEMEHH ropesy cBeumn?




fnasa 1, §2, n.2

2. HexoTopsie MeTOAbl MATEMATHYECKOr0 A0Ka3aTe]bCTBA

Hmenno mamemamuka daem Hadexcnelluiue npasuia:
Kmo um ciredyem — momy He OnaceH 00MaH YY8CME.

Jleonapn Sitnep (1707-1783),
IIBEHIAPCKHI MaTeMAaTHK

Kak MBI yke Buaenu, mobas MaTreMaruyecKas TEOPUSA CTPOMTCA Ha Gase mepBOHA-
YajlbHBIX NOHATHH H akcuoM. C IIOMOINBIO JOMMUECKHUX PACCYKIEHWil, Ha3bIBA€MBIX
MOKa3aTeNbCTBAMM, YCTAHABJIMBAETCH CIIPaBe/JIMBOCTE BCEX OCTANBHBIX YTBEDPXKICHUH
TEOPUH — TEOPEeM.

Tax uTo Ke Takoe JOKA3ATEIbCTBO M KAKHE MeTOAblI JOKA3ATeIbCTBA CYIIECTBYIOT?

Ecnu nocMoTpers onpejeseHne AOKasaTeabcTBa B (0OLIYHOM) TOJKOBOM CJ0Bape, TO
MBI YBHIHMM, UTO JOKA3QAMEAbCIME0 — 3TO PACCYIKIEHNE, 000CHOBLIBAKIOIIEE JOKA3HIBAEMOe
yTBep:kaeHue. B moBceHEeBHON KU3HN 3TO MOXKeT OBITH MHEHMEe SKCIepTa MIN aBTOPHUTET-
HOTO UeJIOBEKA, CTAThA B SHIMKJIONEIHH WJIH IOOYJIApHOM xypHajue. O1HAKO B MaTeMa-
THKE JOKazaTh Kakoe-Iud0 yTBepP)KJEHHE — 9TO 3HAYUT [OKAB3aTh, YTO 9TO YTBEPIKIACHUE
JIOTHYECKH CJeAVeT M3 yiKe JOKAsaHHLIX yTBeP:KACHHH MM axkcuoMm. Hurxaxoe apyroe
paccy)kJeHHe, HasKe MOATBEPIKICHHOE CKOJb YrOAHO OOJBIIMM KOJHYECTBOM YACTHEIX
IpHMEPOB, JOKA3aTeJbCTBOM He CUHUTAETCH.

Kak ke HAXOAUTH JOKA3aTeJIbCTBA MATEMATHYECKHX YTBEPKICHHH?

Ob6iero peuenra saeck HeT. IloucK goKasaTebCTE BO MHOI'OM OIIpPee/IgeT PA3SBHTHE
MaTeMaTHKM Kak Haykd. [Jd nokasaTenbeTBa HEKOTOPEIX MaTEMATHYECKHUX VTBEDPIKAEHUI
TpeOyIOTCA CTOJETHA U CO3ZaHUe IesbIXx Teopuil. Bor aBa spkux npumepa. Tak HaseIBae-
masA Beankaa reopema Pepma Obiia chopmynuposana [Ieepom Pepma eme B 1637 rogy, a
Aokaszana guiins B 1995 rogy aHrImmuCcKUM MaTeMaTUKOM DHAPIO YalicoM, COBEPIIUBIIAM
B MPOIECCE ITOr0 JOKAa3aTEeIbCTBa IIPOPLIB B Teopuu umnces. M Toasko B 2002 roay poc-
cuiickui marematuk I'puropmit [lepeiibman jgokasalt, MCIOAB3YS Napaf0KCaJbHBIE HEH,
sHaMeHHUTYI0 runoredy AHpu Ilyankape mouyry BEKOBOM JaBHOCTH.

Tem He mMeHee, B MATEMATHKE €CTh CIIOCOOBI JOKAa3aTeNbCTBA, KOTOPHIE VCIEIIHO pabo-
TaWT IPH YCTAHOBJIEHUU MCTHHHOCTHA CAMBIX PAa3HBIX ¢ BUAY VTBep:KAeHHH. C HEKOTOPBIMHA
U3 HAX MBI ¢ BAMH V)K€ BCTPEYa/Ch, HEKOTOPhIe HAM BCTPETATCA BIEPBEIE.

Meroa nmepedopa
3apmaua 1.
JokasaTsh, 4TO cpelH ABY3HAUHBIX YHCEJ €CTh TONLKO ABa YHciaa, 72 u 94, xoropsie
‘Ha 58 Gosble MPOU3BELEHUS CBOHX IHAD.

Horxasamenbcmeo:

JI060e ABY3HAUHOE YMCJIO MOMKHO mpejcraBuTs B Buge 10a + b, rae a u b — coorser-
CTBEHHO NepBasA M BTOpas IM(PHI 3TOTO YUCIa. 3HAYUT, d — HATYPAJILHOE YHCJI0, MEHBIIee
10, a b mo:ker OLITHL OJHAM M3 Heablx umcena or 0 xo 9,

Torpa ykaszaHHOe B YCJIIOBHM CBOMCTBO MOMKHO 3allMCAThL B BUJE PABEHCTBA:

10a + b = 58 + ab.

23
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3aMeTURB, UTO ANA BBIIONHEHHS 3TOT0 PABEHCTBA UYHCJO @ JOJIMKHO OBITH GoJblue 5,
[IOCNeI0BATEILHO TTepefupaeM Bce BO3ZMOMKHBIe 3HaueHua a u b. [lomydaeMm, uyTo ykasaH-
HOe PABeHCTBO BO3MOJKHO TOJBKO JJIfA ABY3HAYHBEIX uwncen 72 u 94, 4T0 U TpebOBAJIOCH
JI0OKa3aTh.

HpOBepHTb HUCTHHHOCTE YTBEPMKIACHHUA JIA KAMAOT0 2JIeMeHTa pacCMaTpHBaeMoro

l
; ANropaT™M J0Ka3aTeNBCTBA MeTOAOM mepebopa
|
| MHOKECTBa.

Meroa npod u omuboK

3apmaua 2.
JloxasaThb, uTo ypaBHeHHe x(x + 9) = 90, rze x € N, umMmeer eJUHCTBEHHOe DENIEHHE.

Horkazamenvemaeo:

Boasmem x = 6, Torga 6(6 + 9) = 90. Tem caMbIM MBI JOKAa34JH, YTO pellleHHe YVKa-
3aHHOr0 ypaBHEHMs CYIECTBYET.

Teneps MOKa)keM, YTO APYroro HATYPAJbHOrO pelleHHA HeT. [leficTBUTENBHO, IpU
yBeJIUYEHUH 3HAYEHHUA X 068 MHOKHUTENA B JEBOH YaCTH YBEJIWUUBAKOTCH, & NP YMEHb-
IIeHNN X BILJIOTH /0 3Ha4ueHUA x = 1 ofa MHOMHUTeJA yMeHbIIaoTcsd. B oboux ciayuasax
npoussenerue oyaer orimgao ot 90.

Buauyur, ypasHenue x(x + 9) = 90, rge x € N, uMeeT eJUHCTBEHHOE pellleHHE, YTO H
TpeboBaIoChk JOKa3aTh.

AJTropHTM J0KA3aTEAbCTBA METOAOM HPO0 M OmHMOOK

1) I[Mopobparhk KOHKpPEeTHBIE O0BEKTHI C 3aJaHHBIMHU CBOMCTBAMH.
2) IlokasaThk, 4TO APYIUX OOBLEKTOB, VAOBJIETBOPAIINUX STUM CBOHMCTBAM, HET.

38.MeTHM, 4YTO B MaTeMaTUKe JacTo ObIBaeTr HY#HO JOKAa3aThk YyTBepXIeHle O CYyIecT-
BOBE‘.HHH HEeKoTOporo obberTa ¢ 3aJaHHbBIMHM CBOMCTBaAMH. Kau MBI yKe 3HaeM, OJgd JoKa-
3aTe/IbCTBA TAKOI'O YTBEPHIAeHHA MOMKHO IIPOCTO NIPpeJbABHTH y,I[OBJ]eTBOpHIOI.IIHﬁ YCJIOBHIO
obbeKT. [10aToMy [0Ka3aTeLCTBO METOAOM P00 B OIIHOOK B 9TOM CJIy4Yae OTPAHHYNBAETCHA
JIMIIH ePBLIM IIaroM ajJropuTMa.

3amaga 2a.
okasaTh, UTO CYIIECTBYET pelleHue ypaBHeHus x(x + 9) = 90.

oxazamenbecmao:

Bossmem x = 6, Torza 6+(6 + 9) = 90. Tem caMBIM Mbl JOKA3aJIH, YTO pelIeHUEe YKa-
3aHHOIO YpaBHEHMSA CYIIECTBYET, UTO WM TPeOOBaJIOCh JOKAa3aTh.

JloKa3aTeJbCTBO CYLIECTBOBAHUA, IIPH KOTOPOM IIpeAbABAAeTCA 00bEKT C VKAa3aHHBIMHA
CBOMCTBAMU, HABLIBACTCH NPAMbBLM.

KocBeHHEBIE JOKa3aTeJdbCTBA

HWuorga npepbABUTE TpedyeMblii OOBEKT CI0KHEe, YeM
NOKas3aTh ero CyIlecTBOBaHHe. ECIHM NPH HOKa3aTEJbCTBE
CYILIECTBOBAHUA O0BEKT He yKashlBaeTcd, TO TAKoe JoKasa-
TeJILCTBO HA3BIBAETCH KOCBEHHbLM.

C KOCBEHHBIMH J0KAa3aTeJbCTBAMH MBI ye ¢ BaMH
BCTPEYAJICh, HO He BBIZIEJANH HX B OTAEJBHYIO TDYOIY.




3amaua 3.

B mkosne 370 yueHuKOB. [[oKaKHUTE, YTO CYIIECTBY- A WHERVE 4
0T X0TA OBl JBa YUEeHHKA, CIOPABIAAKINNE NeHb DPOKIe- A
HHUS B OJIUH U TOT K€ JeHb roja.

Hoxazameavcmeo: k
B obriknoBeHHOM Tony 365 mgHeil, & B BUCOKOCHOM —

366 nmmeit. B mxone Bcero 370 yYeHMKOB. 3HAUHUT, Y

BCeX Y HHUX He MOTYT OBITh JHU DOMKJEHWsS B Pa3HEIe

nan, Tak xKak 370 > 366. [ToaToMy Kak MHUHUMYM ¥ —_

NBYX VUEHWUKOB JHU POXKIEHUA COBOANAIOT, UTO U Tpe-
HOBaNOCH JOKAa3aTh.

o

OnHUM M2 cnocof0B KOCBEHHOTO AOKA3aTeNhCTBA, MOJMYUUBIINM ITMPOKOE PACITPOCTPa-
HeHWe, ABIsAeTCd TAK HA3bIBAeMOe J0Ka3aTeJbCTBO MEeTOAOM OT HpoTuBHOro. CyTh ero
cOCTOUT B cieayomeMm. McTUHHOCTE YTBep:KAeHAA A JOKA3BIBAIOT TeM, YTO IIOKA3BIBAIOT
JOMHOCTEL yTBep:kaenusi —A (orpunanue A). Jleso B ToM, YTO IO 3aKOHY HCKJIOUEHHOTO
TPeTHEr0 U3 ABYX YTBEepPXIeHUN A H —A OZHO MCTHHHO, a APYyroe — JIOXKHO. 3HAUHUT, €CJH
B pe3yJIbTaTe IIPEeAIOJIOKEHHS 0 TOM, UTO —A MCTHHHO, MBI IPHUXOAHM K IIPOTHBOPEYHIO
(Tak HaspIBaeMOMY «abCcypAy») HIHM K BHIBOAY 00 MCTHHHOCTH 3aBEAOMO JIOXKHOTO VTBEPIK-
OeHHs, TO TeM CaMbIM MBI JIOKa3blBaeM HCTHHHOCTH HCXOIHOI'O YTBepPHKIeHMA.

3amaua 4.
Hokaxxure, 4T0 He CyulecTBYeT HauboJIbIIero 4eTHOro ymcesia.

Hoxaszamenvemeo:

ITpoBegeM A0Ka3aTeJIBCTBO METOAOM OT IpoTHBHOro. Ilpexmonoskum, uro, Haobopor,
cyilecTsyer HamboJIbIlee YyeTHOe uucao n. Torpa BCcAKOe APYroe YeTHOE UHCIO JOJMKHO
66T MeHbIlle 1. OxHaxko, mpuGaBHB 2 K UHUCIY 1, IOJYYUM YeTHOe Uucjo n + 2, 60Jab-
mree, 4eMm 1.

IloryueHHOE MPOTUROPEYNE OKAZHIBAET, UTO HAIIe NIPEJNIONIOKEHNe O CYIIeCTBOBAHUN
HauOOJBIIEr0 YeTHOI'O UMCIa JOMKHO., 3HAUNUT, HAaUOOIbIIero YeTHOTO YHCIA He CYIIIeCTBYeT,
4TO U TPeGOBAJIOCH AOKA3ATE.

AJII‘O]JHTM JAOKa3aTeJbCTBEA METOIOM OT IPOTHBHOIO

1) IIpeAmonoKUTh, YTO AOKA3EIBAEMOE YTBEepIKISHHEe HEBEPHO.

2) Vcxons M3 9TOro MPEeANoIosKeHus Jubo MOJIYyUUTh IPOTHBOpeune, Jubo mpuiiTi
K BBIBOAY 00 MCTMHHOCTH 38BELOMO JIOKHOIO YTBEPKIEHHS.

3) CihopmyrupoBaTh BEIBOL O TOM, YTO CAeJaHHOE NPeANON0KeHUe HeBepPHO, a
3HAYUT, BEPHO JOKA3BIBAEMOE YTBEPIKIeHUE.

Meton moxasaTenbcTBa MATEMAaTHYECKHX TEOPEeM OT
IIPOTUBHOr0 BechbMa 3(hGeKTHBEH U OUEeHB paclpocTpa-
HeH. Hauge Bcero oH MCNOJIB3YeTCH AJA AOKA3aTeJIbCTBA
TOrO0, 4TO 00/beKTAa ¢ 3aJaHHEIMH CBOMCTBAMU HE CYIIEeCT-
Byer. Tak, ymoMsiHyTasa BbIllle Beaukas Teopema Pep-
Ma OblIa J0KasaHa ¢ HCIIOJb30BAHUEM HWMEHHO TAaKOI'o
MeTOo/a.

fnasa 1, §2, n.2
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E ITocrpoiiTe oTpHUIAHNA CHEAYIOIIMX BhICKaseiBanui., OQnpegenure HCTHHHOCTH
JAaHHBIX BBHICKA3BIBAHUN M HX OTPHIAHHIM.

a) Cymma ABYX 4MceJ] He 3aBHCHUT OT HOPAAKA CJIAaraeMbIX.

6) Yucao 0 ABIAETCA HATYPAJIBHBIM YHCJIOM.

B) PasHocTh ByX HATYpAJNbHBIX YHCEJ BCerja YUCJI0 HATYPAJbHOE,

r) YacTHOe ABYX HENBIX YHce] a ¥ b Mo)KeT OBITH LEJbIM YHCJIOM.

n) IIpods % O3HAYAET, YTO IeJl0e PA3NENIMIU Ha 2 PAaBHBIE YACTH M B3AJH 5 TAKHX
yacTei.

e) Bee mpaBuibHBIE Apo6u 6OJbINTE WX PABHEBI 1.

»k) [IpaBUnbHASA APOOL BCETIA MEHbIIe HEMPABUIbHOMN.

3) Monyap yncaa MOXKET OBITH OTPHAIIATETBHBIM.

ITpoBezuTe AOKA3aTENBCTBO KOCBEHHBIM METOZOM:

a) B rocrunune 124 HoMepa, B KOTOPHIX KuByT 250 uenoBek. JlOKaxKUTe, YTO €CTh
XoTs ObI OAHMH HOMED, B KOTOPOM JKHBET He MeHee 3 UeJOBeK.

6) Hacesnrenue 3emurn wa 1 uwonsa 2009 roga cocrasasano 6 786 167 712 uyenosex. Cuu-
Tag, yTO HA 3eMJIe HeT JI0ei, Bo3pacT Koropsix 6osee 200 jer, JOKasKuTe, YUTO HAM-
AyTCsA II0 KpallHed Mepe 2 4YeJlOBeKa, KOTOPBIE POAUJINCHL B OJHY M TY »Ke CeKYHAY.

JokaxkuTe CHeAVIOIHEe VTBeDIKACHUA:
a) He cymecTByer HaubOABIIero HEYETHOTO YHCIIA.
6) CymecrByeT 6eCKOHEYHO MHOI'O HATYpPaJbHBIX 4yuces Buga 15n + 7, rge n € N.

B) He cymecTByeT HATYpATbHOTO UMCIA, KOTOPOe IpH JeneHun Ha 18 naer ocrarok 5,
a nopu jfeneHuun ga 27 gaeT ocTaToxk 3.

JloxakuTe MPAMBIM H KOCBEHHBIM METOAOM:
a) Pasernctso n(n + 1) = 35 419 HeBepHO npu J060M HATYPAJILEHOM 7.
6) PasernctBo 2m(m + 1) = 37 582 meBepHo mnpu Jwobom m € N.

HCHOJILByﬂ MeTOo[ AOKa3aTeJIbCTBA OT IMPOTHUBHOI'0, JOKAXKHUTE:

a) Ilpu nrobbix HaTypanpHBIX @ ¥ b 4mcao 15 He MoKeT OBITH KOPHEM YpaBHEHUA
ax’> + bx + 48 = 0.
6) Yucio 3 He MO:KeT OBITH KOpHEM ypaBHeHHd ax® + bx? + x + 9 = 0 npu a100kIX
HaTYpaJIbHBIX a A b.

ChopmynupyiiTe yTBepK/IeHNs, 06paTHbIe K JaHHBIM, A ONPEAE]UTe HCTHHHOCTh

OpAMBIX B 00paTHBIX yTBep»aeHuM. Haiinure BhICKA3BIBAHUA, IS KOTOPBIX
HCTUHHEBI KaK NpAMoOe, Tak U ofpaTHOoe yTBep:KAeHHe. BCTIOMHHTe, KaK HA3bIBAKOTCH
TAKHEe BBICKA3LIBAHUSA.

a) Ecau nmpousBegenne ABYX HATYPANbHBIX YMCEJ AEIHUTCA Ha 7, TO XOTA Obl OZHO M3
9THX YMCeJ JeJuTcA Ha 7.

6) Eciu mpousBeleHHe ABYX HATYPAJBHBIX YHCEJ AeauTcA Ha 15, To xoTa Gbl OfHO
M3 3THX YHCEJ JAeJUTCA Ha 15.

B) Ecam HarypanbHOe YHMCIO AEJIHUTCA HA 2, TO OHO OKaHYHBAeTCA HYJIEM.

r) Ecam HaTypasibHOE 4YMCIO OKaHYuBaerca Ha o uiau Ha 0, TO OHO JenuTca Ha 5.

) Ecan cymMma nugp HaATypajabHOIO YMCia Aenurcd Ha 9, TO OHO JeauTcs Ha 3.



fnasa 1, §2, n.2

63

e) Ecau HaTypansHOE UHCIO AenuTca Ha Y, To m cymMma ero nudp aexurca Ha 9.
;) Ecoim xkBagpaT HATypaJbHOIO UHMCJIa JeJUTCH Ha 4, TO B caMO YHCIO JeuTces Ha 4.
3) Ecin kBazpar HaTypaJabHOTO YHCIA AEJUTCSI Ha 5, TO U caMO YHCJIO JeJUTCA Ha 5.

Pemnre 3agauy:

a) TesedboHHAA CTAHIMA MIOJYYHIA 3aKa3 HA MPOKJIAAKY Kabead U NOAKIIYeHNe HOBBIX
TenedoHHBIX HOMepOoB. OuH TesleOHUCT MOKET BEIIIOJHHTHL 3TOT 3aKa3 3a 37,5 uvaca,
a Ipyroil MoJKeT BBIMOJHHTE 5% B3axasa 3a 2,5 yaca. CKOIBKO BpeMeHH noTpedyercs
3TUM JABYM TeJie(DOHHCTAM [JIs BHEIIOJHEHHS BCEro 3aKasa, ecJii OHU OyayT padoTaThb
BMECTE ¢ VKA3aHHON IIPOMBBOAUTEIbHOCTHIO?

6) s mamosnenus: 6acceliHa UCHOJb3YIOTCS ABe TPYOLI.
Yepes mepsyio TpyOy mycToil GacceitH HaIOJHAETCS 3a
15 uyacos, a uepes Bropyoo — 3a 0,8 »roro BpemeHu. 3a
Kakoe MHHHMAJIbHOE BPEMA MOMKHO HAIOJHHUTH IYyCTOH
facceitu?

B) Ha aBTOMOOMIBHOM 3aBoje paboraroT 72 cTaHKA.
OHH BBITIOJHAKT NHEBHOE IIPOU3BOJACTBEHHOE 3aJaHUe
3a 10 yacoB. CKOJBKO CTAHKOB HY>KHO N0DaBUTH, YTOOBI
BBIMIOJTHUTE ATy e pabory 3a 8 uacos? CuuTars, 4TO BCe
CTAHKH paboTaioT ¢ OMMHAKOBOM IIPOM3BOJUTEILHOCTLIO.

r) Ha momouroMm 3aBoge paborator 210 pabounx. Ilpodcoros pabounx npuHEAN pelneHne
COKpaTuTs paboumit nens ¢ 8 go 7 wacoB. Ckoabko paGoumx Heobxomumo Gyaer mpu-
HATH HA 3aBOJ, AJA TOro YTOOBI COXPAHHUTH HEM3MEHHBIM € eZHEeBHBIN BBIIYCK IIPO-
ayknuu? CuuraTth, 4To Bee paboume paboTaoT ¢ OIHHAKOBOW MPOU3BOANTEIBHOCTHIO.

IleperesuTe B yKa3aHHbIE efUHUIILI H3MEPEHUS U BRIYUCIATE!

a) B KMJIOIPaMMBL: B) B 4acChl:
0,057 v + 6,43 xr + 870 r — 0,003 1; 30 mun + 1 cyrrku — 3,5 vaca + 2700 c;
0) B cAaHTHMETPHI: r) B pybum:

48 m + 317,2 Mm — 4,72 e — 2,3 oam; 5,2 TeIC. p. — 500 Kom. + 38 p. — 3 THIC. D.

YnpocTHuTe BblpaskeHHE IPH AONYCTHMBIX 3HAYEeHHAX NePeMEeHHBIX:

2
9 36abe:o;  wa:a » Trae w S
1 . . a. .2, 76abxy . 6,25pq°r
6) 72ax : 3; r) 60 : Sb’ e) 18aby ° 3) Bpre

62 I IlpoBeguTe HOKA3ATENLCTBO KOCBEHHBEIM METOHOM:

1) ITects peifaxoB noiimanau Bmecte 14 prib. [loxkamxmure, uTo X0T#a OBI ABa phIbara
noimaiy peid NOPOBHY.

2) B knacce 25 yueHukoB. Jlokakure, 4TO eCTh TAKOH Mecsll B IojAy, KOrjaa JeHb
POKAEHUA CIPABJIAIOT He MeHee 3 VUEHHKOB.

3) Hoxaskure, 4TO CYILIECTBYeT 0ECKOHEUHO MHOTO HATYPAJLHBIX UMCE], MMEIOIHX
sug 4k + 1, rne k € N.

Hcnonbaysa METOA AOKA3aTeIbCTBA OT MPOTHBHOTO, AOKAYKWUTE, YTO MPHU JIOOBIX HATY-
pajdbHBIX @ M b yucao 7 He MOMKeT ObITh KOpHeM ypaBHeHHA ax’ + bx + 5 = 0.
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64 I ChopmynupyiiTe yTBep:KIeHUA, 06paTHRIE K TAHHBIM, U ONPEIEeTUTe UCTHHHOCTL MpA-

MBIX 1 00paTHBIX yTBep:KAeHWi. HaiiinTe paBHOCHUIBLHLIE YTBEDIKJeHHS.

a)Ecmu |a|=|b|, Toa =0b.

6) Ecitu a > 0wu b > 0, To ab > 0.

B) Ecum uncno oxkanumBaerca Ha ogHy us oudpp 0, 2, 4, 6, 8, To oHO genuTca Ha 2.

3emuepoiiHad MalrnHa 3a 8 yacos paboThl BLIphIBaeT KaHaBy mEpuHOH 30 cM, rayon-
Ho# 3 M M mIuHOK 6 KM. CKOIBKHMX 3eMJIEKOIIOB 3aMeHAeT TaKas MAIIWHAa, €CJH OAHH
3eMJIEKOII POeT KaHaBy ¢ npouaBoguaTenbHocThio 0,5 M® semuu B wac?

Anton n Kcioma mosnyumin 3aKas Ha BBINEUKY IOHUYUKOB., Pado-
Tasg BMECTe, OHH MOTYT BBIMOJHUTEL BTOT 3aKas 3a 1 u 20 mu=H.
Kcioma Mo:KeT BBINOJHHUTE 9TOT 3aKa3 MOJHOCTHIO B 2 pasa
onicTpee AaToHA. Karkoe BpeMsa morpebyeTcs KamIOMy M3 HHUX
B OT/IEJTBHOCTH HA BBINMOJIHEHHE ATOTO 3aKasa?

&)
66]
ﬂ CpaBH UTe BeJIMUMHBI.

A=43m-35cm+1,44m: 3,6 + 3,6 om : 1,44 - (0,1 — 0,02);
B=135gm: 27+ 6,02m - 5,9cm + 0,4 mm : 2,5 - (4,2 — 1,075);
C=4,735m:0,5+ 14,95 ;v : 1,3 + 2,121 mm : 0,7.

-618‘ JoxkaxuTe, 9YTO CyMMa 1 IEepPBLIX HEYETHBIX YMCeJ paBHa n’,

3. Jlornyeckui BBIBOI®

28

ITepsoe ycaosue, komopoe HAOLEH UM BbLNOIHAMY
6 mamemamure, — amo Oblme MOwHbIM, 6mopoe — Oblmb
ACHBLM U, HACKOJLLKO MONCHO, NPOCbLM.

Jlazap Kapno (1753—-1823),
dbpaHny3cKHI roCyJapCTBEHHLIH JeATeNbh H YYeHBIH

O6cysxaas OPUHIUITLEL IOCTPOSHU S MATEMATHUCCKHX TEOPHN U METOAbI JOKA3ATe/LCTB
B MaTeMaTHKe, Mbl MCIOJL30BAJIH TEPMUHEL <«JIOPMYECKHH BLIBOZA», «JIOTHUYECKHE pac-
cy:KAeHusa» . MBI roBOPHIH O TOM, 9TO JOKA3aTEJbCTBO MATEMATHYECKUX YTBED:KICHUMI,
1O CYTH, COCTOHMT M3 IOCJeA0BATEIbHOCTH IPaBHIbLHBIX BeIBOAOB. Ho Kak ysHaTh, KaKue
BBIBO/JBI [IPABHJIBHBIE, & Kakue — Her? Kakume u3 paccy:JeHHH «JIOTHYECKH CIEeAYIOT» U3
ysKe H3BECTHBIX?

3aK0oHbI KOHCTPYAPOBAHUSA MPABUJIbHBIX PACCYKACHUH M3yYaeT cllelMalibHaA HayKa —
nozuka. MaremaTuuecKas JIOTHKa, KaK U Ji00ad MaTeMaTHdecKad TeOPHUdA, He ONIUPAEeTCH
Ha TaKHe apryMeHTbl, Kak HabOarogeHnsd, KOHKPETHBIN caydai, YbH-TO omyuieHus. OHa
BBICTpPOEHA Ha 0ase CUCTEMBI OCHOBHBIX MOHATHH M aKCHOM, OHHCHIBaeT o6m[ue 3aKOHBI
¥ TeM caMbIM CO3JaeT BO3MOKHOCTH AJIfA COrIACOBAHWSA PAa3JHYHBIX MHEHHH M B3IJIALOB.
IToaToMy 3aKOHBI JIOTHKHM — 3TO IPUHIAIE], KOTOPIMH HaAJEKHUT PYKOBOACTBOBATLCA TIPU
IIPOBENEHUU PaCCY:KAeHHN B caMbIX pa3HOOOpa3HBIX HayKaxX H B jKHU3HH.



Bompocsl TOrHKHM HHTEPECOBATIH YUEeHBIX elre B ApeBHOCTH. Tak, BeJUKHIN JpeBHErpe-
yeckuit uocod ApucroTessr M ero yuyeHMKH HauumHAad ¢ IV Bexka 40 H.9. HCCJIeZOBAIH
3aKOHBI KOHCTPYHPOBAHHUSA JIOTHYECKH IIPABHJIBHBIX CYHIEHUMH.

IIpuBecTH mpUMepHl TAKHUX CYKIEHHWII MOXHO, ONMUPAACh HA IPOCTHIE CHTYAIMH U3
TIOBCEJHEBHOH KHM3HHU, Ifie, KAK M B MATEeMaTHUKe, Mbl MOCTOAHHO PACCYKJAaeM U JiejiaeM
pasHble BbIBOAbI. Hampumep, U3 TOro, 4To HEKOTOPYIO KeHIIuWHY 30ByT Tarssana KBa-
HOBHAa, caedyem, 4TO ee otna 30ByT MBaH. [laHHOE paccy»kAeHUe, KaKk BBl yyKe 3HaeTe,
MOKHO 3anucaTh B (opme A = B, rme A (yCcIOBHE) — 3TO
BBICKA3bIBAHUE «KeHIIUHY 30ByT Tareaua MBamosHAa», a
B (3akJOUeHHEe) — BHICKA3BIBAHME «OTIA 3TOH KeHI[HHBI
3oByT URan». C gpyroii CTOPOHEI, €CIH OTIA MKEHIIHHEL 30-
ByT VMIBaH, TO U3 3TOr0 BOBCE He cledyem, 4TO OHA UMEHHO
Taresana sanoeua, — ee MmoryT 3BaTh Tak:ke u Mapua Msa-
HOBHAa, U Enena MBanosua. Ha ASBIKe JIOTHKHK 9Ta CHTYAI[HA
onuckisaercsa popmoit B 7 A, rae B cTaHOBUTCA YCJIOBHEM,
a A — 3aKJIOYEeHHEM.

IIpumepoM X0poOINO M3BECTHOH HAM JIOrHYeCKOH (POpPMBI, KOTOPYIO MbI IIOCTOAHHO
WCIIOJIb3YyeM LU LIPOBEJEHUHU [A0KA3aTeNbCTB, ABisgerca dopma: «Eciam A — MCcTHHHO M
A = B, To B — uctuaHO». J[pyrumMu cjoBaMu, €CJIM BBIINOJIHSETCA YCJIOBHE A U U3BECTHO,
YTO BEPHO JIOTHYeCKoe ciefoBaHue A = B, To GyaeT BuinosHATECA M B. Hanmpumep:

.z,b"' cazga‘“{

A B umcne 258 cymma mudp geaurcsa Ha 3 — HCTHHHO.
A= B Cymma mudp ubena jeaurtced HA 3 = Ywuern ATCA Ha 3.
B Yucmno 258 menuTcs Ha 8 — HCTHHHO.

PaccMoTpuM elije HECKOJIBKO CII0C000B 0600IIeHHOr0 OIIUCAHUA PACCYKICHUI HA A3LIKe
goruku. Ilpoaranmu3upyemM IBa MOXOXKHUX HA HNEPBBIA B3TJIAJ PACCYXIEHHHA.

1) Bece Onunbl KyOuku — AepeBsHHbIe. Bce JepeBAHHBIe IIpeIMeTHl He TOHYT B BOJE.
CuenoBaTesibHO, Bce ONMHBI KYOMKM He TOHYT B BOJE.

2) Bece Onmebl KYyOMKH He TOHYT B Boje. Bce JepeBAHHbIEe IPeMeThl He TOHYT B BOJE.
CunenoBaTesbHO, Bce QIMHBI KYOUKH — JepeBAHHEIE.

B npunmepe (1) npoBejeHO MpaBUJIbHOE paccy kaAeHne, a B mpumepe (2) — Her, HeiicTBH-
TeJbHO, H3 TOTO, UTO BCe KYOMKH He TOHYT B BOJAe, HE CJIeAYyeT, UYTO BCe OHH IepeBAHHBIE.
Hampuwmep, OHH MOTYT OBITH ITACTMAacCOBbIMU. [loaTOMy, cnemaB BBIBOA B npuMepe (2),
MBI COBEPIINJIH JOTHUECKYIO OIIUOKY.

Pasbepemcs B ToM, moueMy Ipou3omnaa omubka. Ilns storo obozmauum OykBoil A
BoickaspiBanue «Kybur mpuramiexur Oue», 6yksoii B — BeicKkaseiBaHue «IIpeamer aepe-
BAHHBBIA», a OykBoil C — «IIpenmer He ToHeT B BoZe». Torga nmpoBefeHHBIE PaCCy:RKACHHUSA
MOYKHO 3amlHcaTh B CAeAyHINuX dopmax:

~
~

)IA=B A= C
B=_C 2
A=C ¥R
(Ecm A = B,B=C, 0 A= () (Ecbru A = C, B=C, 0 A= B)

IIpoBepuTr OPaBUIBHOCTH AAHHBIX PACCYMAEHWM MOKHO, MCIOJIb3YHA A3bBIK TEOPHUU
MHOKecTB. IIycTh A — MHOKecTBO ONMHBIX KYOMKOB, B — MHOYKeCTBO JI€PEeBAHHBIX IIPeJ-
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MeTOB, a C — MHOKECTBO IpeIMeTOB, KOTOphIe He TOHYT B Boje. Torga paccysxgenus (1)
u (2) MOKHO IIepeBecTH Ha A3LIK TEOPHH MHOXKECTB CJeAyIOIHM o0pasom:

1 | MHo:xecTBO A ABAAETCA MOAMHOMKECTBOM C
mHOKecTBa B. MHOMkecTBO B ABIAeTCA
OAMHOKecTBOM MHOKecTBa C.
CaegoBaTesIbHO, MHOKECTBO A ABJIAETCA

moaMHEOM¥ecTBoM MHOKecTBa C. (MerurHO.) AcCB.BcC=AcC

2 | MHoOM¥ecTBO A ABJIAETCA NNOAMHOMKECTBOM
mHo:;xecTBa C. MEOMXKeCcTBO B ABIAeTCA
MOAMHOECTBOM MHOKecTBa C.
CrenoBaTesIbHO, MHOKECTBO A ABIAETCA
MogMHOMecTBOM MHOMKecTBa B. (JloxnHo.)

AcC,BcC#AcB

Kak BuamTe, AJs TOro, 4To0bl IIPOBEPHUTH NPABUJIBHOCTh PACCYMKIAEHUSA, MBI MOXKEM
MCIIOJIB30BAThE TaKXKe YiKe M3BeCTHhIe HaM guarpaMmel Jditrepa—Berna. W xors aror
crnoco® He SIBISIETCA CTPOTHM J0Ka3aTesbCTBOM, OH JlaeT HAIJISJIHOE IIPeJCTABJICHUE O
CAeJIAHHOM BBICKA3bIBAHMH U II03BOJISET Pa30bpaTbCcA B MPABMJIBHOCTH TOTO WJIM HMHOI'O
paccy:KIeHus.

Wrak, MBI HOKA3aJIH, UTO PACCYKACHHSA BHIAA:

«Ecim A = B u A — ueTuHHO, To B — HCTHUHHO»;
«Eecsiimu A = B, B=C, 10 A= C»

IOCTPOEHEB! JIOTMYeCKH I'DAMOTHO H ABJIAKTCA BepPHBIMH
JOTHYeCKHMH BBIBOJAMH.

fcHo, UTO LENOYKY CIeLOBAHMN MBI MOMKEM IIPOAOJI-
JKUTH U JaJIbIIE, HAIPUMEp:

EcrmA=B,B=C,C=D,D=E, T0A=E.

Kax MBI ysKe roBOpH/IN, MMEHHO TAKME JIOTHYECKHE [ENOYKH U JIeXKAT B OCHOBE MaTe-
MATHYECKUX TEOPHH, MeTOJ IMOCTPOEHHA KOTOPBIX MBI 00Cyxaanu B nyHxTe 1.2.1.

e 69 I B cnopTuBHOM KJy0e B CeKIHAX aspo0HMKH U ILIaBaHHA 3aHHMawTcd 58 uelso-
BeK. Aspobukoii 3aHuMalTca 27 4e/loBeK, a maaBanneM — 39 yenosex. B kakom
CcIy4ae 9TO BO3MOXKHO?

a) Ilycte A — MHOXKeCTBO HATYPAJILHBIX pellleHHWH HepaBeHeTBa 4,5 < @ < 8, a B — MHO-
JKeCTBO HATYPAJBHBIX pelleHUi HepaBeHcTBa —1,5 < b < 7. Banumure MHOMKecTBa A
u B ¢ noMomipio (PUrypHBIX CKOBOK U mocTpoiiTe ANA HUX AuarpaMmmy Oisiepa—Benna.
Haiigure obbenuHeHrne U nepeceueHne MHOMKecTB A u B.

6) BeimosiHHTe 3ajaHMe a) AN cayuas, Korga A m B — MHOMKeCTBA IeJLIX pelleHui
3THX K€ HepaBeHCTB.
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Hapucyiire amarpammel diisepa—BenHa, HTIOCTPHPY-
IOIe BHICKA3LIBAHUA:

a) Bce KOIIKH ABJAAIOTCHA KHUBOTHBIMH,

0) HexkoTopele KOmKM — phIKUE.

B) Hu ogHa Komka He ABIAETCA ITHILEIH.
r) HexoTopble KOIIKU HEé YMEOT IJIABATE.

OnpeznenuTte NPaBUIbHOCTD CJIEAVIOIIUX BBIBOJOB:

a) Eciim HexkoTOpbIe YeTBEPOHOrHE JKMBOTHBIE JIAKOT, TO
HEKOTOpPhIE JIaloliie }KHBOTHEIE — YEeTBEPOHOTHE.

0) Ecnu mexoropnle GPYKTHI cIafiKue, TO HEKOTOPhIE CAaJKue MPEeAMETh — (DPYKTHI.
B) Ecin Hu ofHa nTHUA HE PBHIYUT, TO HM OJHO phlYalllee XUBOTHOE — He MTHILA.

r) Ecin Hu ofuH INKOJBHUK He ABJAETCA CTYAEHTOM, TO HM OAMH CTYAEHT He ABJIA-
€TCA IMKOJbHHKOM.

x) Eciin Bce 1BeTHl KpacuBbie M HEKOTOPBIE KpPacHBbIe IIPEAMEThI — KpacHble, TO He-
KOTOpBIE€ KpPpacHBIE IIpeAMEeThl — I BEThI.

e) Ecam Bce Mrpbl — KOMIIBIOTEDHBIE ¥ HEKOTOPbIE KOMIIBIOTEPHBIE HI'Dbl — HE CcTpaTe-
THH, 3HAYHUT, HEKOTOPbI€ UI'DBI — HE CTPaTeruu.

k) Eciim HH OlMH CJIOH He KDOKOJWJ, 8 HEKOTOphble KPOKOAMJIBL JKUBYT B AdpuKe,
3HAYMUT, HEKOTOPbIe JKUBYINHEe B AQpPHKe — HE CJOHBI.

3) Eciiu Bce CeMHKJACCHHUKH JIO0OAT YNTATh W HU OJHH CEMUKJIACCHUK He OMOIHOTE-
Kaph, 8HAYHUT, Bece JIOOAIINE YHTATH — He OHOIHOTEeKapH.

IIpoBepbTe MPABHIBHOCTE CHEAVIOIIMX BLIBOJOB C IIOMOIBIO JuarpaMm Jditiepa—Ben-
HAa. B KAKUX cayuyasix HENPABHUJIBHO MOCTPOEHHBIC BBIBOJABI IIPHBEJH K HCTHHHBIM
3AKJIIOYeHUAM 7 R JIOHBEIM GaKJII{)'-[eHH.FIM? MO?RHO JIH1 CHHTATh HEBePHBIE BBIBOJBIL
JOKA3aTeJIbCTBOM WK OIPOBEDPIKEeHHEeM JIAHHBLIX YTBeDIKIeHU?

a) Ecamu Bce THTDEI ABJAAIOTCA XKMBOTHBEIMHM, TO HEKOTOPHIE JXHBOTHEIE HE SABJIAIOTCS
TUTPAMH.

6) Ecsim Bce momyray roBopsT M BCe HOIYray — IITHIEI, TO BCe ITHILI I'OBOPAT.

B) Ecsim Bce mTHILEI TOBOPAT U BCe NONYrayd TOBOPAT, TO BCE MOIMYrad — IITHILHI.

1) Ecoiu Bce nTHIIEI TOBOPAT M BCe IOIYrad — OTHIIBI, TO BCEe IIONYrayd rOBOPAT.

1) Ecau 5Hu oguH THrp He JieTaeT, TO HYM OAHH JIETAIOLIUN IIPEeJAMET — He THUID.

e) Ecau HexoTOopble MOMYyram roBOpPAT W BCE HMONYraw — ITHILI,
TO HEKOTOPLI€ IITHIILI TOBOPSAT.

k) Ecau Bce THIpBI — XHINHHKH M HU OJAHMH THTD He IIOET, TO
HEKOTOpPhI€ XHIHUKH He II0IOT.

3) Ecnu Hu ogud genbUH He ABIAETCA THIPOM U BCe NeJIb(DHUHEI
JKHMBYT B MOpe, TO HH OXUH THUTID He >KHBET B MOpe.

IlpaBuieH 1 JIOTHUYECKHUH BEIBOJ, MMeMOLIHH (hopMy:

a) Eciu HexkoTopeie A aBnswTca B, To HeKoTophie B apasmoTca A. -‘f/\

0) Eciim HU ofHO A He ABAsieTcss B, To HU ogHO B He sABAdeTcs A.

B) Bee A aenaworca B, u Hekoropkie B sBnswTca C, — 3HAUMT, HeKoTopkle C ABJIsA-
1oTea A.

r) Bee A sBnsoTes B, m HexoTopele B He sBasiores C, — 3HAYMUT, HeKOTOphie A He
spasiores C.

31
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75 l IMocTpoiiTe OTPUIAHKUA AAHHBLIX BhICKaseiBaHuil, Onpejemure MCTHHHOCTH MC-
XO/[JHOI'0 BBICKA3BLIBAHUS U €r0 OTPUIAHUA:

a) Ecau BB sxuBeTe B ABCTPAJTIMH, TO BHI JKHBeTe HKHee MOCKBHI.

6) Ecau BaMm Gosiblie 2 JieT, TO Bbl YYUTECh B 7 KJacce.

B) Bemmx=5,T0x -5 =0,

r) Ecan uucno genurca za 10, To oHO genuTcd Ha 5.

x) Ecntma < 0,10 |a|<0.

e) Ecimab =1, Troa < b.

w) Beoma +b =0, Toa=-b.

3) Ecnu us obeux uvacreil paBeHCTBA BBIYECTH OJHO M TO e YHMCJIO, TO PaBEHCTBO He
HAPYIIMUTCA.

IIpusegure nogobHBIE caaraeMele:

a) 2xy + 0,5xy + (xy) : 6 + (xy) : 3 + xy;
6) a + 2b + 2a + 4b + 3a + 6b;

B) S%x + 0,66y + 5%.‘1‘ + 2,34y;

r)a + (a+ b) + (a + 2b) + (a + 3b) + (a + 4b);
n) 17x — By + 2) + (bz — x) — (2x — 8y);

e) 67x — (32y + 4z — 8x) — (15x — 6y + 182) — (x — 4y — 52);

®) x + (x —y) +(x - 0,2y) + (x — 0,4y) + (x — 0,8y) + (x — 1,6y);

d d d
De-le-d-(-H-(-H-(-H-(c- 2D+
HaiignTe 3HauYeHUEe BBIPAKEHHA:
a) 4x? — 5x + 7 npu x = —6; B) 225 — 142 4+ 62 — 722 + Q9 ipm 2z = -2;
6) 5y + 15 — Ty upn y = -3; r) (6k® + 14k*) : (3k® + 5k* — 3k) upm k = —1.

[TocTpoiiTe MaTeMaTUYECKYIO MOJENb W pelIuTe 3ajady:

a) Ise o6yBHBIe adbpuru, paboras BMecTe, BHIIOJHHUIN HEKOTOPHIM 3aKa3 Ha ITOIIUB
naptun o0ysu 3a 20 gHei. 3Has, YTO MPOU3BOJUATEIBHOCTH BTOPOil (abpuxu cocras-
asaet 40% OT IPOM3BOAWUTENBLHOCTH HNEPBOM, OIPeNeHTh, 38 CKOIBKO IHEH cMoria Obl
BBITIOJTHUTH 9TOT 3aKas3 Bropada ¢dadpuka, paborasa caMOCTOATENBHO.

6) Ha 3aBozme o Ipou3BOACTBY (PYKTOBBIX HATIUTKOB De3epByap ¢ COKOM HAIOJHAETCH
uepe3 aBe TPy6Osl. Uepes mepsyio TpyOy mycToi pesepByap HamogHsAeTcA 3a 6 uacos,
a yepe3 obe Tpy6pl — 3a 4 yaca. 3a CKOJIBKO YacoB OyaeT HAIOJHEH 3TOT pe3epByap,
ecau OH OyJZeT HAUOJHATHCA depe3d OJHY BTOPYIO TpyOy?

B) Ha xodelinpiii kombuHaT npubLLIO ABa BaroHa ¢ sejleHBIM Kode., B kasmgom Barone
maxoawirocs 60 T senenoro xode. Brirpyska ero 6blia mopydeHa HECKOJBKHM Ipy3-
uypkaM. CAY4YHIOCE TaK, YTO MOJIOBHHA I'DY3YMKOB 3a00JiesIH, MOOTOMY KaiKIOMY H3
OCTABIIUXCA NMPUNLIOCH BRITPpys3uTh Ha 10 ToHH Gosablie kKode. CKOIBKO IPYy3UHKOB
paboTaso Ha BEITPY3Ke 3eJeHOro kode?
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79 §| Hapucyiite AuarpamMmbl Diliepa—BeHHa, COOTBETCTBYIOIINE BEICKA3LIBAHUAM:

a) Bee A aBasamoTca B. B) Hexoroprie A He aBnsawTca B.
6) Hexoropeie A sBnsawoTesa B. r) Bece A He sBasAOTCA B.
ITpoBeppTe NpaBMJIBHOCTH CJAEAVIOIIMX BBIBOJOB, MCIIOJb3Yys AHArpaMmbl Jitgepa—
Benna:

a) Bce cemukIaccHUKHM poauanuck B 1997 roay. Koia — cemuknaccauk. 3naunr, Kona
pogmicsa B 1997 roxy.

6) Bce cemuxmaccHuku pojguiucek B 1997 roay. Ilera ne poamaca s 1997 roay. 3ua-
yuT, [leTs He CEMHUKJIACCHUK.

B) Bce cemuknaccHukH popmiauck B 1997 roxgy. Camia He CeMHKJIACCHMK. S3HAYHT,
Cama pogmica He B 1997 roay.

r) Bee cemuknaccHUKM poauiauck B 1997 rogy. Muma poxwica B 1997 rony. 3uaunr,
Muira CeMEKJIACCHHK.

OnpejeanTe MPaBHILHOCTD CIESAYIOIIHX BBIBOJOB:

a) Eciim HexkoTOpbie AeBOUYKH JIOOAT MOPOMKEHOEe, TO HEeKOTOphIe JI00dAlIre MOPOMKe-
HOe — HEeBOYKH.

6) Eciu HU oquH MaJbUHK He OOMAUT JMEeBOYKY, TO HH OAUH OODMIYMK AEBOYKH — HE
MAaJbYHK.

B) Eciin Bce CEMHKJIACCHHUKH — OTJIHYHMKH M HEKOTOphbIe OTJIMYHHKH — JEeBOYKH, TO
HEKOTOPBIE JeBOUYKH — CeMHKJIACCHHIIEI.

r) Eciin 5y 0fiuH MAJBUUK He JIIOOUT UIPATh B KYKJbL ¥ HEKOTOPLIe JI00AIIMe UTPaTh B
KYKJIBI JI00AT XOIUTh B KMHO, 3HAYUT, HEKOTOPBIE MAJILYHKK He JII00AT XOAHUTE B KUHO,

HaiiiuTe 3HaueHHe BHIPAYKEHHA:

a) 10x% — x npu x = 8; 6) 7¢® — 10c¢* + 5c* — 1 mpu ¢ = 2.
a) Haiigure 3HaYeHUe BhLIDAYKEHUA.

[] 12 : (4 : 4) + (58 - 58 - 0) - (797 - 796);

[X] (0,008 + 0,992)(5,06 — 1,4 - 0);

[71] (0,93 - 0,805) : (0,93 + 0,07) + (53,7 — 49) - 0;

(50 000 - 1397,3) - 78 - (0 : 7) - 1,375 - (47 — 46);
[P] 1,35 45,7 - 1,35 - 44,7 + (552 — 23 - 24) - (-59,98);
[@] (1975,6 + 8024,4) : 100 - (13,7 - 39,9 — 39,8 - 13,7);
[0] (605,125 : 12,5 - 36,8706 : 0,87 — 0,0012) - (1085 — 35 - 31);
[A] (90,09 - 5 - 50,05 - 9) - 3,48 - (73 - 8 - 9).

6) ConocraBbTe OTBETHI COOTBETCTBYIOIIUMM OYKBAM — M Bbl Y3HaeTe, KaK HasblBaeTcs
OJIHOKJIETOYHASA BOAOPOC]b, HIMPOKO MCIOJb3yeMas IJsA OYMCTKH BO3JAyXa B KOCMH-
YeCcKHX Kopabiax.

5,06 70 0 1,35 -1,375 0,125 137 -3,48

2—Tlerevcos. 7 k. 4. 1 33
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| 84 I YupocTuTe BhipakeHHE:

a) Ta — 9b + (a + b); B) (83m — Tn — 5p) + (2m + 4n — 3p) — (4m — 3n — 6p);
6) 6,6x - 22y — (0,06x — 32y, 1) e~ [(@d - 1) - (a - )]

85 | B cBsasu ¢ yBenrnuennem copoca Ha morunkM AHTOH 1 Kcolna NpHHEAIN pelleHue B3ATh

0 86 I IIBa 3y04aTHIX KoJieca HAXOAATCSH B CIEIJIEHHH.

Ha pafoTy 0oAHY M3 ABYX HOBHIX Opurax mexapeii. Ileppaa m3 atux Opurag cmorsa
BBITIOJIHATH 3aKa3 Ha uarorosaenue 120 moHuukoB 3a 6 uyacos. PaGoraa Bmecre, nepsas
¥ BTOpas Gpurajbl BHIMOJIHUIM 3aKa3 Ha uarorToBaeHue 500 moHumkKoB 3a 12 yacos.
Onsara 3a 1 wac paborel Kamaoil Opuraabl oanHakoBad. Kakyio Opurany mnexapei
BBIrO/iHee B3ATH Ha pabory?

ol

Koseco A umeer 18 aybwes, a Koseco B — 63.
Karoe MHHMMAJBHOE KOJHUYECTBO ODOPOTOB AOJIMKHO
cAenaTh Kaxjaoe KOJeco A0 TOro, kak ob0a OHM BepHYTCA
B MCXOAHOE M0JI0KeHHne?

4. Jlornyeckue omrMOKH*

34

Hemuna ucmune He Modcem npomueopeiumb.

Hxopaano Bpyso (1548—-1600),
HTAJBAHCKUHN YUEHBIH U 09T

IlocTpoenne MaTeMaTHYECKOH TEOPHH OCHOBAHO HA BBICTPAUBAHWH IIOCJIEAOBATEJb-
HOCTH yTBep:kAeHHM. IIpu aTOM KasKJoe HOBOe yTBep:K/eHHe BHIBOAHUTCA H3 AKCHOM MM
yiKe JOKasaHHBIX VTBEPIKAEHHIH B COOTBETCTBMH C 3aKOHAMHM JOrukm. OZHAKO HEpemaKo
paccysKaeHus, TOCTPOeHHEIe, Ka3aaoch Obl, B COOTBETCTBHH C IPABHJILHBIMH JOTHYECKHMH
dopmamu, OPUBOAAT B HTOTE K aGCONIOTHO HEJENBIM YTBEPIKIEHUIM.

Jia Toro urober usdbexars OMUOOK MPH JOKA3ATEILCTBE PA3HOI0 POAA YTBEDIKASHUHA,
Ba)XHO pasofpaTecAd B TOM, KaKue BHABLI OIIHOOK Moryr ObiTh gonyuieHbl. [lommmanwme
NPUYHHE OMKUOOK, OIPUBOAAIIMX K OYEBHIAHON HeJIeNHIe, IMO3BOJAET NOHAThL, IIOYEMY B
MaTeMaTHKe CYINEeCTBYIOT Te MJIM HMHble OTPAaHMYEHUSA U IIpaBHJIA.

Ho ecnu BBl Bce-TaKM OIIMOJNCH, TO CTApaMTeCh W3BJIeYb M3 9TOr0 IIOJIL3Y, IpOaHa-
JU3MPOBAB NPHYHMHB! ciayuuBiieroca. Ommbanuck garke caMble BBRIJAIONHECA MaTeMAaTH-
KU, HO BEIABJEHHE IMPUUYUH CBOMX OMMOOK mpoaeurano ux suepen. He aps rosopat: Ha
omubkax yuarca. Beasb ecam BbI CMOJKeTe pasobpaThes, HIodueMy HPOM30IILIa OMHUOKa, TO
9TO MOMOKET BaM TIy0ike OCOBHATH MATEMATHYECKHE 3aKOHBI U 3HAYATENBHO OOJIErduT
pelieHue MOCHeAYIOMNX 3a4a4.

P&CCMO‘I‘DHM HEKOTOpbIe H3 Haubosee pPacnpoCcTpaHeHHBIX JIOTHYECKHX ournbok.
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I. «Ilopounsnii Kpyr» (IOMEITKA JOKA3aTh HEKOTOPOE YTBEPIKAEHHE, MCIONb3YS npu
AOKA3aTeJbCTBE UCTHHHOCTH JOKA3BIBAEMOr0 YTBEDKIACHUA).

Ecau xro-uubyab «ZoKasbiBaeT», HampuMep, PaBeHCTBO
a+b="b+ a, cchlrasck HA TO, YTO OT HEPECTAHOBKMU CJIAraeMBIX
CyMMa Heé MeHSeTCHA, TO AOKA3hIBAIOUIHI JUIIL IIOBTOPAET TO, YTO
AOJIZKeH JoKa3aTh. M XOTA NPUBOJMMOE UM 3aKJIIOYEHUE BEPHO,
J0KAa3aTeJbCTBOM OHO HE ABJISETCH.

II. TlonepITKA 0KA3aTh HEKOTOPOE YTBEDPKACHHE, HCXOXA H3
JIOKHOTO NPeINOJIOKeHHuA.

Ecam BHIBOA HEKOTOPOrO YTBEPyKAEHUSA OCHOBLIBAETCH HAa
HEeNpaBMJIbHOM TIPeANOJIOKeHHH, TO 9TO TaKyKe MOYKEeT MPHBECTH K Oomudke.

Yro6sl pasobpaThcs B 3TOM, PACCMOTPHM CJAeAVIOMIVIO 3a7ady.

3agaua.
YyacTHUK copeBHOBaHHA 10 Gery mpobeskan aucranumio gaaHoi 200 M 3a 25 ¢. Kakoe
paccTofgHHe OH OpobeskuT 3a 1 gac?

Pewenue:
Tax xak 3a 1 cexyHnay Geryn npobexxan 200 m : 25 =8 M, a 1 u = 3600 ¢, 10 3a 1 uac
oH npobexnut 8 M+ 3600 = 28 800 m = 28,8 kM.

Omaem: 3a 1 yac GeryH npobesxur 28,8 KmM.

OnHaKO HOJYYEHHBINA PE3yJbTAT COBEPIIEHHO HE COrJIacyeTcA ¢ NPEeACTABICHUAMH O
peaJbHBIX BO3MOMKHOCTAX 4YesioBeKa. Beapb uesoBek (uanuecKH He crnocobeH mpobexars
3a 1 4 paccrosinue B 28,8 kM. B uem ke npuumHa npoTHBOpEYnT?

AHAanu3 NPUYNH IPOTHBODEUMS.
Ileso B TOM, UTO IpPU pellleHUHU AAaHHOM 3aJa4M CAEJAHO HEBEPHOE IIPEeAIOJIOMKEeHHE O

TOM, YTO CHOPTCMEH B TeueHue 1 yaca Oymer OeKATh C TOH Ke CKOPOCTHIO, ¢ KAKOH OH
npobesxan aucrannuio B 200 M. IloHATHO, 4TO B pealbHOU KH3HU CKOPOCTH GeryHa saBu-
CHT OT JJIHHBI AucTannuu. IloaTroMy, cieliaB HEBEPHOE NPEANOI0KEeHNEe, MBI HOJIYIHIN B
9TOM CJIy4yae HeBEepHBIN pe3yJbTarT.

II1. Pacnpocrpanenne o6mero NpaBujia Ha WCKIIOYHTEJbHBIE CIydYau.
JI&HH&H rpynmna oImuOOK CBsi3aHa C IIpHMeHeHHeM 06].'!19]‘0 IIpaBija B TeX caydadx, Ha
KOTOpHIE 3TO IIPABUJIO HEe pacupocTpaHseTcs.

Paccy:xenue.

Hoxaxxem, uro 2 = 5. Ilng aToro paccMoTpuM PaBeHCTBO:
16 + 6 — 22 = 40 + 15 - 55.

BriHecem 3a cKOOKM B IIpaBOil M JIeBOIl 4aCTAX DPABEHCTBA

obrue mHEOMKuUTeAn. [loayuum
2-8+3-11)=5-(8+ 3 -11).

Paspenum o6e yacTi 3TOr0 paBeHCTBA HA OOIUH MHOMKHTEIb
(8 + 3 — 11). Ilonyuaem 2 = 5.

ITouemy ke TaK ODOJYYHIOCH?

AHan¥3 NPUIHH IPOTHBODEYHSL.

B cooTBeTCTBHMM ¢ M3BECTHBIM NIPABHJIOM DABEHCTBO HEe M3MEHUTCS, €CJAHM MbI pasje-
auM ofe ero 4acTH Ha OZHO M TO K€ YHCJO, OTJIMYHOe OT HyJdd. B Hamem e cayuae,
nockoabKy 8 + 3 — 11 = 0, mMsl geamum Ha 0. [T09aTOMy M NOJYYMIHM B UTOre HEBepHOE
YTBEpXKICHHE.

2% 35
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IV. 3ameHa OIHOro yTBep:KJeHHS HePABHOCHJBHBIM APYruM.
TIponnnrocTpEPYyeM OIIMOKH JaHHOTO BHAA CJIEAYIOINMM PacCyXAeHHEeM.

Paccyxnenue.
Mser 35aeM, 910 1 p. = 100 kon. Tak xax 10 p. = 1000 xon. u Ipn YMHOMKEHHH Da-

BEHCTBA HA OJHO U TO JKE YHCJIO OHO He U3MEHHUTCS, I0JIyUaeM:
1-10 p. = 100 - 1000 xou. < 10 p. = 100 000 xom.

Pagnenum ofe 4acTH mocjiefHero paBencTsa Ha 10:
1 p. = 10 000 xom.

TakuMm 06pa3oM, Mbl IIOJY4MJIH, 9T0 1 pyOab ogHoBpemeHHO paBed 100 xom. u
10 000 kom. ITouemy Tak MOJAYYHUIOCH?

AHAIU3 NPUYMH IIPDOTHBODEYMA.
BeinoaHAA OeMCTBHA ¢ MMEHOBAHHBIMM YHCJIaMM, Mbl JOJIKHBI BCerja IIOMHHTE O

TOM, UTO AHAJIOTHYHEIE JAeMCTBHA HEOOX0JMMO NPOU3BOJHUTh M C eIHHHAIIAMH HX H3Mepe-
guda. Tay, HAIpPUMeEp, YMHOKHUB MUPUHY OPAMOYTOJBHUKA, PABHYIO O CM, Ha ero AJIHUHY,
paBHYI0 6 cM, MBI IIOJIYYUM IJION[AAbL NMPAMOYTOJbHHKE, BHIPAKEHHYK B KBaJpPaTHbIX
caHTHUMeTpax:
5eM - 6 em = 30 (em - eM) = 30 em2.
B HameM paccy:KIeHHH Mbl 3aMEHHJIH IIePBOHAYAJIbLHOE PABEHCTBO HePAaBHOCHJIBHBIM,
TaK KaK JOJIKHBI ObLIH IOJYYUTH:

1 p. 10 p. = 100 kom. * 1000 kom. < 10 p.? = 100 000 xom.?
9T0 ¥ ABUJIOCH NPUYMHON YKA3aHHOTO IIPOTHBOPEYHH.

V. Hetounsie (hpOpMyJIMPOBKH M JBYCMBICJACHHOCTh IOHATHH.
JIs M/LTIOCTPAIMA 3TOTO CAy4Yas PACCMOTPHM CJIEAYIOINee Paccy:KAeHHe.

Paccvixaenue.

B oany rocrmHuny npuwexayio 12 TypucToB. AZMHHHCTPATOP O0OHAPYIKHUJII, YTO CBO-
pogHBIMHA OcTaiuch Bcero 11 HomepoB. OH mogyMas W TPEIJIOMKHUI CJIEAYIOIHANA CII0coD
pasMelNeH!ud BCeX ITHX TYPHCTOB OO OJHOMY B KaXJI0M HOMeEpe.

IIpepynpenus ABEHAALIATOrO TYPUCTA, YTO OH BDEMEHHO pa3MellaeTcs B IePBOM KOMHa-
Te, AAMHHUCTPATOD NPHUHAJCSA 3a Pa3MeIleHue 0CTAIbHBIX TYDHCTOB II0 OJJHOMY B KayKJOH
KOMHATe, HAUMHAA ¢ IepBoii. B mTore Takoro paccejeHHUsi B IepPBOil KOMHAaTe OKAa3ajioCh
JIBA YeJIOBeKa, TPeTHM TypucT OBLI MOMEIIeH BO BTOPOM KOMEATE, YeTBEePTHIM — B TPeThei
W TAK J0 OONWHHAAIATOTO TYPHCTA, TOMEMIeHHOr0 B AeCATON KOMHATE.

OnueBaAIaTasd KOMHATA OCTaJlack CBOOOAHON, U B Hee aaMH-
HUCTPATOP MOCEJTHUTI BDEMEHHOTO JKUJIbIla TePBOM KOMHATHI — JBe-
HAAIIATOTO TYPHUCTA.

Takum obpazom, OKazajloch BO3SMOXKHBIM pasdmecTuTs 12 Ty-
puctoB mo oxHoMy B 11 komHaTax. A 3HAYUAT, IOJTYYHJIOCH, UTO
12 = 11.

T'ne 'xe B paccyxaeHHAX aJMHHHCTpaTopa ObLIa AOIYIINEHA
ommubka?

AHATM3 NIPAYAH TPOTUBOPEYMS.

ECJIPI BHHUMATEJbHO INPOAHAJIM3MPOBATE pacCyaeHHe aiMHHHCTpaToOpa, TO CTaHeT
ACHO, 4YTO BTOPOH TYPHCT ocTajicA Oe3 KOMHATHI, TAK KaK 0 ero CyIecTBOBAHUM IIPH pac-
IpefeJieHNH HOMEPOB IPOCTO 3a0BLIN.




Haunasn omubKra oOHapyKHBaeTCs TOJBKO TP BHUMATEILHOM AHAJU3E PACCYKICHUA,
TaK KaK B HEM CMeIaHbl /IBA PA3HBIX NMOHATHSA — KOJUYECTBO TYPHUCTOB M IIOPANKOBBINA
HOMep uX pasmemieHus. [IyreM Takoro cMenieHns U JOCTUraeTCsA HWLIIO3KA IIPAaBAONOL006-
HOCTH. B camoMm nesne, B paccysKJeHUH rOBOPDUTCS, YTO B IEPBOM KOMHATEe OKa3aJloch ABa
YeJIOBeKa, OJHAKO UX HoMepa 1 m 12 siBHO He HaseiBalTcA. [Ipu 3TOM JenaeTcs CCBLIKA
Ha TO, YTO «JBOE» TYPHCTOB YK€ Pa3MelleHbl U CPA3Y COBEPIIAETCH Iepexoj K TYPHCTY
10 HOMEpOM 3.

IIpuBeseHHBIe PACCYXKAEHUA ABIAIOTCA IPHMEPAMH TOTO,
KaK HeTOYHOCTb ()OpPMYyJHPOBOK, HEBHHUMAHHWE K YCJIOBHAM,
NpH KOTOPBIX BBINOJHHMEI T€ WJIH HHBIE ONEPAIlAN W IIPOIEC-
Cbl, HEPABHOCUJIBHOCTH BBINIOJIHAEMEIX OpeoOpa3oBAHHHE MOIYT
OPUBECTH K JOKA3aTeJbCTBY OIIMO0™ HBIX YTBEPHeHUIL.

Yrobsl u3beraTs MOLOGHBIX OTIMOOK WM CBOEBPEMEHHO HX
OTBICKHMBATH, MOJXHO II0JIb30BaAYHCHA CJEAVIOIN[HMH IIPOCTHIMHU

npaBujIaMu:

1) IIpoBepuTs o0Illee YTBEP:KAEHHE Ha IIPOCTOM YACTHOM cJy4ae, U eCJH IJA Jac-
THOTO CJIy4asi YVTBEPJeHNe HeBEePHO, 3HAUUT, OHO HEeBEepHO BoOOIIe.

2) TIpoBepHuTh MCTHHHOCTH BCEX HCIOJb3YEMBIX B IIpOlecce HOKA3aTesJbCTBa YT-
BEpJKJEHHH, IOMHESA 0 TOM, YTO Ha OCHOBE JIOHHOT'0 HCXOAHOTO YTBEPIKICHHA MOKHO
JIOKa3aTh YTO YTOZHO.

3) Kasxnoe HOBOe YTBepIKIeHHE MOJKHO CJIEI0BATH M3 APYTHX B COOTBETCTBHH C
3aKOHAMH JIOTHYECKOr0 CJIeJOBAHUSA.

4) CMpbIC/ BCEX HMCIOJIb3YeMBIX HOHATHN JOJIKeH ObITH OJHO3HAYHO ONpefiesieH.
5) Ilpm permenuu 3a/1a4 HAJO BCET/la JeNaTh IPOBEPKY, IPOBepsd IOJIYYEeHHOE pe-
IMeHNe KaK HA COOTBETCTBUE YCIOBUSM 3aJlavyd, TAK U HAa COOTBETCTBUE 3APaBOMY
CMEBICTY.

IlpaBuia JOrH4ecKHX paccyXaeHHNH |
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87 I I'IpoquTaj»'l're BBICKA3BIBAHHMSA M 3allMIINTe HX HA MaTeMaTH4YeCKOM fA3BIKe C IIOo-

Mom(pi0 KBaHTOPOB obimuroctH (V) u cymecrsoBanusa (3). Jorkakure HCTHHHBIE

BEICKa3bIBAHHA, 4 MJA JIOKHBIX — HOCTpOﬁTe HX OTPHLOAHHA.

a) JIro6oe HaTypasibHOE YHCJIO OOJIbINE HYJIS.

6) MoxHO HaAlTH HATypaJbHOEe YMCJOo, KBaApaT koroporo Gonsmre 30.

B) KBagpar mo6oro HaTypanbHOro unciaa GosblIe caMOro yuceia.

r) CymecTByOT ABA HATYDAJBHBIX YMCJIA, OLHO M3 KOTOPHIX OoJibIlle APyroro Ha 5
HX OPOUSBEJEeHHE PABHO 5.

» A

ITocTpoiiTe yTBepAeHus, odparusie K ganHbsiM. OnpesennTe HCTHHHOCTL IPSMOrO U

o0paTHOro yTBEP:KAEHHI:!

a) Ecnu marypanbHOe uucio 6osbiine 9, To oHO Gonemie miru pasHo 10.

6) CymMma ABYX HATYPAJbHBIX YHCEJ, KaXKJ0€ M3 KOTOPHIX Oosbine 5, MeHbIe 9,
B) Harypansroe uucio, kpataoe 4 u 25, xparuo 100.

r) Ecotn yncsio HeoTpUIATeBHO, TO ero MOAYJIE PABEH CAMOMY UHCJIY.

Kaxue YTBEePHIOEHHA HA3BIBAKTCA paBHOCHJ’lBHHMH?
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Hajgure omubKH B CIeAVIOMINX pacCyKAeHUAX:

a) Paccmotpum ypasrernue 2(x — 7) = 0. Pasgenum obe ero yacti Ha x — 7, IONydYnM:

2x—-7) _ _ 0
x =1 Al |

x — 7 paBHa 2. 3HauwT, 2 = 0.

. IIpaBas uacth paBeHcTBa paBHa 0, a JeBadA mocie COKpalleHEUA Ha

6) Paccmorpum pasencrso 105 — 65 — 40 = 63 — 39 — 24. BriHecem 3a CKOOKH B
npaBoil U JIeBOH YacTAX paBeHCTBa o6mme MHOMUTenH. [loayunm
5-(21-13-8)=3"'(21 -13 - 8).

Paspnenup ofe 4acTu JaHHONO paBeHCTBa Ha oOmui MHOxHUTens (21 — 13 — 8), moay-
yaeM, 4To 5 = 3.

B) Paccmorpum ypaBeesue 7(y + 15) = 0. Pasnenum obe ero wacta Ha y + 15, moiy-

Ly +15) _ 0
M T 15 y+15°

meHns Ha y + 15 paBHa 7. 3uauur, 7 = 0.

IIpaBas yacTh paBeHcTBa paBHa (, a JeBada mocje COKpa-

r) PacemoTpum paBeHCTBO 99 + 162 — 261 = 44 + 72 — 116. BriHeceM 3a CKOOKH B
IIpaBoil W JIeBOM YacTAX paBeHCTBa 001mMe MHOXKUTeNH. Ilonyunm

9-(11 +18-29)=4"(11 + 18 - 29).

Pasgesus obe yacTH 3TOro paBeHcTBa Ha o0muid mHO)kuTenb (11 + 18 — 29), moay-
yaeM, 4To 9 = 4.

IlpupgymaiiTe paccyKIeHUS, «TOKa3LIBAIOIIHE», UTO:
a)3d="T; 0) 8 =0; B) 4 = 21; r) 24 = 0.

ObbsAcHUTE IPUYHHBLI OMIMO0YHOCTH 3THX PACCYIKIEHHI.

HaiiguTe IPUYHHLI CACAVIOMIUX HeJ0PasyMeHMii:

a) Mer suaem, uto 1 kr = 1000 r. Tar kak 10 xr = 10 000 r u Opu yMHOMKeHHH pa-
BEHCTBA HA OJHO M TO K€ UHCJO OHO He M3MEeHUTCSH, II0JyIaeM:

1-10 xr = 1000 - 10 000 r, uiu 10 kr = 10 000 000 r.

Pazgenur nociaennee paserncrso Ha 10, nonyuaem: 1 kr = 1 000 000 r. Takum ob6pa-
30M, MBI IIOJYVYHIH, 4TO 1 Kr oxHoBpeMerHo pased 1000 r u 1 000 000 r.

6) HokaxemM, uto 15 — 15 = 18. 3anuckiBaeM yMeHbIIAeMOe B BUe CYMMBI HATYPaJIb-
HBIX upcen oTr b go 1: 15 =5+ 4 + 3 + 2 + 1, a BelunTaeMoe — B BHJe CYMMEI TeX
’Ke 4HceJl, B3ATHEIX B oOpaTHOM mopaake: 15 =1+ 2 + 8 + 4 + 5. PacoroxuM BEI-
YHUTAEMOE 0[] YMEeHBIIAeMBIM H OyZeM BLIYHCJIATEL PasHocTe 15 — 15, Berymras yucaa
BTOPOH CTPOKH M3 4uces nepBoil crpoku. Tak kak 5 m3 1 BeIUecTs Henb3d, 3aliMeM
eAMHNIY U3 CJleAyioIero uyucia, noaydaem 11 — 5 = 6. BeimonHsAeM BhIYHCIeHUS
Jajiee U IOJyYaeM:

5+3+4+2+1
1+2+3+4+5

4+1+0+7+6

Tak kak 4 + 1+ 0+ 7 + 6 = 18, T0, 35auuT, 15 — 15 = 18.
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B) PaccMoTpuM paBeHCTBO:
9:9="T7:1.
BrireceMm 3a cKOOKM 00IIMiII MHOMKHUTENb B KaXKJ0M 4acTH PABEHCTBA, MOJIYUHM:
9:-1:1)=7-(1:1) & B3-3)-A1:1)=7-(1:1).
Tak kagk 1 : 1 =1,T03-3 = T.

@ 92 I IIpounTaiiTe BHICKABLIBAHHUSA U ONPEJEJUTE UX UCTHHHOCTH. [JIA JOMHBIX BBI-
CKa3blBAaHMI IOCTPOMTE MX OTPUIIAHHA.
a) Ecau marypanbHOe yHcao GoJiblie 5, TO 0HO Gosblne My paBHO 6.
6) HesuTesns HATYPAJIBHOTO YHUCIA MOYKET OBIThH HOJBINE HTOI0 YHCIA.
B) JI106oe HATYpaNbHOE YHCJIO ABJASAETCS JEJHTENIeM caMoro cebs.
r) EauHuANa ABIAETCA AEJUTENeM BCeX HATYDPAJbHBIX YHCEJ.
a) ¥V HaTypaJabHOTO 4uciia He ObIBaeT GoJblile 3 AeHUTeNei.

E Hokaxkure caefyiouiHe VTBePKACHUA:
a) Yucno 89 asnsercsa geaurtenem uucaa 625 670.
0) Yucno 169 491 kparso 3.
B) Uncno 9 asasierca aemureneM uucyaa 24 070 802 301.
r) Yucuao 3 805 464 400 xparao 8. Onpenesaure, He BEIUUCIAA
4acTHOEe, KAKHUM elle D YHcIaM KPAaTHO AaHHOE YHCJO.

94 I 3anuimmTe, HCIOAb3YS (DUrypHBIE CKOOKM, MHOMKECTBO JAeNUTeNei Ynuces:

a) 32; 0) 42; B) 60; r) 81; I 91.
E Haiigmure sanbonbuil o0IMUIl AeIUTEeNE YHCEI:

a) 7, 15, 25; 0) 8, 18, 32; B) 9, 12, 33; r) 4, 16, 36.
E Haiignre HauMeHbIIee o0Ijee KpaTHOe UHCE:

a) 5, 15, 25; 6) 7, 8, 14; B) 3, 10, 18; r) 2, 26, 52.

97 I a) ABTOMOOHMIL M TPAKTOP BhIEXaJH OAHOBDPEMEHHO M3 NYHKTOB A M B, paccroaHme
MEeXAY KOoTopeIiMu paBHO 240 KM, HaBcTpeuy Apyr Apyry. CKOpocTh aBTOMOOMIIA paBHA
60 xM/4, a cKkopocTh TpaxkTopa paBHa 20 KM/4. Yepe3 CKOJBKO YaCOB OHHM BCTpeTATCA?

6) ABToMOOMIL M TPAKTOD BhIEXAaJH OJHOBPEMEHHO M3 NVHKTOB A u B HaBcTpeuy Apyr
apyry. Cropocrs aproMobuiia pasHa 60 KM/4, a CKOpocTh TpakTopa paBHa 20 km/d4.
Yemy paBHO paccTOAHHE MEXJY OYHKTaMH A B B, ecsm H3BECTHO, YTO aBTOMOOMJIbL
BCTPETHUTCA C TPAKTOPOM uepe3 3 yaca?

B) ABTOMOOHJIL ¥ TPAKTOP BBLIEXAJIM OAHOBPEMEHHO M3 IYHKTOB A M B, paccTosgHUe
MeXKIy KOTOpeiMHU paBHO 240 kM, HaBcTpedy Apyr Apyry. CKopocTh aBTOMOOHJIA paBHA
60 km/4u. Yemy paBHA CKOPOCTh TPAKTOPA, €CJIH MU3BECTHO, YTO ABTOMOOMIIL BCTPETUTCH
¢ TpakTopoM 4yepe3 3 yaca?

r) ABTOMOOMIE M TPAKTOP BhIEXAJH OJHOBPEMEHHO M3 NYHKTOB A u B, paccrosHHe
MexAy KotopeiMu paBHO 240 KM, HaBcTpeuy Apyr Apyry. CKopocTs TpakTopa paBHA
20 xM/4. Yemy paBHa CKOPOCTh ABTOMOOMJIA, €CJIM H3BECTHO, YTO ABTOMOGHIBL BCTpe-
THTCA ¢ TPAKTOpPOM 4Yepes 3 daca?

Yro obmiero B 3amadax a) — r)? Yem osu oramuarrca? Kaxk HaspiBalooTes Takue 3a-
maun?
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98

99

101

102}

103
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Peinure ypaBHEeHHE:

1 35

a) (18%3: - 3%) ©2,5-43:0,65=0;  5)2,88 3 =(22z- 2) - 16;
11 1 8
6) (355 — 3,68y) : 25 = 1: (2,1 - 2,09 1) (1ﬁ + %c) 1,44 - 75 - 0,5625 = 0.

Haiinure B yKa3aHHOM MHOKECTBE YHCEJI Taphl:

1, 3, 1, .13 1 2, .1, 1
= { 15 23! 71 41 0, 4 7! 2, 3’ 1 2 23’ 4’27}
a) oOpaTHBIX yuces; 0) IPOTHBOMOJNOMKHBIX YHCEJ; B) YHCeJ, HMEIOIIHX paBHBII MO-
AYJb.

Kaxoii BBIBOA BBl MOYKeTe CAelaTh 0 MOAYJEe MPOTHBOMOJOKHBIX uucea? Jloxkamkure
3TO CBOMCTBO.

100f Onpenenure mcrurrOCTs BHICKa3BIBAHMA. [ JIOMKHBIX BHICKABHIBAHHHA II0O-
CTPOHTe UX OTPUIAHWA:

a) Yucao a, kpaTtHOe ymcay b, He MoyKeT OBITE OoJsbmIe b.

6) Jlro6oe HaTypambHOe umucio0, Hoabiiee 1, uMeeT Mo KpaiiHeid Mepe 2 AeIUATeNd.

B) JIxo60e HaTypaJbHOE YMCIO KPATHO camoMmy cebe.

JIOKaKHuTe CIeAYIOMHEe YTBePMKICHNA:

a) Yucno 804 siBnsierca aeauTtesneMm umciaa 566 820,
6) Hucno 236 235 kpaTrHO 3, HO He KpaTHO 9.

B) YHucno 4 253 696 e kpatso Hu 5, Hu 10.

r) Yucno 28 725 300 108 kpatso 2, 9 u 18,

Haijigure omu0KH B CHAeAVION[MX PACCYXIACHHUAX:

a) Paccmorpum ypaBHenue: 17(x -+ 28) = 0. Paspenum obe ero uwactu Ha x + 28,

. AT +28) 0 o .
MOJIVIHM. x + 28 X + 28° paBasa 4acTh paBeHCTBa paBHa U, a JeBasa IocJe

cokpamesuns Ha X + 28 pasna 17. 3mauur, 17 = 0.

6) Paccmorpum paBeHctBo: 275 — 325 + 50 = 132 — 156 + 24.
BrrgeceM 3a cKOOKM B MPaBO#l M JIEBOM YaCTAX PaBEHCTBa OOIIMe MHOKUTETIH:
26-(11-13+2)=12-(11 - 13 + 2).

Pasgenus obe yacTH aTOro paBeHcTBa Ha obmuit MmEOxUTeaAb (11 — 13 + 2), noayuaem,
yro 25 = 12.

IIpupymaiiTe paccyIeHHA, «JOKasbiBaomue», 9ro: a) 18 = 4; 6) 79 = 0. O6sacauTe
OPUYHUHEI OMIUGOUHOCTH STHUX PACCYIKIACHHM,

Haitagure B ynaaanﬂom MHOKEeCTBe YHCeJ Iaphbl:

1 14 17 4,1 1

-3 055 9 55 g5 135 25 25 5,48)

4 5°9°2°8 7 4

a) B3aHMHO oﬁpa'rnmx yucea; 0) IPOTHMBOIIOJIOKHEIX UHCEJ; B) YHCEJ, HMEIOI[AX
pPaBHBIA MOAVJb.

Kakoe CBOMCTBO NPOTHBOIIOJIQKHBIX YHCEJ MOMKET IOMOYb OBICTPEe BBIMOJHHTL 3TO
saganue?
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IOSI Haiigure Haubonbuinii oOmui AeJuTe s ¥ HAHMeHbIIee 00IIee KPATHOE YHCEJ:

a) 16, 36, 56; 0) 18, 48, 90.

PemuTe 3afadyy u nmpuayMmaiTe eme 3 3agaun, oOpaTHBIE K HEH:

«/IBa memexoAa BBIIJIN OZHOBPEMEHHO B OJHOM HAIPABJIEHUM U3 JBYX HYHKTOB,
paccTossHHe MeXAy KoTophIMu paBuo 18 kM. IlepBrIiii memexon ZOTOHAET BTOPOTO.
CxopocTs mepBoro memexoza pasma 6 xm/4u. HafiaguTe cKOpocTh BTOPOro Imeriexoza,
€CJIH M3BECTHO, YTO IEIIeX0Abl BCTPETHINCEH uepe3 9 dacos».

Pemnre ypaBHeHUE:

a) (6,72x : 3 + 15 - 0,8): 1,2 = 6,%;

. -1, 1
5 8 6) 3,075 : 1,56 = 7 - (3¢ * 3,26x).
ok

1|

108' HaiiguTe npuYuHY HEeAOpa3yMeHHUA:

«B marasuHe 6bLJI0 IBa AMKUKA ¢ nepcukamu mo 300 mTyK B KaxkaoMm. B mepsoM Amm-
Ke ObLIH mepcuKkH 1o nede 100 p. sa 10 mryk, a Bo Bropom — 100 p. 3a 15 mTyK.
TloaroMy 06Iasi CTOMMOCTL ImepcuKoB paBHAdack 5000 p. Ilpomasen paccyiami, 4To
ecJIM OH BO3BMET M3 IepBoro simmka 10 nepcukos, a u3 BTOporo 15, To mojkeH Oyzer
npoaaBatk 25 nepcuxos 3a 200 p. [loaToMy OH cMelIas NepCHKH U3 000UX AIIMKOB U
npozasan 3ta 600 mepcuxos o nere 200 p. 3a 25 mWTYK.

B peayasbrare on moxyqusa 4800 p., To ecrs Ha 200 p. MeHBbIIE TOro, UTO AOJKEH ObLI
HOJYYNTH OT MPOAAXKH BCeX MepcuKoB. Ilodyemy Tax BHIILIO?»

Ilo 3aBemaHUIO OTIIA TPH CHIHA JOJKHBI ObLIM PA3AE]HTh CTaj0 U3 7 OBell TaK, YTOObI
cTapiieMy ChHIHY JOCTajJach IOJIOBHHA BCeX OBel], CPeJHEMY — 4YeTBepTad 4acTbh BCeX
OBell, 4 MJIaIIeMy — BOCbMasf. 3aBeljaHHWe OTIAa CMYTHJIO HACJ/IEAHHMKOB, TaK Kak
OHH He 3HAJH, KaK pasielHuTh 7 OBeIl ITI0N0JIaM, — Beb OHHM HE XOTEe/JH pesarh UX Ha
YACTH.

Wx nans, BUAS WX 3aTPYAHEHHE, MOJCKA3aJ] UM CIeAyIui cnocod. O npucoeanHnI
K cTajy ofHy cBoio oBLy. [loayumnocs 8 osen. ITocie aTOro OH IMpeAsIokuI OpaTbamM
IeIUTH BCeX STHUX OBell B COOTBETCTBHHU C 3aBellaHHWeM OTILA.

Crapmuit ChIH MOJYYWJ TOJOBUHY cTafa — 4 OBIBI, CPDEJHMI — YeTBEPTYIO 4acTb, TO
ecTh 2 OBOEI, a MJAJINHAI BOCEMYIO 4acTh, TO ecTh 1 oBiy. ITocie Takoro pasjesa oc-
Tamace 8 — 4 — 2 — 1 = 1 gaavHa 0BIA, KOTOPYI OpaTha ¢ 61arolapHOCTHI0 BEPHYJIH
ee XO3AHuHY.

BoImoJHNIM OpaThs 3aBelllaHWe CBOero orma?

Samaum aiaa camMmokoHTpoasa K ['mase 1

E BreruucianTe:

0.1 - Ly—33. .1
a) (2,55 + 2,7) : (0,1 — gg) — 35 * 15;
13 . 5. : _gld g . 3.5
6) (3,35 — 275 +3) (224 : 12,5 - 375 - 2) - 24,57 : 3,5;
1. _ 15, 4 el - 10.3:
B) (25 - 0,24 — 50) * (5,45 + 13z ~ 635) + 36,05 : 10,3;
r) z% : % ~3,6-[17,2- 0,125 - (z% - 610)] - 24,15: 2,3.

41



3apnauyn ana camokoHTposns Kk nase 1

111

112

113

114

115

42

PemmuTe ypaBHeHHE:

a) 3,7(x — 2,4) + 2,3(x — 6,8) = -7,9;

6) 9,78 — 1,2(x - 13,8) = 4,8(x — 7,3);

B) —5,1(x — 14,2) = 9,9(x + 6,5) — 6,93;

r) 28,32 - 4,9(x - 2,7) - 5,83 = 8,1(x + 1,2).
Haiigure 3HaYeHMEe BhIPAYKEHHA:

a) 2,1a%® — 5,3a + 15,4 npu a = —2;

6) 1,8b*— 6,96 + 14,8 npu b = -3;

B) 16,8¢° + 27,6¢* — 76,3¢® + 39,5¢% — 48,4 ipu ¢ = —1.

a) Camas BBICOKAA JKeJIe3HOZOPOIKHAN CTAHIMA B Mupe «TaHryna», HaXOAAIAACA B
Kurae, pacnosiosxena Haj ypoBHeM Mopd Ha BeicoTe Ha 239 M GoJsblneii, dyeM Keses-
HOAOpOXKHAaA crTaHnud «Turiano», Haxoaamasacs B Ilepy. Ecau Breicoty «Tuxnuos
yBeTHUUTEL B 6 pa3 u Beruects 3634 M, T0o nosyuurcsa Beicota «Tauryiel», yBeJaudeH-
HadA B O pas. Ha xakoii BeicOTe HaJ YPOBHEM MODPS PACIIOJIOXKEHAa YKeJe3HOAOPOKHAA
crannusa «Tauaryiaa»?

6) Marennas nycTHICA B IepBOe B MCTOPHUM KPYroCBeTHOe myTeimectsue Ha 19 Jser
nossxe, yem nopryraien Jluory Jlmam oTkpsin octpos Manarackap. Ecan rog orkpsi-
Tusa Majgarackapa yBeTHuuTs B 4 pada ¥ BeIUeCTh U3 peayiabrata 2962, 1o noxyuures
VABOEHHBIN I'0jl Havaja KPYrocBeTHOro nmyremectBua Maremnana. B kakom rogy Ma-
reJlIaH NMYCTUJICA B IE€PBO€ B UCTOPUU KPYIOCBETHOE HyTemecTBHe?

HOCTDOﬁTE MarTeMaTHYeCKYyl0 MOJesb U PenIuTe 3amavdy:

a) Beipyuka KoMnaHum 3a rof cocrasuia 659,8 teic. p. B nepsom KBapraJe BhIpYyYKa
Obna Ha 78,6 TeIC. p. GosibINe, YeM BO BTOPOM, B TpeThbeM — B 2,5 pasa Gosblre, yem
BO BTOPOM, & B 4yeTBepTOM ObliIa paBHA Cpe/lHEMY apH(PMeTHYECKOMY BHIPYUYKY IIEPBBIX
Tpex KBapTanoB. CKOJBKO ZeHer KOMIAaHHUA MOJYYHJIA OT NOKYIaTeJell B 4eTBepTOM
KBaprajye?

0) ABTOMOOUIBHEBIA 3aBOJ BREINYCTHJ 3a rog 5944 ap-
romobuiA. Bo BropoM KBaprajie GbLIO BHEIIYINEHO HA
54 aBTOMOOMJIA MEHbIIE, YeM B TPEThEM, 4 B Y4eTBEPTOM
KBapTaye — B 2 pasa 0oJiblle, 4eM B TpeTheM. Brinyck
aBTOMOOHJIEH B IePBOM KBapraJie ObLI PaBeH cpeAHeMy
apu(MeTHYeCKOMY MX BBIIYCKA B TPeX IIOCAeAYIOIINX
kBapranax. CKOJBKO aBTOMOOUIEH BBIMYCTHII 3aBOJ, B
4eTBEPTOM KBaprale?

Pemure 3anauy:

a) Paccroaaue AD mexay HaUaJ oM M KOHIOM Jiomanoi ABEFD passo 76 cm. MzBect-
HO, 4TO JJHMHA IIepBOro 3BeHa JomaHoil B 4 pasa menbmne AD, Broporo — Ha 10 cm
MeHBIIle, YeM IIePBOro, TpeTrero — Ha 12 ¢m Gosbmie, yem BTOPOro, 4 YETBEPTOro — Ha
9 cM meHblIe, YeM TpeThero. Haiiaure anuny nomanoit ABEFD.

6) Bexmunna nepeoro yria rpeyrojsHuka Ha 30 rpazycos MeHbIlle BTOporo U B 2 pasa
Oonpmre Tperbero. HaiiiuTe BeIMUMHY BTOPOrO yrJia 3TOrO TPEyroJbHUKA.
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IlepeBeauTe B yKasaHHbIE eIWHUIIEI M3MEDEHNAA W BEIUHCIINATE:

a) B KMJIOIPAMMBIL:

0,57-34,8-(9,8+1,4)-4000r + 0,6 i : (24,3 — 24,288) + 18,8 kr;
6) B MHJIIUMETPEI:

4,735 m: 0,5 +14,95¢cm : 1,3 + 14 MM + 2,121 v : 0,7 + 0,00015 xm;

B) B 4achbl:
589,8 Muu : 5 — 18,3 u - 2,6 + 5760 c : 4 + 1382,4 c.

Pemure 3agauy:

a) JIBe peMoHTHBIE Gpuransl, paboras BMeCcTe, OTDEMOHTHPOBAJIM BLICTABOUHEBIN ITaBU-
Jb0H 3a 13 mHeilt. 3Has, YTO MPOU3BOAUTEIBHOCTD NEepBo# Opuraner cocrasaser 130%
OT IPOMBBOIATEILHOCTA BTOPOM, OMpPEIeJIUTEe, CKOJIbKO AHEH moTpeboBaniock GBI mepBoit
Opurazme, UToOBI CAMOCTOATENBRHO OTPEMOHTHPOBATH 3TOT MABUJIBOH.

6) 1A sarpy3KHd BaroHOB HCIIOJIB3YIOTCA 2 MOrpy3unKa. [lepBBIN DOTPY3YHK MOMKET
8arpysuTh BaroH IIOJHOCTBIO 3a 7 4yacoB. IIpomM3BOAHTENBHOCTH BTOPOr0 IOTPY3YHKA
Ha 80% 6Goapmnie mepBoro. CKOJIBKO BpEMEHHU MOHALOOHTCHA STHM [JBYM HOTPY3YHKaM
Ha 3arpysKy BarosHa, ecjm oHH OyayT paborars BmecTe?

IIpounTaiiTe ONpeAesieHNsl ¥ HA30BUTE OIpeJesisieMble MOHATUA. Y KAMHATE ANA KaK-
JIOTO M3 HUX POJ ¥ BUAOBOE OTJIMUHME W HAPHUCYHTe auarpaMmy Jitnepa—Benna.

a) HarypasibHoe 4HCJI0, KpaTHOE 3, — 9TO HaTypaJbHOe YHUCJIO, KOTOPOE AeJHUTCA Ha 3.
6) IIpasunbaas ApoObL ~ 8TO APOOB, YHUCIUTENb KOTOPOH MeHEBIe 3HAMEHATeNd.

B) CocTaBHOe UHMCJO — 3TO HATYPAJbHOE YHCJIO, HMelolnee 0oJiee ABYX DPas3JHYHBIX
IeauTesei.

r) HeueTHoe 4HC/I0 — 3TO HATYDPAJIBLHOE UHMCJIO, KOTOpPOe IPH AejleHHH Ha 2 AaeT oc-
TaToK 1.

Hapucyiite guarpammsel Ditnepa—Benna, HIIOCTPUPYIONTHE BEICKA3LIBAHNS!
a) Bce aBTOMOOMIM ABAAIOTCA TPAHCIOPTHBIMH CpPeACTBaMH.

6) Hexoropsie aBToMobuIN — cHHME.

B) Hu omue aBTOMODHW/IL HE ABISAETCH MOTOIMKJIOM.

r) Hexoropele aBTOMOOHAIM He UMEIOT ABTOMATHUYECKOH KOPOOKM mepemad.

IIpoBepbTe HCTHHHOCTH CJAEAYIOINIMX BBIBOAOB, MCIOJB3ys AUArpaMMbI digepa—
Benna.

a) Bece mKoMbHUKH J06AT XOoAUTH B KWHO. Mama —
MIKOJBHHUIA, 3HAYHUT, Mama Jo0uT X0AUTh B KHHO.

6) Bce mKOJMBHHKH JIOOAT XO0AUTh B KHHO. MBau He
NIKOJBHHK., 3HAUYNT, MBaH He JMIOOHUT XOOHTH B KMHO.

B) Bece IIKONBHUKH JIIOOAT XOAUTh B KMHO. OJia He JII0OUT
XOIUTh B KMHO., 3HAUUT, ONfA He MIKOJbHHUILA.

r) Bee mxonpuury n:00aT XoauTh B KuHO. Karsa mobur
XOJHUTL B KHHO. 3HAUHT, Kara — IIKOJbHUIIA.
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121} Hoxaskure, uro:

a) He cymectByer HamGoJbIIero HATYpPajJbHOTO YHUCjIa, KOTOpOe INPU JeJeHHH Ha 5
JaeT ocTaTok 1.

6) CymecTByer GeCKOHEUYHO MHOro umces Buaa 3n + 1, rme n € N.
B) Pasencrso 5m(m + 1) = 47 565 HeBepHO npu g0b6oMm m € N.

r) Eciu 9 mareMaTukoB A0kas3ann 35 TeopeM, TO XOTA ObI JBA MaTeMaTHKA AOKA3ATH
OAMHAKOBOE YHCJIO TeopeM.

122 Vnpoc'rm‘e BBIPDAXKEeHHEe DU JONYCTHMBIX 3HAYEHHAX IIePEeMeHHBIX:
]

a)%:%; B)4am:%—$f; n)(%:%)'%};

6)%:%; r)15n,:53i;:; e)(%%-?gl—g):%.
1_53- Haitgure MHOKECTBO IieJibIX pellleHHil HepaBeHCTB!

a) x + 8,1 > 3,5; B) 4,5 < a < 6; n|z|<6,2;

0)y-25<T; r) -2,8<b<3,7; e)| n -2 <5.
[12:{ ITocTpoiiTe MaTeMaTHYeCKYIO MOJeNIb W PeIluTe 3aJavy:

a) Cymma ABYX HATYPaJbHBIX uuces paBHa 45. ITepBoe umcio npu genesun Ha 12 gaer
octaToK 4, a BTOpoe 4McJIO NpH JeneHun Ha 12 xaer ocrarok 5. Haiigure atm umcaa.

6) Cymma AByX HATYpaJbHBIX uMcesa paBHa 54. ITepsoe umciio npu genenun Ha 17 gaer
ocraTok 11, a BTOpoe umcsao npu geneHuu Ha 17 gaer ocratok 9. Haiigure a1y uncaa.

B) CymMa ABYX HaTypaJbHEIX uncel paBHa 48. IlepBoe yucao npu genesuun Ha 19 gaer
ocratok 14, a BTopoe uncao npu geneHuu Ha 19 maer ocrarok 15. Haiigure sTi uncia.

r) CymMma ABYX HATYpPAJbHLIX YHcel paBHa 35. Ilepsoe uuciio npu geneHnu Ha 7 gaer
0CTATOK 9, a BTOPOE YHCJIO NpH JeJeHHH Ha 7 gaeT ocraTox 2. Haiiaure st umcaa.

‘125 B HekoTopoii MaTeMaTHUYECKOH TeOPHH BBEJEHHI ClIeAYyIoInHe NepBOHAYAJbHbIE NMOHS-
THA: npedmem, BobpbLit, 3a0i, padocmublit, zpycmublil. JINa 9THX NOHATHE BBegeHA
CJEYIOIas CHCTeMa AKCHOM:

A, Ecte xoTs OBl OAMH NpeAMeT.
A, Ecin npexmer n00pelif, TO OH PaJOCTHBIM.
A, Ecau npejamer 3710, TO OH TPYCTHBIA.
C y4ueToM HOBBHIX ONpeAeNeHHH AOKaKUTe YKA3aHHYIO TEOPEeMY:
a) Onpedenenue. Kuura — no6psiit npegmer.
Teopema. Kaura papoctrHas.
6) Onpedenenue. Hox — 310if mpegMer.

Teopema. Hox rpycTHBIHA.

1264 Ucnoabsys MeTox HoxaszaTenscTBa OT IPOTHBHOTO, AOKAMKHATE:

a) IIpm m00bIXx HATYpanbHBIX @ ® b yucsno 17 He MoKeT ObITH KODHEM YpaBHEHHA
ax®—bx +15=0.

6) Yucso 11 me moxer GbITh KOpHeM ypaBHeHusd ax® — bx? + 11x + 33 = 0 npum mio-
OBIX HATYPAJNBHEIX a # b.
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Masa 2
BBegeHne B Teopuio genmmocTu

i

§ 1. AenMMOCTb HA MHOXXECTBE HaTypaNbHbIX Yucen

1. JlenuMocCcTh 9HCEJ U ee CBOMCTBA

IMToduunumb 8bluuUcCIeHUA C80ell 80.e,
CZpYnRnuposamsy mamemamuieckue onepayuy —
som 3adaxu mamemamuros 0ydywezo.

Isapuct lanya (1811-1832),
bpaHNYy3CKHiI MaTeMaTHK

Hurepec aioneit K HATYPaAJBHBIM 4YHCJaM Bcerja ObL1 odeHb BesmK. Kpacora u jgase
Marud 4uces, 3aK/JI04Yalollascsa B VAUBUTEIbHBIX 3aKOHOMEPHOCTAX, CBA3AHHBIX ¢ HUMH,
34BOPAYKHUBAJIA, JTO CTHMYJHUPOBAJIO MATEMATHKOB PasBHBATHL TEOPHIO YMCEJ, AETAJbHO
HM3Yy4alollyo HX CBOMCTBA.

Bpemsa moxasajo BO3PACTAIOIIYVIO HPHKJIANHYIO POJB TeopuH uucesn. Haumuasa Kor-
Ja-TO C IPOCTOM IIOBCEAHEBHOH MOTPeOHOCTH B cuyeTe, celyac TEOPHUs YUCes] IOMOraeT B
pellleHNH TAKHX AKTYAJIBHBIX IpodieM, Kak, HalpuMmep, HNOBbIIIeHHe ObICTpoAeiicTBUSA
KOMIIBIOTEPOB,

B meHTpe TEopuM YHCeJ JIeKUT M3YYEeHUEe CBOMCTB JEJIHUMOCTH HAMYPALbHbLX YHCEIL.
C HeKOTOPHIMHM H3 9THX CBOMCTB MBI yiKe 3HaKoMHIUCh B 5—6 Kiaccax. Teneps Ham Haj0
CHCTEMATHU3MPDOBATE HAIIM 3HAHHUA. ,u.l'lﬂ 3aTOI'0 BCIOOMHHMM OCHOBHEIE OIIpelieJIeHHH, yixKe U3~
BECTHbIE CBOMCTBA M JOKAKeM HEeKOTOPhIe HOBbIE CBOMCTBA JEJIHUMOCTH HATYPAJIbLHBIX YHCEJI.

Onpedenenue. Yucno a derumesn (6e3 ocrarka) Ha 4Yucao b, eclu CyIIeCTBYeT Takoe
YUCJIO ¢, 4T0 a@ = be. Yucna b u ¢ — dequmenu 4nucia a, YACIO @ — Kpamuoe ducex b u c.

PaccmorpuM, Hanpumep, yucao 17 964. 9ro uncno genurcsa Ha 3, TaK KaK CYIIECTBYET
gyucao 5988, raxoe, uto 17 964 = 3 - 5988. Ho mozker ObITh, CYIIECTBYET €Il[e KaK0e-TO
HATYpPaJbHOE YHCJIO N, IJs KoToporo BepHo 17 964 = 3 - n?

OxagspIBaeTcs, 9TO APYroro TaKOIo YHcia He cyllecTByer. UMeHHO 9T0 M yTBepIKAaeT
cleyIomas TeopemMa.

Teopema 1. Ecnu umesio a genurces Ha yucio b, To cyuecr-
ByeT eduHcmeenHHoe YuciIo ¢, Takoe, 4To a = be (a, b, ¢ € N).

Hoxazamenvemao:

IIpoBegem goKasaTeILCTBO METOAOM OT mpoTuBHOrO. Ilpesn-
MOJIOXKUM, YTO CYLIECTBYET ABa PA3IMUHBIX 4HUCJA C, H C,, Ta-
KHX, 4T0 a@ = bc, m a = bc,, vae ¢, # c,.

BrluTeMm M3 mepBoro paseHcTBa Bropoe. Ilonyuaem

a—-a= be - be, = 0 =b(c, —c,).
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ITonyueHHOE PABEHCTBO HEBO3MOXKHO, TaK Kak ob6a MHOXuTeNsd, b u ¢, — ¢,, OTIIMYHEI
ot 0. IeiicTBuTEeNbHO, YKuCa0 b — HaTypaidbHOe M, 3HauuT, b #* 0. U tak Kak, ucxoas uaz
CAeJIAHHOTO IPeAONOXKeHnd, ¢, & ¢,y TOC — C, # 0. _ L

SHAUUT, MBI OJYYHIN IPOTHBOPEYHE U HAINle NIPeANoJIoxKeHue HeBepHO. Takum obpa-
30M, CYIIECTBYeT eJNHCTBEHHOE YHCJIO ¢, TAKOe, 4TO @ = be, 4To U TpeboBaJIOCh 10KA3aTh., ¥

Teopema 2. JIo60oe HaTYpaabHOE YHMCJIO AEJUTCA HA eAUHMALY.

Horxazameavemeo:
Ilo ompezejseHUIO NeJIMMOCTH, CYIIECTBYET YHCJO @, TaKoe, 4To a4 = 1 + a. 3HAuwuT,
a000e HaTypajlbHOe YHCJI0 AeJHTCA Ha eAUHMILY, 4T0 ¥ TpeGoBasoch AoKasatb. ¥

Teopema 3. Jlro6oe HaTypaJbHOE YHCIO AEJHUTCA HA caMo cedd.

Horxaszamenvcmao:
ITo ompenereHuI0 AEIMMOCTH, CyIecTByeT umcao 1, Takoe, uto a = a * 1. 3HaumT,
n06oe HaTypaJbHOE YHMCIO0 AeJUTCA Ha caMmo cebsa, 94To u TpefoBanioch AoKa3aTsh. ¥

Teopema 4. Eciin HaTYypaJbHOE YHCJIO ¢ AEJUTCH HA HATYPAJIBbHOE YHCIo b, a Y4HUCIo
b, B CBOI0O o4epenb, AEJUTCS HA YUCIO 4, TO a = b.

Horazamenvemeo:

ITo ycnosumio, yucno a geautes Ha uucno b. CiaepoBaTesHO, HO ONPEJENEHUIO JeaH-
MOCTH, CYIIECTBYeT TAKOe YUCJIO N, 4TO ¢ = bn. AHAJOrHYHO, TAK KAK YHCIO0 b genurcs
Ha YHCJO 4, TO CYLIECTBYET TaKoe YHCJIO M, 4To b = am.

ITosromy moayuaem:

a=bn < a=(am)n < 1=mn.

3naunt, m = 1 1 n = 1, a ciegosarejbHo, a = b, 4TO U Tpe-
OoBasiock AokasaTh. ¥

Teopema 5. Ecan unciio a jeauress Ha YUCJIO ¢, a YAciao b 1e-
JuTCHA Ha umcao d, To ab geantes uHa cd (a, b, ¢, d € N).

Horaszamenvemeo:
ITo ompezneseHnI0 AeJIUMOCTH, CYIIECTBYIOT TaKHe YMCIA N U
m, 4uro a = ¢n, b = dm.
Haijigem npousBenesue yuces a u b:
ab = (cn) * (dm) = cd(nm).
A 370, 10 OIpefesIeHNI0 AeJIMMOCTH, U O3HAYAeT, YTo ab JenuTcs Ha cd, 4TO W Tpe-

boBaJyiock AoKAa3aTh. ¥
Beegem obGozHadyeHUA:

apnerurcai Ha b < aib a Be genurca Ha b < alb

Hdannsle 0003HAYEHHNA MMO3BOJAIT KPATKO CHOPMYJMPOBATH yiKe M3BECTHBIE BAM
CBOMCTBA JEJIMMOCTH, KOTOPble MBI NOKa3biBaIH B 5—6 kiaccax (a, b, ¢ € N). A reneps
BBl MOJKeTe IMonpofoBaTh JOKA3aTh UX CAMOCTOATEJIBHO.

Teopema 6. Ecitu a:b,a biec,T0a'c.
Teopema 7. Ecim a:icu biec,To(a+b)ic u (a-b)iec.

Teopema 8. Ecniu aic,ab/ic,To(@+b)/cu (a-b)7ec.

Teopema 9. Eciiu aicwumm bic, Toab:c.
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127' Paz6eiiTe faHHBIe IPUMepE], HMeOIIUe BUA a : b (T4e a u b HaTypanbHbIE YHC-
Ja), Ha ABe rpynnel: 1) a geinurcs Ha b, 2) @ He Jenurca Ha b.

a) 79 : 3; r) 6401 : 25; i) 3500 : 100;
0) 836 : 4; x) 2000 : 10; 3) 6840 : 180;
B) 630 : 9; e) 9105 : 15; u) 7350 : 300.

Kax M02KHO OBICTPO BBISICHUTH, JeJUTCH JU yuciao Ha 2, 3, 5, 107

Onpegenute, He BBIYUCIAA YACTHOr0, MCTHHHOCTDH CJHEAYIOIIUX yTBepxkAeHuil. Ilaa
JIOKHBIX BBICKA3BIBAHUH MOCTPONHTE MX OTPHLIAHHS.

a) Yucao 56 789 976 431 menmrcs Ha 1.

6) Yucno 793 457 891 genmrcs camo Ha cebs.

B) Yucio 678 penurca Ha 983.

1) Yucmao 862 056 genurca Ha 9.

n) Pasnocts uncen 398 470 — 125 052 genurca Ha 5.

e) Cymma uncen 3 000 333 + 205 783 069 gemurcsa Ha 3.
k) IIponsBemenne uncen 4554 - 3029 me menmrca Ha 18.
3) Yucyuo 555 555 menuresa wa 15.

n) Yucao 143 526 e menurca uHa 6.

k) Yuenmo 4 010 532 He genurcs Ha 12.

OHPEAEJIHTE HUCTHUHHOCTH BBICKA3BIBAHHWA. HJIH JIO)KHBIX BBICKAa3BIBAHHWH noc'rpoi'rre
OTPHIIaHHM AL

a) Ecau maTypaibHOE YMCIIO MeTuTcss Ha 4 ¥ Ha 3, TO OHO Bcerjia aenuTcess Ha 12.
0) Eciom HarypanbHOe 4mMcI0 AenuTcsa Ha 4 u Ha 6, TO OHO Becerja geiaurca Ha 24.
B) Ecoim HaTypanbHOe YHMCIIO JenuTess Ha 12, To OHO Beerja AenuTcs Ha 3.

r) Eciiu oHO HaTypaibHOE YHCIO AEJATCH HA 5, 4 APYroe HaTypPaIbHOE YKCIO AeJHTCH
Ha 7, TO X IPOH3BEJCHHE NEJHUTCA Ha 30.

1) Ecou onHO HaTypaJbHOE YHCJIO JelUTes Ha 8, a APyroe HATYPAJILHOE YHUCIO JeJIUTCH
ma 10, To ux npoussenenune neaurcs Ha 80.

e) Ecaim npomsBefieHne OBYX HATYpPaJdbHBIX YHCce] AeJuTcd Ha 9, TO XoTA ObI OAHO U3
HaTypaJdbHbIX YHCE] AejauTrcA Ha 9.

sk) Ecnu 06a HaTypalbHBIX YMCIA AeNATCA HA 7, TO UX CyMMa HeauTcs Ha 7.

3) Ecam marypanpHOe 4mcso genuTesa Ha 11, To ero cymma ¢ J0ObIM APYrUM HATY-
PaAJILHEIM YHCJOM Jenurcsa Ha 11.

a) Henurca nu nmpousBenerue 25° + 9% ma 5, 3, 15, 20, 45?7 OGocHyiiTe B0l OTBeT.
6) CpaBHuTe 3HAYEHHUSA YHCIOBBIX BhIpaykeHui 252 - 9% u 225% - 9,

H3BecTHO, YTO HATypajabHOE YUCIO d AeJHTCA HA HaTypaabHoe uymcio b, Coxparmma
a—b. 2a + 3b
att 9 Ba-p "’

au apobb: a)

IIpoananusupyiTe pemenue 3agaun Ne 131 (a, 6). ChopmynaupyiiTe B 061IeM BHje U
ITOKaXKUTe 0DIee CBOMCTBO AEJIMMOCTH, KOTOpPOe BBl HABIIOmaeTe,
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BepHO 1M caeayiomiee yTBepKAeHHe?

a) Ecniu maTypajabHOe YHCJIO @ He AeauTcA Ha 3, To 2a He jenuTcs Ha 3.
6) Ecim marypajibHoe unciao b yetnoe, To 3b menurca Ha 6.

B) Ecam 5¢ menurest Ha 2, To ¢ genurca Ha 2 (¢ € N).

r) Ecau 21d genurcs Ha 7, To d He Bcerga geaurcda Ha 7 (d € N).

n) Ecau 6a + 3b nenurcsa vHa 6, To b genurcs Ha 2 (a, b € N).

e) Eciiu HaTypasbHOEe YMCI0 @ AETUTCA Ha D, a HaTypaJabHOe 4Hcso b penurca Ha 7,
To Ta — 5b genurca Ha 35.

a) Mumra Kynua obmiyio Terpans u3 96 micToB U TPOHYMEPOBAaJ HOAPAM BCce ee cTpa-
HUI[bI, HAUAHAA C MepBoii. BoBa BRIPBAJ W3 9TOM TeTpaau 37 JUCTOB U CIOKHMI HOMepa
VKA3aHHBIX HA HUX CTPaHUL. MOXKeT JIM OH MOJIYUYUTh B CyMMe 4ucio 23547

6) Tona nmpukjens cBou 432 mapku B anbbom mo 16 Mapox Ha CTPaAHMAIY H IDPOHY-
MepoBaJl MOAPAJ BCce MapKH, HaunHaA ¢ nepsoi. Korga y ero cecrpsl Katu 6bLi1 geHb
pOsKeHNA, OH MojapuJ el 9 jaucToB M3 cBoero aabboma ¢ mapkamu. Karsa cioxmia
HOMepa BCeX IOJIYYEeHHBIX €0 B HoJapoK Mapok. Morya Ju OHa IIOJYYHTH B CYMME
yuesio 54757

JoxkaxuTe yTBep)KIeHHE:
a) TpexsHauyHOe YHCJIO0, 3aIMCAHHOE TPEeMs OJWHAKOBBIMU IudpamMu, geauTcs Ha 37.

6) PaguocTh /11060r0 YeTHLIPEX3HAUHOI'O UMCIA B YeTEIPeX3HAYHOIO UHC/IA, 3aIMCAHHOIO
TeMH Ke nudpamMu, HO B 00paTHOM HOpAjKe, Aeaurcs Ha 9.

B) [Ipom3Begenue a00OBIX CeMH IMOCAENOBATEJBHBIX uuces geautcsa Ha 2520.

r) Ymeno, sanuceiBaemoe 100 aeoitkamu, 100 egmannaMu u 100 Hynamu, He MOMKeT
OLITE TOUHBIM KBaJpaTOM.

E IIpounTaiiTe BBICKA3BIBAHUSA ¢ IEPEMEHHLIMH ¥ 3alUIIATE UX HA MareMaTHye-
CKOM sI3BIKEe. 3AMEHHUEB B KaXKJAOM BBICKA3BIBAHUN OYKBBI HA UMCJIA, IIPUBEIUATE
IO ABA MIpHMepA UCTHHHBIX BHICKAZLIBAHUIA.

a) Yucao a peauTest Ha 4ucyo b.

6) Yucno ¢ upu genenuu Ha d ZaeT OCTATOK 7.

B) Yucaa p 1 r BBAUMHO IIPOCTHIE.

r) Haubonsmuii obimquii geaurens unucesa k un [ pasen 2.

1) Hammenbee o0Imee KpaTHOe YHCeJI M H 711 paBHO 468.

Haiigure HOD u HOK uuncen a u b:

a) a = 300, b= 1155; B)a=2%-32-52-7, b=2%-7-11"-13;
6) a = 195, b = 20 475; r)a=7:-11-132, b=5-17-19.
Brizenure neayw 4acTh Apobm:
15 97 145 673 3256
a) 7 B) 175 1) 36 ®) 705 1) o1
50, 125, 256, 1201, _ 16 507
0) g TR e) 33 3) “§5 ) 3500
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3anuinuTe CMEIIAHHOe YHCJIO B BHJE HENPAaBUJILHOU ApoOH:

3 13 4 5

8) 2:5; B) 753, ) 153 x) 35:2; %) 101%;

17, 30 7. 5 5

0) 5-—1, r) 123—-9, e) 202—3, 3) 786, K) 407-11.

Hano muoxkecTBo uncen: A = {372; 405; 700; 1075; 4399; 10 350; 31 808; 200 893}.
B mHOMKECTBE A HalgUTEe NOAMHOMKECTBA, COCTOAIINE U3 YHCEeJI, KPATHBIX:

a) 2; B) 3; o) 10; x) 4; n) 8; a) 15;
6) 5; r) 9; e) 100; 3) 25; k) 125; M) 20.

Pemmnre zagauy:

a) Conopremen npobexxan 3,5 KM, 4To cocrasBuio 28%
Bcell auctaHnuHA. CKOJBKO KHJIOMETPOB €My ellle Haxo
npobexats?

6) B marasune 640 HaUMEHOBAHUN KOMMIBIOTEPHBIX HUID.
Cpenu Hux 162 opogunku, 203 crparernn, 115 cumyns-
TOPOB, & OCTAJIbHOE — KBeCThbl. KAKO# IPOLEHT COCTABIIA-
I0T KBECThI OT 00M[ero YMcjaa KOMIBIOTEPHBIX MUI'D 9TOTO
MarasuHa?

B) B kuHosane 255 mecr. Ha ceanc mpoganu 170 om-
aeroB. Kakoil mpoueHT cBoOOAHEIE MECTa COCTABAT OT
061Iero KoJu4ecTBa MECT, €CJIM Ha CeaHc NPUAYT JIHIIb
90% spuTeneil, KYIUBIINX OUIETHI?

r) Mama mopyuuna Jlemre pasnosxkurs 168 xoHdeT B JBe KOPOOKHU Tak, UTOOBI YHCIIO
KoH(eT B nepBoit Kopobke cocrasisano 60% uyucaa kouder Bo BTopoit kopobke. CKOIb-
K0 Kou(er Jlema JO/KeH MOJ0KHUTh B KAMKAYI0 KOPoOKy?

1) IMocae nerHel pacnpogamu HOYTOYK cTasa cTouTh 18 900 p. CKogbKO CTOMI HOYTOVK
0 pacmpojiayku, eciI pasMep CKHAKHM coctaBmia 25% ?

e) Kax uaMeHUTCS IleHA TOBapa, eciu ee cHayasia yMeHbmiuTh Ha 30%, a sarem yse-
JAuuuTh Ha 25% 7

:k) Pobun Bob6un Bapabek pewmms cectes Ha auery. CHauana oH nmoxyxaen Ha 25%,
sateMm npubasmnia 20% , a morom noxyzaen ewe Ha 10% . IToxyaen o uiau monpaBuica
mocJie TOro, Kak cejl Ha JHeTY, M HA CKOJIBKO IIPOLEeHTOB?

3) B nmpousBegeHMH Tpex 4YMCeJ HePBbIH MHOXKHUTenb yBeauuuam Ha 20%, Bropoi
ymenpmnan Ha 25%, a Tperusn ysenmuuiau Ha 10% . Kak mamMeHHI0CH Ipou3Bee-
Hue?

a) f6noku npm cymie Tepsiior 85% cBoeit macesl. Peminan 3acyviouTs 200 kr ab6i0K.
CKONBKO MOJYUUTCH CYIDEHBIX A06J0K?

6) I'puGe1 npu cymke tepsaioT 90% cpoeit maccul. M3 KaKOro KOauuecTBa CBEXKHUX
rpuboB ObIJIO MOJIYYEHO 5 KI' CYIIEeHBIX?

B) Cymrenas manusa cogep:XuT 12% Boasl. M3 50 Kr cBexkeil MaJMHEI IOJyUYaeTCH
3 Kr cymenoi majuHbl. Kakoil mponeHT coliep:KaHuA BOALI B CBexKel MaiauHe?
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143I 1) Heaurcsa gu npoussenesne 49* - 62 a) ma 14; 6) na 42? ObocuyiiTe cBOiH
OTBeT.

2) CpaBHHTe 3HAYEHUA YMCIOBBIX BhIpaykeHuit 49* - 62 u 24012 - 36.

MaBecTHO, 4TO HATYPaJbHOe YHCJO @ JeJIUTCA Ha HarypaabHoe umcyo b. CoxkpaTuma

Ta — 9b
a1 gpobb 2a — 5b 5b?

BepHo i craepyiouiee yTBep:KaeHHe?

a) Ecam HaTypajibHOe YHCJI0 @ He JeJHTCA Ha 3, TO Da He AejguTcs Ha 3.
6) Ecau Tc penmrces Ha 2, To ¢ geaurcs Ha 2 (¢ € N).

B) Ecam maTypasbsHOe uucesno geaurcs Ha 48, 7o 0HO Bcerja menuTcs Ha 12.

r) Ecan ogHO HaTypaJbHOE YHCJIO0 JeJdTesA Ha 9, a Apyroe sarypajbHOe YHUCJIO JAeTUTCSA
Ha 8, TO UX HNpPOH3BeJeHHEe AeJuTcH Ha 72.

1) Ecnn ogHO HaTypajabHOE YHCIIO JeJUTCHA Ha 6, a Apyroe HATYPAJIbHOE YHUCIIO HEJTUTCH
Ha 4, TO X NpOM3BeJeHHe JenuTcda Ha 24.

e) Ecnu nmponsBezieHue ABYX HATYPAJBHBIX UHCE] AEJIUTCA HA 25, TO XOTHA ObL OJHO U3
3THX HATYPAJIbHBIX YHCEJI HeJHTCA Ha 295.

%) Ecom 0ba HaTypaJbHBIX gyucja AeaaTcsa HAa 9, To uX cymMMa aejadTcsa Ha 9.

3) Ecan HarypajibHOe umci0 AenxuTcsa Ha 19, To ero cymma ¢ J0OBIM APYruM HATY-
pPaJIbHBIM YHCJIOM Jeaurcda Ha 19.

u) Ecnn 15a + 3b geaurcsa uwa 15, o b genurca Ha 5 (a, b € N).

k) Ecan marypasbHOe 4MCIO a JeJHTCHA Ha 5, a HaTypaJbpHoe unuciao b penurcsa Ha 7,
10 Ta — 5b penurcsa Ha 35.

¥ Bauu 240 dororpadmuii. OH pasyiokui csou (ororpa-
¢uu B ansbom 1o 8 (oro Ha cTpaHHULE U IPOHYMEPO-
BaJI MOAPAJ, Ha4YUHAA ¢ MepBoii, Bce pororpaduu. Ero
miuagmui 6patr BeIpBaJ W3 ansboma 5 aucroB. Bams
HAIlleJ 3TH JINCThI M IIOCYHTAJ CYMMY HOMepoB (HOTO-
rpacuii Ha BBIPBAHHBIX JHCTAX. MOr JIM OH MOJYYHUTH
B cymme 13757

JTokamuTe yTBepKeHue:;
a) IIpousBeneraue JIOGBIX NATH MOCJHeA0BATEILHBIX UHces neauTtcsd Ha 60.

0) Yucno, sanucwiBaemoe 80 asoitkamu, 80 egurunamMu u 80 HynaMH, He MOKeT OBITH
TOUHBIM KBAJPATOM.

Haitgure HO{ m HOK umncen a u b:
a) a = 360, b = 1848;

BergesnTe nenyo 4acts ApoOwH:

157,
28’

2 48
a) i‘g; 0 17 B)
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150' danummnTe CMEIIAHHOE YKCJIO B BHAe HENPABHUILHOH APOGH:

23 15, 31 28

a) 155, 69’ B) 6%, T) 135.

0) 4

Hdano mHOxkecTBO umcen: A = {209; 564; 925; 1260; 40 375; 74 999; 150 024).
B mHOKecTBe A HafiuTe OAMHOMKECTBA, COCTOALME M3 YHCEJ, KPATHHIX:

a) 2; B) 3; z) 10; xK) 4; u) 8; a) 18;
6) 5; r) 9; e) 100; 3) 25; K) 125; M) 50.

{1 S%I Pemmnre 3anauy:

a) AaToH u Kciollla mOABOAHUIN UTOrHM [IEPBOro roja paboThl MOHUHKOBOM KOMIIAHUMN.
Bripyuka 3a WIioHB OKaszanack paBHOM 8560 p., uro cocraBmiao 16% Bceil rogoroii
BEIpYyYKU. YeMmy Onlyia paBHaA BHIpYUKA IOHUHMKOBOI KOMIAHHM 3a IEPBBIH rojg pa-
6oTeI?

6) IlogcumTaR BEHIpYUKY cBoeil komMmaHHH, AHTOH u Kclomia pelrnayd DOCUUTATH
pacxonsl. Pacxoasl 3a rog cocrapuiau 21 768 p. Ilpu sTom B mepBoM KBapraje
651710 u3pacxomoBarno 5612 p., Bo Bropom — Ha 1215 p. MeHbIle, YeM B IIEPBOM, & B
TperseM — B 1,5 pasa Gosasiue, yem B nepBoM. Kakoil NPOLEHT COCTABUIH PACXOMIEI
YeTBEPTOro KBApTaja OT CYMMBI BCeX pacxojoB 3a roa? Oreer OKpyrinTe 40 COTHIX
IIPOIEeHTA.

B) B3aB BRIpYYKY IOHUMKOBOM KOMIAHHUM 3a I'OJ U3 IYHKTA a) OTOH 3ajauH, a pacxo-
OBl — U3 IIYHKTA 0), mocunTaiiTe, KAKYI0 NpUOLLIL 3apaboTana MOHYUKOBAS KOMIAHWS
3a nmepBBIE roa padorei. XBatuT au AHTOHY ¢ Kcroureit sapaboranHoit npubsiinu,
yT00Bl KYOHUTH HA OTH AeHbLI'M HOYTOYK croMmocThio 28 500 p.? Uemy Oblra paBHA
rogoBas peHTaAOEJIBHOCTH HNpPOoZak (IPOLEHTHOe OTHOIIeHHe NPHOEBLINM 3a mepHuo K
BEIDYYKE 3a TOT K€ IMepHoj]) B MoHYHKOBOM kommanuu Anrona u Keiommu? Orser
OKDYIJIHTE JO0 COTHIX IPOILEHTA.

153 Hokasxkure, uTo yncaa A U B B3aMMHO ITPOCTHIE:

IO RNy
9 eyl
FRT R R

e Il:oxamn're, UTO €CJIM B TPeX3HaYHOM 4HCJe ABe IocjefHue IUudphl OAHMHAKOBLIE

U cyMMAa ero nudp AeauTcA Ha 7, TO 9TO YHCJIO AeIUTCA Ha 7.

155} Mosxuo nu HapucosaTh 3aMKHYTYI0 JOMaHYI JHUHUIO, COCTOAMIYIO U3 15 3BEHEHES,
KajkJoe 3BeHO KOTOPO mepecexkaeTcs POBHO C OJHUM U3 OCTAJIbHBIX 3BeHbEeB?
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2. IlpocTeie umena

Huxakas dpyzas ompacab meopuu wuces He HACLLULeHA
HACMOJABKO MAUHCMBEHHOCMbID U 3J€ZAHMHOCMbIO, KAK
U3yHeHUe NPoCmMbLX Yucel, IMUX HeNOKOPHbLX, PA30pananuux
yucen, KOMopble He XOMAm 0elumbCa HAUeN0 HUL HA KaKoe
yenoe YUcLo 3a UCKLIOYeHUeM cebs u eOUHULbL.

Mapruu I'apaaep (1914-2010),
aMepUKAHCKHI MaTeMaTHK U IUcaTelb

Bee marypanbHBIe uncsna, onsmne 1, uMeoT 10 KpaliHell Mepe ABA PA3JIHUYHBIX JeJIH-
TeJd: 1lu caMo cebs. C 9THM CBOHCTBOM HaATypaJbHBIX YHCeJI CBA3AHO BaXXHOe IOHATHE
IIpOCTOro 4YHcJja. HpOCTHe YHpcJa 3aHUMAIOT 0coboe MecTo Cpeai BCEX HATYPaJbHBIX YHCEJI.
OHH ABIAAIOTCA TEMH ¢KHPIOHYHKaMH», H3 KOTOPBIX CTPOAT BCE€ OCTAJIbHBIE YHCJIA.

Benmomuaum onpejneJjieHHe [IPOCTOro 4HCJaa.

Onpedenenue. Ilpocmuiyn HA3BIBAETCA HATYPAIBLHOE YHUCJIO, KOTOPOE MMeeT POBHO IBA
PA3/IMUYHBIX JEJUTeNs: eAMHAILY ¥ CaMO BTO YHCJO.

Onpedenenue. CocmaéHvim Ha3BIBAETCA HATYDAJIbHOE YMCJO, KOTOPOE HMeeT 0oJiee
JBYX Pa3JIUYHBIX JeJINTEJeH,

Yucno 1 uMeeT eMHCTBEHHBIN IeIATENs — caMo cels, 1 II0ITOMY OHO BBIZIEJIEHO B DALY
HaTypPaJbHBIX YHCEJ B 0COOYI0O TPYINY: He AGAAemca HUL NPOCMbLM, HU COCMABHbLM.

TIoHaTHEe IPOCTOTO YUCIA MOYKET OKA3AThCSA OUEeHb MOJIE3HLIM, HAPUMED, IIPU paspa-
00TKe BBIMIDBIINIHON CTPATETHH B CIEAVIOIIeil urpe.

Hrpa.

B mrpe yuactByror asoe. IlepBeliif UTDOK HA3BIBAET YHCJO, 3aTEM HTDOKH IO OYepeu,
Ha4yMHasg CO BTOPOrO, HA3BIBAIOT €ro NeJuTejd. [IpH 3TOM DOBTOPATH YiKe Ha3BaAHHEIE
JeJIUTeJId He paspelnaercsa. MosKeT U MepBbId UTPDOK HABEPHAKA BBIATDATH, €CJIH BHIWI-
pPBIBAET TOT, KTO HA3BAJ IIOCJETHHM JelIuTeNs?

Cmpamezua uepot:

CpoiicTBa MPOCTHIX YHCEJ IIO3BOJAKT IEPBOMY UTPOKY OBICTPO HANWTH BBIMTPBIITHYIO
cTpaTeruio, Belb 3TH YHCJa UMEIOT POBHO [BA PA3JHUYHBIX JesuTelida. [loaTomy, HaseBasdg
IIPOCThIE YMCJIa, [IePBLIM UTPOK rapaHTUPOBAHHO OYAeT Ha3bIBATh MOCIESHHI AeJuTelb U
BBIHT'DBIBATH.

Taxum 06pasoM, AJIA IEPBOr0 MTPOKA CTAHOBHMTCH BAKHBIM HAYUHUTHLCH ONPENENsTh,
SIBJASETCA YUCJIO IIPOCTLIM HJIM HET.

JInsa He0OJBIIOTO YMCJIA 3TO cjenarTh HeTpyaHO. Hanpumep, nposepus, uro uuciao 19
He JleJIUTCA HYM Ha OAHO M3 umces oT 2 1no 18, MEI yOeaumcs B TOM, UTO OHO SABJIHETCH
npocTeiM. OnHaKO AydA OOABIIMX 4YUces AAHHBIA CIOCO0 penleHus ABJIAETCH CJIHIIKOM
T'POMO3OKHM.

YOpocTHTE pelneHne 9TOH M MHOTHX APYTHX 3a7ad IOMOTraeT TAK HasblBaeMasa 0CHO6-
HAA meopema apupmemuiu.

Teopema 1 (OcHoBHas Teopema apudmeruru). JIi06oe cocmagrhoe 4ucio MONCHO nped-
cmasumb 6 6ude npouzsedenus npocmuvix muoxcumenei. Ilpu amom 08a paszioxcenus
00H020 U MO20 HCE HUCLA HA NPOCIbLe MHONCUMEAU MOSYM OMAULAMbCA JUb NOPATKOM
MHONCUmMeNell.
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3amMeTuM, YTO Pa3jIOKeHHeM IPOCTOrO YMCJa HA MPOCThie MHOMKMTENU NPUHATO CUM-
TaTh CaMO 3TO UMCJIO.

Hecmorpsa Ha TO 4TO 9Ta TeopeMa Ha MepBBIA BIIJIAA Ka-
JKeTcsA OUeBHIHOM, ee HOKA3aTeNBCTBO JOCTATOYHO HEIIPOCTO U
He BXOAUT B IPOrpaMMy HAIlEro Kypca.

W3 ocHOBHOI TeopeMbl apudMETHKH CJeJyeT BasKHBIM
BEIBOJ| O TOM, UTO pPA3LUYHbLEe npedcmasaeHus 00H020 U MO20
Jce cocmasHozo yucaa 6 sude npouzéedenus npPoOCMmMbLX Lucen
CBA3AHbL MOALKO C pa3iuduem 8 nopadke MHoNcumeseil,

Tax, Hanpumep, pasdiokenue yncia 210 Ha HPOCTbIE MHOMKH-
Tean Moxer uMeTh Bug 210 =253 - Tumm 210 =2 - 3 - 7+ 5. Jlaa Toro urobul n3bexarn
TAKOH HEOJHO3HAYHOCTH, MATEMATHUKHU PEIlNUJIH 3alHCHIBATE MIPOCTHIE MHOKUTEJIN B PA3JIO-
JKeHHMH HaTYPaJIBbHOTO YHCJIa B IOPSAJAKe Bo3pacTaHuA. IIpH 3TOM ec/iu BCTPEYAIOTCH OJHMHAKO-
BbI€ IIPOCThIE MHOKHTEJIH, TO B 3allMCH JUIA KPATKOCTH MCIIOJIB3YIOT 0003HAYEHNE CTEIIeHH,

Takyio yIIopAaj0ueHHYIO 3allUCh HASBAJIH KAHOHHYECKHM Pa3I0sKeHHeM YMcja Ha Ipo-
cThle MHOKUTenu. Hanpumep, kKaHOHNYECKoe pasioxxkeHue uyuciaa 210 umeer Bux:

210=2-3-5-1,
a ana gyucja 90 KaHOHHMYECKOe pasjiosKeHHe TAKOBO:
90 =2 - 32- 5.

W3 cBOiCTB JeIHMOCTH HATYPAJbHBIX YHCEJ ¥ OCHOBHOHM TeopeMbI apudMeTHKH cie-
JiyeT, YTO €CJIH B PAsjIOKeHHMH YHCJIa HA IIPOCThle MHOYKUTENH HET, HAIIpHMep, Yuciaa 2,
TO HHKAKOE YHCJIO, KpaTHoe 2, He MOMKeT OhITh ero genuTeneM. ClenoBaTelbHO, A TOTO
YyTOOBI BHIACHUThH, ABJSIETCS JIA JAHHOE YUCJIO IIPOCTBIM, ZOCTATOYHO MPOBEPUTH, YTO OHO
He JeJIATCA Ha Bce IIPOCTBIE YHCJIA, MeHbIINe 3Toro uynciaa., Hanpumep, and uucaa 19 sto
ymena 2, 3, 5, 7, 11, 13, 17, a He Bce umcia ot 2 go 18.

OpHaxko cnocol MOKMCKA MPOCTHIX YHCEJ MOYKHO cAesaTh elne mpouie. B sTom HaMm mo-
MOKeT caeayioulee HabuaioneHue.

Ilycrs umeno a — cocraBHoe. Torga ero MOXKHO NPEACTABUTH B BHUJAE IIPOM3BEJEHHA
IBYX MHOXHUTeneu: a = be, rae b u ¢ — HaTypaJbHLEIE YUCIa, OTIHYHEIE OT 1.

IMockonsKry

a - a = (be) - (be) =(bb) + (cc) = bc?,

TO KBajpaThl b u ¢ He MOryT ObITh OJHOBpeMeHHO Ooxbplne @. 3HAYUT, V JIOOOro COCTAB-
HOTO YHCJIA BCETJa MMeeTcs OTJHYHBIA OoT 1 JenuTenb, KBaAPAT KOTOPOTO MeHbIIIe CAMOTO
yucna. CrefoBaTebHO, €CIM HATypajbHOE YHCJIO, Ooibinee 1, He AeJHTCA HH Ha OXHO
IIPOCTOEe UMCJIO, KBaZAPAT KOTOPOTO MeHbIlle Hero, T0O pacCMaTpHBaeMoOe YUHCJIO — IIPOCTOoe.

IloaTomy, Asst TOro 4T00BI BHIACHHATD, ABJIAETCA JH YUCJIO0 OIPOCTHIM, AOCTATOYHO IPO-
BepHTH, YTO OHO He JeJINTCA Ha IMPOCTHIe UHCJA, KBAAPaAT KOTOPBIX MEHBINEe 9TOro 4HCA.

Tax, onpegenus, uro 19 He geaurca Ha 2 ¥ 3, MOMKHO OCTAHOBHUTH IIPOBEPKY, IOCKOIb-
Ky cleyioliee mpocroe uuciao 5, a 52 = 25 > 19. YkasaHHbIH cocod CyIecTBeHHO 06/1er-
yaeT NPOBEPKY TOTro, ABJIAETCHA JIH YHCJO IPOCTHIM, 0CO0EHHO B cilyuae GOJIBIINX dHCEJ.

B urTore MBI MOXXeM 3amHUCATDH CIAEAVIOIIUI aJrOpHUTM.

Anroput™M OTBEeTa HA BONpOC «fABAfETCA JIM YHCIO @ MPOCTHIM?»

l 1. Beinucars Bce NPOCTHIE YMCJIA, KBAJAPATHl KOTOPBIX MEHBIIE d.,
i 2. Ecnu a penuTesi XoTaA OBI HA OJJHO M3 BRIMMCAHHBIX YHCeJ, TO @ — COCTaBHOE.
| 3. Ecnu a He AeauTcsa HA HA OAHO M3 BHIIIMCAHHBIX YHUCEJ, TO @ — IPOCTOe. l
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Henonb3ysa YKA3aHHBIN alropuTM, IIPDOBEPUM, ABJISETCA JU MPOCTHIM 4ucio 97.

BhInMCLIBAEM IPOCThIE YUCTA, KBAAPAThl KOTOPhIX MeHbine 97. Tak rak 112 = 121 > 97,
TO IIOJyYaeM CJAeAYIIUi cnucox uucen: 2, 3, 5, 7.

Tak kak 97 He IeTUTCA HU HA OMHO U3 VKA3AHHBIX YKCell, TO, 3HAUUT, 97 — mpocToe ymeio.

Tenepb MBI 3HAEM, KAK OLPELENUTH, SBISETCH JIH HATYDPAJIBHOE YMCIO HOPOCTHBIM.
A MOKHO M HAWTH Bce IpocThie uyucua?

Habnionasa nasxe 3a HECKONBKUMHU IIEPBLIMY IIPOCTEIMHI YHCIAMU, MOXKHO 3AMETUTh, UTO
PAJA OIPOCTBEIX YHCeJ YCTPOEH JOCTATOYHO CJIOMHO, MPOCThIE UMCJIA TO HAYT OAHO 34 ApPY-
TMM, & TO HX He BCTPETHIIE B IOCJE0BATEIBHOCTH HATYPAJIbHBIX UHCEJ AOBOJBLHO HOJIO.
MookeT BOBHMKHYTEH OLIYIIIEHUE, UTO 3TOT PAJ MOMKET B KAKOM-TO MOMEHT 000pPBAThLCH.

Creaylomasa TeopeMa HOKA3bIBAET, UTO €CJH MBI YK€ HAIIH HECKOJBKO IIPOCTHIX YH-
ceJl, TO BCerjia MOXKHO YKa3aTh elle OZHO IIPOCTOe YHuco. Takum o0pasoM, pAA HPOCTHIX
quceJl, KaK U pAJ HATYPAJILHBIX 4YHCEJ, 6eCKOHedeH.

Teopema 2. IIpocTEIX umcesn CylecTEyeT 0ECKOHEUHO MHOTO.

©OO Hokasamenvemao:

JInsi TOKa3aTeJbCTBa BOCIOIL3YEMCS METOAOM OT IMIPOTHBHOTO.

IIpeamonoxUM, YTO CYMIECTBYET JUMIh KOHEUHOe UMCJIO MPOCTBIX YHCEJ M UX MOMKHO
BCe MepeyrcauTs: 2, 3, 5, 7, 11, ..., p. 3HaunT, cymecTByer camoe 60JIbII0oe IPOCTOe YHC-
0. O6osrauum ero p. Torja Bce OCTANBHEIE HATYPAJbLHEIE UMCJIA ABJISAIOTCA COCTABHEIMHU
U flendaTcsa X0Tsa ObI HA OJHO M3 YKA3aHHBIX IPOCTHIX UMCEI.

Teneph mMepeMHOXMM BCe HAIIM IPOCThIE YHUCIA X NPUOABHM K MX NPOM3BEJEHUIO
yucno 1. Ilonyuum HaTypaabHOEe YHCIIO @@

a=2-3-6-7-11...-p+ 1.

Hucio a 6oJiblIe KaXkIOTO U3 MMEIOMIUXCA [IPOCTRIX UKcesi. SHAUUT, UCXOAs U3 HAIIero
OpelnoJOXKeHHd, 3TO YHCJIO JOJIKHO OBITH COCTABHBIM.

C npyroii CTOPOHEI, 3aMEeTHM, UTO YHCJIO @ IPH JeJeHAN Ha KaXkJoe U3 HAIIUX IIPOCTHIX
yuces gaet octaTok 1. IToaromMy 0HO He MOsKeT GBITH COCTABHBIM, TAK KaK He JeJIUTCH HH
HAa OOHO H3 VKa3aHHBIX NOPOCTEIX YHCEJI.

Taxum obpasoM, celaHHOe HAMH IPEAIOJIOMKEHHE O TOM, UYTO MHOKECTBO IIPOCTHIX
4YuceJ KOHEYHO, NPUBEJIO Hac K IpoTuBOopeunio. CaefoBaTebH0, OHO HEBEPHO, H IO3TOMY
TIPOCTHIX 4Hce] 6eCKOHEeYHO MHOro, 9To M TpeboBanoch gokasaTb. ¥

0 156' 3anuimmuTe BHICKASHIBAHWUSI HA MATEMATHYECKOM S3BbIKe M OIpENe]NTe UX MCTHH-
H
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ocThb. JIA JIO’KHBIX BHICKA3BIBAHUM IIOCTPOHTE OTPUIAHHE.
a) Hucao d — penuTeNs YHCIA @, €CJIHM YUCIO @ B ¢ pas Goabme d (a, ¢, d € N).
0) Yucso k aBiseTca KpaTHBIM Ymciaa b, ecau uuciao k B a pas Goabme b (a, k, b € N).
B) Uncno 17 aBnsercss COCTABHBIM YHCJIOM.
r) CymMma J100BIX ABYX IIPOCTBIX YHMCEJ — IIPOCTOE YMCJIIO.
) Beaxoe mpocToe umMcao He MOXKeT GBITH YETHEBIM.

e) Ecam HaTypanbHOe yuciio genurcs Ha 15, To cymMMa ero nudp AeauTca Ha 3 M OHO
OKaHYMBaeTcda Ha D.

&) Eenn cymma nudp HaTypaJbHOro uymcjaa jgeaurcs Ha 6, To HarypaabHOe UHCIIO
Jenutcs Ha 6.

3) Ecan HatypaabHOe 4KCI0 AenuTcs Ha 36, To cymma ero mudp geaurca Ha 9 u umc-
JIO, COCTaBJIEHHOE H3 ero ABYX INOcJeJHUX Hugp, geantcs Ha 4.
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157

158

159

163

164

Kakxye H3 cneayommux yuces ABAAIOTCA NPOCTHIMHU:
a) roJ BalEro POXKIAECHHA; B) HOMEep Ballle#d UIKOJIbI;
0) TeKyIHIA roa; I') HOMep BaImero aoma?

Pasbeiite maOMXKecTBO A = {2, 4, 5, 6, 7, 10, 11, 138, 15, 16, 19, 25, 37, 39, 41} na
ABa MOAMHOKeCTBa: S — MOJAMHOMECTBO COCTABHBLIX ymces, P — IOAMHOMECTBO IpO-
CTBIX YHCeJ.

Haiigure: a) S U P; 6) S N P,

Onpegenure, IPOCTHIMHA HJIHM COCTABHBIMH ABJAIOTCA CAAVIONIHE YHCIIA:
a) 206; B) 113; x) 121; ) 145; ) 153; a) 353;

o) 89; r) 117; e) 123; 3) 149; K) 163; M) 357.
HaiiguTe mepBoe mpocToe YMCIO0, CAEAVIONee 3a YHCIOM:

a) 40; 6) 110; B) 200; r) 320.

Haiigure npocThle yncaa, JeKamjue MeXKAYy YUCIaMyu a u b:

a) a = 1000, b = 1010; B) a = 130, b = 140;

6) a = 150, b = 160; r) a = 510, b = 520.

3anumuTe B KAHOHWYECKOM BHEe DA3JIOXXeHHe YHCeJI Ha OPOCThIe MHOMHTEIN:
a) 6300; B) 184 275;  x) 709 632; #x) 1 858 560;
6) 49 896; r) 343 434;  e) 1 000 000;  3) 2 619 540.

H3BecTHO, 4TO p M ¢ — pas3iuuHBIe OpocThie yucaa. CKONBKO AenuTeNel y 4uces:
. 2y 2 s
a) pq; 0) p°g; B) p°q*?

Hoxaskure:

a) Ecim cymma ¥ npousBejeHHe IBYX YHUCEJ AeNATCHA Ha IPOCTOe YHCJIO P, TO KadJoe
A3 DTUX YHCeJ JeJUTCH Ha p.

6) JIoboe mpocToe 4yuca0, Doablee 5, MOMKET 3aKAHUMBATHCA TOJBKO mudpamu
1,3, 7,9.

B) JIroGoe npocroe uucao, dDonbmiee 2, NPH JeJeHMH Ha 4 MOIKET HMeTh OCTATOK JIM6O
1, mudo 3.

165 JIOKa}KHTe, YUTO BBICKA3bIBAHHE JIOJKHO, H noc*rpoﬁ're €r'0 OTpHIIaHHEe:

a) Yucao 11 aBagercsa COCTABHBIM YHCJIOM.

0) Yucno 28 aBiaAeTca MPOCTHIM YHCIOM.

B) YUucsaa 16 u 28 B3auMHO IIpOCTEHIE.

r) Cymma 207 090 + 120 513 + 8029 xparnHa 9.

n) Ilponssenenue 137 986 - 10 510 penurca mHa 25.

e
e) Ilpoussenenune 43 725 - 102 705 He KpaTHO 9. ?
sx) Ipoussenenue 376 415 - 927 382 ne xkparso 10.
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169

168

56

HaiigaTe MOAYJIb KaMKAOT0 M3 YVKA3aHHBIX YHCEJI:

a) 12; B) —38; n) 0,58; ) a, ecau a < 0; u) %%c, ecau ¢ > 0;

: _aql. _99. _ . _
6) 0; r) =355 e) 101’ 3) — b, ectu b > 0; k) —1,5x, ecau x < 0.
HaiiguTe BeJIMYHHEY OTHOIIEHMI:
a) 4 xr : 250 r; r) 5 muH : 6 c; s) 3 ra 50 a : 14 000 Mm%
6) 1,2 kM : 8 m; ) 10 p. : 5 xom.; 3) 5000 mm? : 4 gm?;
B) 2 am? : 0,5 Mm% e) 7Ta: 25 Mm% u) lem®: 1 m.

Pemrure 3agauy:

a) Tpu u3BecTHBIX (paHmysckux xopoius, Kapa V Myapsrii, @paanuck I 1 «koposs
conune» Jlrogosux X1V, npasunn @parnueii B obmieii caoxkuocern 120 ser. [Ipu aTom
KOJIAYECTBO JeT UX IPaBJIeHUS OTHOCHUTCA COOTBeTCTBeHHO Kak 2 : 4 : 9. CroibKo JieT
IIPABUJ KAXXIBIA M3 VKA3aHHLIX KOpOoJeii?

6) lllects paboumx — MaJiAp, OTAEJOYHHK, ILIOTHHUK, CTEKOJNBIINK, 3JIEKTPHUK, IITV-
KaTyp — DOJYYHJIH 3a BBIIOJHEHHbIH peMoHT KBapTupsl 48 600 p. Kak um Hazo pas-
JIeJTATh 3apabdoTaHHBIE NEeHBI'H, eCJIM OHH pafoTaly OAMHAKOBOE BPEMSA M MX YaCOBBIE
CTaBKH ONJIAThI HPUBEJEHBI B TabJaHuIe:

maasap — 120 p./q orpesouHuK — 180 p./u naoTHUK — 225 p./u

CTEKONBINUK — 240 p./u anekTpuk — 300 p./u mrykatyp —150 p./q

B) B mome 5 xBaprup. B kapTupe N 1 ;xuByT 3 uenosexa, B
Ne 2 — 2 yesroBeka, B Ne 3 — 6 wenosek, B Ne 4 — 5 yesnoBek, a B
Ne 5 — 4 yenoBera. Tapud e;xeMeCAYHOro ILJIATEHKA 38 TOPAUYIO
BOJY YCTAHOBJIEH OJAMHAKOBBIM J[IJIA KaKJ0Oro IPOKHBAOIIErO
B aToM goMe. Paccumraiite cyMMbI, KOTOpPBIE JMOJIYKHBI 3ailjia-
TUThb 32 I'OPAYYIO BOAY 34 HIOHBb BCE KUTEJH 3TOr0 A0MA, €CJIH
M3BECTHO, YTO CeMbsi W3 KBapTHpbl Ne 5 sammarmiaa 1124 p.

Hoxkaxure:
a) [IBa mocjiefOBATENBHBIX HATYPAJIBHEIX YHCIA ABJIAIOTCA B3AMMHO IIPOCTHIMH.
6) JIra mocyieoBaTENbHBIX HEUETHBIX UHCJIA ABIAIOTCA B3AUMHO ITPOCTHIMH.

Pemmure samauy:

a) Kommasausi pagmecTnjia cBOM cBOGOIHLIe XeHbrH B cymMMe 1800 Thic. p. B OaHK Ha
JBa nenos3ura. 110 oJHOMY Jeno3HUTy JOXOZHOCTH cocrasjiser 6% B rox, a mo Apyro-
my — 10% B roz. 3a rox mo o60oHM JeNO3UTAM MMOJVYEH OJUHAKOBBIA moxon. Kaxkyio
CyMMy KoMOaHus nonoxkmiaa mog 10% romoBeixX, a Kakyio — mox 6% ?

6) B rakyio cymmy npesparurcsa Bxyaz B 10 000 p. uepes 3 ropa, ecau 6aHK Havyuc-
JAAeT NPOUEHTHBLIN noxoa B pasmepe 8% romoBbix?

B) Kakasa cymma ObLia monmoxkeHa B GaHK 1moj 5% TIOZOBBIX, €CJIM Yepe3d 2 roja BKJal
coctaBua 55 125 p.?

r) Ilox raroii rogoeoii nponenT 6K pasmemiessl B 6arke 2000 p., ecau nNponeHTHLIA
poxoxn 3a 2 roga cocrasua 420 p.?
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171 Kakwue ua CJHEOYIOIINX YHCceJ ABJAKTCA IPOCTBIMH:

a) roj posKJeHHUs Balleil MaMbl; B) I€Hb BAILIEr'0 POMKJIEHHU;
6) rox poskpeHusA Baulei 0adyIIKu; r) HOMep Ballleil KBaPTUPHI?

Onpeﬂenn-re, MIPOCTEIMH HMJIH COCTABHBIMM ABJIAKTCA CJAelYVIOIIHe Yucia:

a) 83; 0) 87; B) 91; r) 107; n) 173; e) 177.
Haiinure nmepBoe IpoOCTOe YKUCJIO, CIEAYIOINIEe 38 YUCIOM:

a) 80; 6) 100; B) 115; r) 140.

Haitaure npocrele yucna, Jexamye Mex/aIy YHcCIaMu a U b:

a) a = 180, b = 190; 6) a = 160, b = 170.

3anumuTe B KAHOHMYECKOM BHJE PA3JIOYKEHUe YUCes Ha IIPOCThIe MHOMKHUTEJIH:
a) 3276; 6) 65 520; B) 108 000; r) 266 112.

Hokakure, 4To:;

a) JIroboe nmpocroe uucao, Gonpmee 3, npu geneHHH Ha 6 Mosker mMeTh aubO ocTa-
ToK 1, 160 ocTaTok 5.

6) Eciii pasHOCTH M INpOU3BEJeHHUe ABYX YHCeN JeJATCA Ha IIPOCTOe YUCIO P, TO Kar-
JA0€ M3 9THX YHCeJ JeJUTCH Ha p.

Haiigure MOAYJIb KA goro U3 YKa3aHHBIX YHCeJI:

a) 31; 0) —15; B) 0; r) —3a, ecau a > 0; ) —z%b, ecau b < 0,
Haliznre BeJJMUHHY OTHOINEHMIA:

a) 71 : 50 Kr; B) 36 u : 18 MuH; o) 5 m®: 16 cn?;

6) 5,6 kM : 70 cM; r) 17 a : b am?; e) 14 n : 28 cm?®,

Pemure 3agauy:

a) Arron ¢ Kcomell y3aHaAIM v CBOMX POAMATENEeH HOBBLIM PeHenT «HOBOIOAHUX IIOHUM-
KoB» (cM. Tabauny). OHH IDpOBeJNM MapKeTHHIOBOE HMCCIEZOBAHWE W BHIACHMJIM, YTO
CMOIYT NPOAATH 38 HOBOroAHWe mpasgauku 1593 Kr roroBeIX MOHYMKOB. B Kaxom
o0beMe UM HAZ0 3aKYIIUTH KaKABIA M3 NPOAYKTOB, HEOOXOAHUMBIX IJIA U3rOTOBJIECHUA
HY’KHOTO KOJIMYeCTBA IIOHYHKOB, €CJIM BeC TOTOBOr0O MpOoAyKTa cocraBiaser 90% or
Beca BCEX HCII0Jb30BAHHBIX MHIPEIHEeHTOB?

Hitna |Caxapnasa

Hm‘pemlen’_r Myxka Caxap | Momoko | dposxkn | Haom Opexu sobursie*| myape

Komwsecrso 25 3 20 1 5 2 2 1
yacrei

* U3 1 mesnoro sifina nosygaercs 1 gacTh B3OMTHIX SAUIIL.

6) [l M3roTOBJIEHHUS HOBOT'OJHEro 3aKasa MoHUYMKOB AHTOoHY ¢ Kcrowmeii norpe6osa-
JIoCh HAHATH AOIOJHUTENBHO Ha pabory med-mnoBapa, moBapa U MOMOIIHUKA ITOBapa.
Obmas onnara 3a cAeJaHHYI0 MMHU pabory cocrasmia 3575 p. Oknaasl med-nosapa,
IoBapa M NOMOIHHUKA IoBapa oTHocsiTed kKaxk 3 : 2 : 0,5. Kaxyio sapniary moxHbI
damnatuTh AHTOH ¢ Kciomeil KaM0My U3 HOBBIX COTPYAHHKOB?
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ISOI Beruncaure. HaifiinTe 9acTHOE B OCTATOK OT JeJEHUA IOJYIEHHOTO peayjbTaTa Ha 7:

5932 - 6001 — 69 % (- 0.3 (‘%) - 0,08 : (-0,2)

6001 - 5931 + 5932 N7 '
21 7

sfe

181 a) IlaTe mocienoBaTeIbLHLIX HATYPAJIBLHBEIX yucen 24, 25, 26, 27, 28 asiaaiorcsa
COCTABHBIMH ¥ JIXKAT MEXKAY ABYMA OpocTeIMM umeaamu 23 u 29. Haiimure
IeBATH I10CJIE/JOBATEIbHBIX COCTABHBIX YHCEJ.

0) Haiigure TpHHAADATE MOCIEHOBATENbHEIX COCTABHBIX UHCEJ.

3. JleieHne ¢ OCTAaTKOM

Yapyowas kpacoma meopuu wucen npudaia apupmemuice
my eéoauteCry0 nperecms, Komopas céerana ee n06UMOL
HAYKOU 8eNUHAUULUX 20MemPO8.

Kapa @pugpux Tayce (1777-1855),
HEeMeOKHI MaTeMaTHK B QH3HUK

PesysbraTr geseHHus OJHOIO HATYDPAJLHOTO YHCJA HA APYroe He BCErga OyaeT YHCIoOM
nHatypaibHbiM. IToneiTka paspenuTth, Hanpumep, uuciao 564 Ha 20 Ha MHOMKecTBe Ha-
TYpPAJBHBIX YHCE] IIOKA3bIBAET, YTO HEJbh3A HAUTU TAKOE HATYPAJBHOE UHCIO ¢, YTOOHI
¢ - 20 = 564. IlosToMy i HATYPAJbHBIX YHCEJ HAPAAY C AeMCTBHEM AeJIeHUA paccMaTpH-
BaioT 1 Oojiee o01ee JeHCTBHE, KOTOPOE BCET[a BBIIIOJHHMO. JTO AeMCTBHE HAa3LIBAIOT Je-
JeHueM ¢ octaTkom. Jlagmm ompejejieHHe 3TOr0 AeMCTBHA IJIA HATYPAJIbHBIX duces a u b.

Onpedenenue. Pazdenumev wucio a Ha uwucao b ¢ ocmamrxom 3HAYUT NPEACTABUTH
YHUCJIO a4 B BUJE
a=bc+r,rner<b(a,beN;c, rehNy.
IIpu 5TOM YHCIIO ¢ HA3LIBAIOT HENOJHbLM YACMHbLM, 8 YUCIO I' — OCAMKOM OT Hese-
HuA a Ha b. 3xech U ganee N, — MHOXKeCTBO HaTypanbHBIX yucen u 0.
Taxum o0pasom, MBI MOXKeM pasjeauTth uucao 564 zma 20 ¢ ocrarkom, HmpeacTaBUB
€ro B BHJE:
564 = 20 - 28 + 4, rme 4 < 20 (4, 20 € N)).
OpHako, MOJYYHUB AAaHHOE MPEACTABICHHE, ECTECTBEHHBIM 00Da3oM BCTAIOT BONPOCHI:
1. JIro60e 1 HATYPAJIBLHOE YHMCJIO0 MOYKHO NPEACTABHTL B YKA3AHHOM BHZe?
2. Moxer i ObITH HECKOJBKO TAKHX NPEACTABICHHH JJIs OAHOTO H TOTO e unucyaa?
OTrBeT Ha 9TH BOIIPOCH AAE€T CJIEAYIOLIaa TeopeMa.

Teopema o peaumoctn. [asi M0GBIX HATYPAIBHBIX YHCEJ @ ¥ b CYHIECTBYET €JMHCT-
BeHHa#A Iapa 4yuces ¢ U r u3 MHOokecrBa N, Takas, uro a = be + r,rae r < b.

©O© Hoxazamenvcmao:

1. Cywecmeoéanue.

ByzeM BBIIHCHIBATH HOAPAJ CIAEAYIONIHAE YHCIa:

a,a-b,a-b-2,a-b-3,..,a—-b-n,..(n eN)
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BeimucaHHEIe TAKAM 00pA30M UYHcIa 06pas3yioT NOCHe 0BATeILHOCTD LeJIbIX YHCel, KasKioe
U3 KOTOPEIX, KPOME TIEePBOro, Ha b MeHbINe MpeAbIAYIIEero.

b b b
a—-bn 0 a-bec a—-b>b a

IMocenoBaTeIbHO BHIYMTAA U3 HATYPAJBHOIO YUCJa @ HaTypajabHOe umcio bn (n =1, 2,
3, ...), Mbl IOJIVYHUM B HEKOTOPBIH MOMEHT OTPHIATEJIbHOE YHCJIO.

BmecTe ¢ TeM B JJAHHO# IOCJI€J0BATENBHOCTH UMEeTCA XOTA OBl OHO HEOTPHILATEIbHOE
yucno (Hanpumep, yucio a > 0).

IIycTs HaMMeHbBIIee U3 NOAYYMBIIMXCHA HEOTPHIATEbHBIX YHCE] paBHO a — be, rie ¢ €N,
ObosHayuM ero r:

a—bc=r(reN).
M3 1aHHOTO PAaBEHCTBA CJIEAYET, YTO YUCJIO @ MOXeT OBITh IIpeJcTaBjIeHo B Buje a = be + r,

rae ¢, r € N,. Ilokaxkem Teneps, 4ro r < b.
Jlist aTOrO MPEeANOJ0KHUM IPOTHBHOE, UTO I > b, ¥ BBINOJHHUM IpeodpasoBaHHUA:

rzber-b20sa-be-b20a-bc+1)=20.

MbI TOJYYHIH HEOTpHIaTeabHoe yneiao a — b(c + 1) Buga a — bn (n € N), KoTopoe MeHb"
e yucsaa a — be. Ho 9T0 IPOTHBOPEYHT HAIIEMY BBHIOOPY HaMMeHBIIEro HeOTPHIATE]IbHOI'O
gucaa a — be. CinefosarenbHO, HAIE IPEANOIOKeHNe HEBepHO U 7 < b,

Urak, npexcraBnerue @ = bc + r, rge r < b (¢, r € N,), CylmecTByeT, ¥ BO3MOXHOCTb
JleJIeHWs ¢ OCTATKOM JIFOOBIX HATYPAJBHBIX 4YHCeJ a U b JoKasaHa.

2. Eduncmeennocms.

IIpoBeseM NOKA3aTEJLCTBO METOJAOM OT HOPOTHBHOro. IIpeArnoJsosxuM, 4TO CYIIECTBYIOT
JBe pasNIWyYHbIe Iaphl YUCeX C,, I', U C,, T, (¢,, I, €, T, € N ), TaKHe, YTO

a=bc, +r,rper, <b,
a=bc,+r,rner,<b.
IIycTe ass onpejeieHHOCTH I’ < T
BrluTeM M3 MEpPBOro PaBEHCTBA BTOPOE, IMOJIYUHM
O0=bc,+r,—bc,-r,0=0>b(c,—c)—(r,—r)(r,-r)=blc, —c,)

PacemoTrpuMm TpH coaydas.

I cnyuaii: ¢, — ¢, <0

B 3ToM cilyuae paBeHCTBO HEBO3MOXKHO, TAK KAK IOJNYY4aeTCHd, YTO HEOTPUIATENbHOe YUCIIO
(r, — r,) paBHO MPOM3BEJEHHUIO NOJOKUTEIHHOIO U OTPHLATEILHOTO YUCIA.

I cnyqait: ¢, — ¢, =0

B aTOM ciyuae paBeHCTBO BO3MOXKHO, Toabko ecmu 7, — r, = 0. Torma ¢, =¢c,ur, =r.
A 3TO IPOTUBOPEUHUT CHAELJIAHHOMY IIPEAIIOJIOMEHUIO.

111 te,—¢, >0

Tak kak ¢, —¢,>0u b # 0, To r, — I, He MOMeT 65iTH paBHO 0.

Torna pasencrso (r, — r,) = b(c, — ¢,) o3nauaer, uro (r, — r,) gexurcs Ha b. Tax kak r, < b,
TO r, — r, < b. A 3HAUHUT, JeNMMOe MeHbILIe JeJHUTeJNs, UTO HeBO3MOMKHO Ha MHOXecTBe N.

CrenaHHOe HAMU IIPEAIIOJNIOMKEHHE BO BCeX CAYUAAX IPUBEJIO HAC K IIPOTUBOPEYHIO. 3HA-

YUT, OHO HEBEPHO W MBI JOKA3AIH €IUHCTBEHHOCTE IIPEACTABJIEHUS HATYPAJILHOTO YHCIA d B
Buge a =bc+ r,rper <b(beN,c,reN,).
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Taxum 00pasoM, HAMH AOKa3aHO CYLIeCTBOBAHME M €JHHCTBEHHOCTE JeJeHHA C OCTaT-
KOM Ha MHOKeCTBe HATypaJIbHBIX YHCeJll. v

Teneph, HCXO04dA M3 HAIEer'o OmblTa, IIOCTPOHM AJIOPHTM AeJIEHHsA C OCTaAaTHKOM.

PaccMOTpHUM OpOCTEHIIMI cayJyal AeJIeHus ¢ OCTATKOM, HalpuMep, yucia 7 Ha 2. [usa
TOro 4To0BbI HAWTH YaCTHOE U OCTATOK, HAM, BO-IEPBBIX, HAfl0 HANTH HauboJbllee YUCIO,
KpaTHOe 2 ¥ He mpeBbimarmee 7 (ducjao 6), s3arem HailTh HenoJHoe YacTHoe (6 : 2 = 3),
II0CJIe ATOTO HaZ0 HaliTH ocraTok (7 — 6 = 1). IIpoBepuM Teneps, YTO JeJieHUE BBIIOJTHEHO
Bepuo (2 - 3 + 1 = 7), U, HaKOHell, 3anumeM otBeT (7 = 2 - 3 + 1).

0 1 2 3 4 5 6 7

ANTropHUTM JeJIeHHSI ¢ OCTATKOM HATYPAJBHOIO YHCJIA @ Ha b

1. Haiitu HauGonblllee HATypaJdbHOE YHCJIO0 k, KpaTHOe HeJuTeNr0 b u He mpe-
BBIILIAOIIEE JEeJTUMOTO @.

2. Paspenuts k Ha nexurtenb b, B oTBeTe — HeNOJHOe 4acTHoe ¢ (¢ € N).

3. Beiuecrs k us genmmoro a, B orBere — ocraTok r (0 < r < b).

4. Cpenarhk HPOBEPKY ¢ DOMOIIBI OPMYNIBI AeJeHUA ¢ ocTaTtkoM (a = be + r,
rme 0 < r < b).

5. 3anmucaTs OTBET.

@ 182' SanunmTe VTBEPHACHHAA Ha MaATeMaTHYeCKOM H3BIKEe C IIOMOIOBIH) KBAHTOPOB

obmHOCTH (V) 1 cymectBoBaHUA (J). JoKamkuTe NJaHHBIE YTBEDIKACHUA.

a) MoskHO HallTH HATYpaJNbHOE YHCI0, KOTODPOE NeTuTcA Ha 3.

6) HeueTHble uyncia IpH JeJeHHH HA 2 NalOT OCTATOK 1.

B) UMmeerca HaTypalbHOE UHCJO, KOTOPOe IpH AeleHHH Ha 24 maeT ocTATOK 7.

r) Her marypanbHBIX uynces, KOTOpbIe Ipu AejeHun Ha 38 maioT ocraTok 45.

) Bece HarypasibHBIE gucesa, Aesasdinuecd Ha 78, maroT npu gesneHud Ha 78 ocrarok 0.
e) EcTb mpocThie umcsia, KOTOPhIE MPH AeJeHUH HA 2 ZAl0T OCTAaTOK 1.

&) EcTh mpocThie umnciia, KOTOPBIE AENATCA HA 2.

183' OrMeTsTe HAa YHCJIOBOM NPAMOMA YeThIPE HATYPAJbHBIX YHCJIA, KOTODHIE:

a) IpH JeJIeHHH Ha 2 JarT OCTATOK 1;
0) npu mejeHuu HA 4 AAKOT OCTATOK 2;
B) npu gesieHuH Ha 6 gaioT ocTaTok 4;
r) opu gejieHuH Ha 3 gaioT ocratok 0.

Yro B 3ameyaere? ChopMyIHpyiiTe U JOKA*KHUTE CBOI THIIOTE3Y.

184} 3anonuure crexyomyio tabmuny:

60

Jeaumoe 56 111 175 175 530 697
Jeaurens 9 7 8

Henoiioe yacruoe 10 25 31 98
Ocratox ' 0 0 5 11

Beerja nu 970 MOMKHO caenath? Beerjga nuM oTBeT OYZET OJHOZHAYHEIM?
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185)

186|

187

188

BribepuTte u3 MHOXKeCTBA A 4HC/a, PABHbBIE HENOJIHOMY YacCTHOMY M OCTaTKy OT Je-
JIeHUs a Ha b:

A=1{1,2, 3,517,911, 12, 14, 19, 23, 28, 31, 35}
a)a = 32, b = 6; B)a =95,b=8; n) a= 127, b = 46;
6) a="T8,b=15; ra=113, b = 9; e)a =241, b = 17.

Cpeau HaTypaJbHBIX yuces, Ooabmux 10, HalUTe HaMMeHbIIee HATYPAJbHOE YHCIO0!
a) pawmiee ocTaToK 1 IpH AesieHUH Ha 2;
0) maromiee ocTaTOK 3 IPH JAejieHHH Ha 13;
B) Jalollee OCTATOK 8 mpu AesjeHHH Ha 17;
r) gampoimee octaTok 12 npm gemenun Ha 26.

Ina mwobdoro n € N onpenennre, 4eMy paBeH
OCTATOK OT JeJIeHWUd:

a) Tn + 3 Ha T; B) 10n + 6 Ha 5;
0) 12n + 2 ua 2; r) 16n + 8 ua 4.

HeROTODOG HaTypaJibHOE YHUCJI0 a pasgejJuJud ¢ OCTATKOM Ha HEeKOTOpOe HaTypaJbHOe
ypcao b, Kak usMeHHuTCS HENOJHOe YACTHOe M OCTATOK, eCJIH H AeJIEHMOe, H JeJINTeJIb:

a) yBeJIMYHATHL B 2 pasa; 0) yBeJIMYHTEL B 5 pas; B) yBeanuuTh B k pas (k €N)?

Yro Bel 3amevaere? A uro OyAeT NPOMCXOJUTH MPU 3TOM ¢ HENOJHLIM dacTHeIM? Jlo-
Ka)XHTe COOTBETCTBYIOIIEe CBOMCTBO.

Jorga:xure:

a) Ecou BaTypajibHOE YHCJIO AeJUTcs HA 4, TO OHO He MOXKeT IpU JejeHHH Ha 16
JIaBaTh OCTATOK .

6) Ecain HaTypaibHOe YHCJIO IpH AeeHnHd Ha 18 naer ocraTok 6, To OHO He pesurcs Ha 9.
B) Ecim marypanbHOe umeso genurcs HA 7, TO IPH JAelNeHMH HAa 14 OHO He MOKeT
JaBaTh ocTaTok 9.

r) Ecsim matypanbHOe uncesao npu geinesnn Ha 60 paer ocraroxk 19, To oHO He aenuTcH
Ha 12.

190} Onpenennre, Kaxue U3 yKasaHHBIX BeJMYHH CBA3AHBI TIPAMOI NPONOPIHOHATb-
HOH 3aBUCHMOCTBIO, & KaKHWe — 00paTHOM:

a) Macca KyIJIEHHOIO TOBapa M €ro CTOMMOCTb IPH IOCTOSHHOM IleHe.

0) KonmuecTBo eqMHHI, IIPOJaHHOIO TOBAPA H €ro [eHa IPH IOCTOAHHOU BBIPYYKE.
B) CkopocTh moe3za M NpoiIeHHOe UM PACCTOSAHHE IPH IIOCTOSHHOM BPEMEHH.

r) CKopocTh B BpeMs, 3aTpadnBaeMoe HA IPOXO0YKAEHHE OZHOIO M TOrO Ke IIYTH.
n) HnuHa npAMOYTrONbHHAKA M €ro IJIOINajAb NPU HEeM3MeHHOH LIMpUHE.

e) Obmuit ¢poux sapaboTHOH IiaTel pabouyuX ¢ OJMHAKOBEIM HOCTOSHHBIM OKJIAZOM M
KOJIMYEeCTBO 3THX paboumx.

:x) IIpomsBoauTENBLHOCTE TPYAA M BpeMsi, 3aTPAYMBAEMOE HA BBHINOJHEHHE OJHON M
TOH ke paboTEI.

3) CKopocTs ¥ BpeMs HAIOJHEHUS OJHOTO M TOTo e OacceiiHa.
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1182

62

191|I IIpy KaKKUX 3HAYEHMUAX NMEePEMEHHEIX JaHHBLIE BhIPAXKEHUs MMEIOT CMbICJA? YIIPOCTHTE

VX [PH JONYCTHMBIX 3HAUEHUAX MEepPeMeHHbIX.
a)—ab: (—b); B) (nx — ny) : n; n) (ax — bx — cx) : x;
6) Tn-(—9m):(—21n); 1)(cx —¢):(x—1); e) (am — bm) : (a — b).
Pemnre ypaBHEHUe:

a) 6(5y — 30) = 5(y - 1);
6)(3z2+2):4=(z-1):3;

B)(bx +4):3 -2 =0,5(3x — T);
r(im-2):2-0,8m+ 3)+6 =1,5(m + 2).

a) XyI0oXHUK HAPHUCOBAJ M3BECTHBIE MMPAMU/bBI, COXPAHHWB uX nponopouu. Tak, co-
BPeMEHHYIO NHPaMHuIy, Haxoadyooca Bo @pannun y Bxosa B JIyBp, BeIcOTa KOTOPOH
pasHa 21,7 M, oH n306pasua nupamMuaou BeicoToi 2 aM. Beicora nupamuzs! Ilectus,
Haxogameicsa B PuMe, Ha ero pucyHKe moayuuniack papHoil 3,3 am. Beicora kpynHeii-
meit B Mexcure nupamuasl Yonyna — 7,1 aM, a M3BEeCTHOH €rUNETCKON MHPAMUILI
Xeomnca — 12,8 am. Onpegenure MacmTad pUCYHKA XYTOMHUKA W PEAJLHYIO BBICOTY
HapHMCOBaHHBIX XYAOXHHKOM IIHpaAMHJ C TOUHOCTBIO J0 €I[HHHII METpAa.

6) Kakoii 6b11a 661 ¢ TOYHOCTBIO 0 AECATHIX MeTpa BeIcoTa ropsl Kasfex Ha puCyHKe
XYIOKHAKA U3 IMYHKTa a), ec/iu ee peajbHas BbicoTa paBHa 5034 mM?

B) IIpAMOYronbHEIH yuacTOK 3eMJIH M300paskeH Ha IJIaHe, BHINOJHEHHOM B MaciuTabe
1:5000. Yemy paBHa peanbHad IJIOIM[AAbL 3TOTO YYACTKA, €CJIHM DOJbIIASA CTOPOHA IPHA-

3
MOYTOJIbHHKA paBHaA Ha miaHe 7,5 ¢M, a MEHbIIAA COCTABIAET 5 OT boapmreit?
r) IIpaMOyroaBHBIM yYacTOK 3eMJiH, IJIOI[ajgh KoTtoporo paBHa 2700 wm?, msobpaken
3 o
Ha maHe. M3BeCcTHO, UTO MEHBIIAA CTOPOHA IPAMOYTLOJbHHKA PaBHA 1 GosbIuei, a

GospInas paBHa Ha nJiaHe 5 ¢cM. YeMy paBeH maciuTad ZaHHOrO IIaHa?

a) Hua skcmeguuuy Ha CeBepHBIH moJioc 6bLJI cleIaH
sanac npopososbeTBua Ha 90 gHelt U3 pacuera Ha yeso-
BeKa B ZeHb 1 Kr npogoeoabcreua. OgHAKO OpH TpaHc-

1
mOPTHPOBKe & 3amaca Opl1a memopueHa. Ha cKoJIBKO
JHEH XBATHUT OCTABIIEr0CH 3amaca IPOZOBOJILCTBHUSA, €CJIH
3
KOJIMYECTBO NOJAPHUKOB YMEHbIINTCA Ha g OT NepBOHA-

YaJbHOTO COCTABA SKCIEAHUIUH, 4 €KeJHEeBHAA NOPIHA

yeeauunrca Ha 200 r?

0) B TeuyeHue anpenas ekelHeBHO ropenm 8 sammnodex mo 6 uacos. 3a 3ToT MecsAln 3a
aseKTposHepruio sanaatuau 864 p. Ilpeanmonaras, 4ro Kazkjgad JaMIO4YKa TPATHT
OIMHAKOBOE KOJUYECTBO 9JIEKTPOSHEPIHH B 4ac, paccyHTaiiTe, B TeUeHHEe CKOJBKHX
JHeH B TOM ke nmoMenjeHuy ropean 10 jammoyek mo 7 4acoB B CYTKH, €CJAH CTOMMOCTD
BIEKTPOPHEPruy He U3MeHWJach U ObuIo 3amnadeno 1050 p.
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195} BamummuTe yrBepsKACHUA HA MATEMATHYECKOM SI3HIKE C IIOMOIIBIO KBAHTODOB
obmroctu (V) n cymecrroBanus (). Joxkaxkure HaHHEBIE YTBEPHACHUA.

a) Hexoropble HaTypajdbHbIe YHUCJIA YETHBIE.

6) Bce HarypasibHBIE YHcaa, Aeasnipecs Ha 9, nensarca Ha 3.

B) Hekoropele HATYpaJbHBIE YHCa, AeJslluecsd Ha 3, genasdTcd Ha 9.

r) OcraTok mpu JeJleHHH HATYDPAJIbLHOrO Yuciaa Ha 2 paseH Jjubo 0, nubo 1.

OTMeThbTe Ha YHCJIOBOM IIPSAMOIl YeThipe HATYPAaJbHBIX UHCJA, KOTOPHIE:
a) npH JeJieHWHW Ha 5 HaloT ocraTok 3; 0) npu genenuu Ha 9 paior ocraTox 6.
B uem 0co0eHHOCTH HX PaCIIOJIOXKEHU?

Cpeaun HaTYpaabHBIX Yucesa, boapiux 20, HAANTe HAEMeHbIIee HATYPAJILHOE YHCJIIO,
KOTOpoe: a) npu gejeHun Ha 12 naer ocraTok 8; 0) npu geneHun Ha 31 maer ocraTok 3.

Hns mowboro m € N onpegesnTe, 4eMy paBeH OCTATOK OT AEJICHUA:
a) 15 m + 4 1a 15; 6) 28m + 12 na 4; B) 9m + 4 Ha 3; r) 18m + 9 Ha 3.

Jokraxkure:

a) Ecam matrypaibHOe YHMCJIO AENHUTCHA HA 7, TO OHO HEe MOMKeT NIpH JeJeHUH Ha 28
JaBaTh OCTATOK 9.

6) Ecin HaTypasibHOe YHCIIO0 IpH geenny Ha 64 naer ocraTox 31, To OHO He JesuTes Ha 8.

HDH KaKHX JHaA4YeHHAX IIepeMeHHBIX JaHHbl€ BBIDAKEeHHA HMET CMBICT? YI'I[JOCTHTE
HX IOPH AOINYCTHMBIX 3HAUYEHHAX NepeMeHHEBIX.

a) = 4eda : (- 32c¢d); 6) (ax — ay) : (ax); B) (xm — ym) : (nx — ny).
Peminte ypaBHEHUE:
a) 5(dy — 14) = T(y + 3); 6) 0,25(4x + 8) — (3x + 10) + T = 2,5(2x —~ 6).

Anrton 1 Kcioma B ¢Bsi3H ¢ pacIIHpeHHEM IPOH3BOACTBA 3AILIAHMPOBAJIHM aApeHI0BATh
HOBO€ IOMeIlleHHe AJA cBoeil kommanuu. Cpey MHOTHX IIpeIoKeHHIl OHM BhIOpann
ABa HamboJiee NMpHBJIeKaTeNbHLIX. [l1aH nepBoro moMeieHus OBLLI BEINOJHEH B Mac-
mrabe 1 : 500. UamepeHus noxkasanu, 4To HA ILUIaHE ILUIOHIAAL APEHJYEMOro momerrne-
HUs OPAMOYroJbHOM GopMbl paBHa 42 cm?, IlnaH BTOpOro nmoMenieHus OB BBINOJTHEH
B macmrabe 1 : 200, a ero momaas Ha naase — 250 cm?. CraBka apeHAHOM NJaTh 3a
neproe nomemniesue cocrasuiia 1000 p. B rog 3a 1 M2, a 3a Bropoe — 1200 p. B roa 3a
1 Mm% 3a Kakoe U3 ITHX IOMEINEHUH exeMecsAuYHas apeHAHAA IJIATA MeHbIe?

Axnron ¢ Kciomei pemuiu NpuHATL yyacTHe B BeicTaBKe «IIpozaskcnos». OpraHusaropsl
BBICTABKY COOOIIMJIM, YTO BBICTABKY €Xe/IHeBHO Oy/leT IOceliaTh OAUHAKOBOE KOJIHNYECT-
BO JIOJed. Y3HaB y OPraHU3aTOPOB BLICTABKH OKHIAeMOe e)XeJHEeBHOe KOJHUYEeCTBO
TIOCeTUTENIE ¥ 3Has, YTO BRICTABKA OyJeT npoxoauTh 5 AHell, AHToH ¢ Kcroimeil 3a-

1
Kynuin nogapku u3 pacdera 20 p. Ha dejoBeka B JeHb. OaHAKO 0 “acTk moAapKoB

OKasajiach McnopdeHa. Ha ckKoabKo nHe#t xBaTuT AHTOHY ¢ Kcoomreil 3akyIIeHHBIX
NOAAPKOB, €CJId OHU OYAYyT AapuUTh MOJapKH Ha cymMmy Ha 10 p. Gojabinyio, yeM ILia-

. 1
HHPOBaJH, H KOJHYECTBO IIOCETHTEJIeHM B JeHb 6}7}19"[‘ Ha 3 Oospinie OX{H,I[B.EMOI‘O?

rn

204 MosxHO nH HAWTH ABA HaTYpaJbHBIX YHCJIAa, CYMMAa H IIPOH3BEIeHNEe KOTOPhIX

HeueTHbI?
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4. Aaroputm EBkamna

64

Iopadok oceoboxcOaem Mmbicib.

Pene Jexapr (1596—-1650),
(pasny3CcKHAil MaTeMaTHK, dunocod u Gusux

Teopema 0 ZeIMMOCTH, JOKA3AHHAS B IPEALIAYINEM [IYHKTE, IOMOraeT He TOJILKO HAUTH
pesynbTaT AeJeHUA ¢ OCTATKOM OJHOI0O HATYDAJIBLHOI'O YHCJI4 HA Jpyroe, HO, HAIpHUMeD,
MO3KeT OLITE HCIOAL30BAHA NIPH PEIleHUH TAKOH 3aJaud, KaK HAXOMKJeHHe HanboJbIIero
001ero AEJIHTENA ABYX HATypaJbHBIX uyHces. Ho cHadajla BCIOMHHM HEKOTODBIE YiKe
13BECTHBIE HAM OIIPeAEJIeHHA.

Onpedenenue. Yucio ¢ HA3LIBAIOT 00wuMm Oesumeliem NBYX HATYPAJIbHBIX YHCEN 4 U
b, ec;iu OHO SRJSETCA JeJUTENeM M JJIfA a, u aas b.

MHoOsxecTBO OGIIUX NenuTesiedl yuces a U b ABIAETCS KOHEYHBIM, TAK KaK HU OLHH
13 00X JenuTeNeil He MOKeT ObITH 00JIbIe, UeM HAMMeHBIIee U3 unces a u b. 3gavur,
cpean OOINHUX JeJNHUTENeil IBYX HATYPANBLHBIX UHMCEJ BCErJa MOXKHO HAWTH HAWOOJBLINWMA.

Onpedenenue. Hauboupminii u3 001ux JesuTesell HaTypaJbHBIX YHUCceN] a B b Ha3bI-
BAIOT UX Haulorbwium obuium Oerumesem.

HauGosbminii 001mit geanrens uucesa a 1 b Oygem, Kak u pasee, obossadars HOJI (a; b).

Anarornuyno onpepneaserca HOJl Tpex u Gosiee HATYpaJbHBIX UHCE]I.

Yucao 0 geaurcd Ha J060oe HATYPAIBHOE YKC/0. I103TOMY JIOrMYHBIM paclIMpeHHeM
onpenenenus HOJl[ Ha cayuai#, Korga onHo u3 umcesa paBHo 0, ABaAeTcA cienyromniee
onpenesieHne.

Onpedenerue. HOJ (a; 0) = a (a € N).

Hawm usBecTeH TakKe CIEAYIOUINN arzopumm naxoxcdenuna HOJ] BaTypaIbHBIX YHCEI:

1. PasiokUTh Ka’kJoe YUCIO Ha IPOCThIe MHOMKHTEIH.

2. Haiitu Bce 06IIIHe MPOCTHIE MHOMHUTENN 3THX YHCEJ W 3allMCATH UX IIDOU3BEJEHUE.

Kax BB yiKe 3HaeTe, mponecc HaxoxaeHus HOJl mo maHHOMY ajJropuTMy MOKeT
OBITH OueHBb TpypoeMKuM. Ilonpobyem, HalpuMep, PEUIUTE TAKUM CIOCOGOM ClIeIyIONIyIo
3azaqy.

3amava. Hatitu Haubonpmui obuwmia gesurens yucea 71 004 u 154 452,

Pewenue:
71004 |2 154 452 | 2 71004 = 22-3-61-97
35 502 |2 77 226 | 2
17 751 |3 38 613 | 3 154 452 =2%2-3 - 61 - 211
5917 |61 12 871 | 61
97 | 97 211 | 211 HOII (71 004; 154 452) = 22-3 - 61 = 732
1 1

TakuMm 00pa3oM, YTOOBI PEIIATHL JAHHYIO 3aJa4y, HaM OoTpeGOBAJIOCh HE TOJLKO He-
JIATE MHOIO3HAYHBIE YHCJIa, HO H HCKATE HX IIPOCTHIE AEJHTE/IH B TeX Ciaydadx, Kormga
H3BECTHEIC HAM MNPH3HAKH JEJHMOCTH IPDHMEHHTH HEBO3MOMHO.
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Tak, urobsl HaliTu mpocroit gemurens 61 uncen 5917 u 154 452, Hago TPOBEPHTE,
4TO 3TH uMcaa He jgendarca Ha 17 mpoerwix umcen or 2 go 59. A 4To6B ZOKAa3aTh, 4TO
yucsio 211 — mpocroe, HaLO MIPOBEPUTH, YTO OHO HE AEJUTCHA HA BCE IPOCTBIE YHUCIA OT 2
no 13.

TpynoeMKoCTh peiieHHs 3aja4 TAKOro THNAa MoOyAHMJa MaTeMATHKOB K CO3JaHHIO
yupomasiero ajropurMa. Jlanueii axropurm Obl1 HA3BaH B YecTh EBKIANAA, KHABINEro
B III Bere mo Hamei spel, Xors cmocob Haxoxzenus HOJ[ ¢ moMoOIBI0 5TOr0 ajaropuTMa
OblJI M3BECTEH MATEMATHKAM Iopasjio paHbIIe.

Anzopumm Eexiuda OCHOBAH HA CIE[VIOMEM YTBEDKICHUH.
Teopema. Ecau a = be + r, To HOJI (a; b) = HOI (b; r).
Jorxasamenvemao:

Jlnsi nokasaTenbCTBA TEOPEMBl BBHICHHM, KAKHMH CBOMCTBAMH 006JajaiorT obmue je-
NUTeNH yncen a, b u uucen b, r.

1) [lokamem cHayaja, YTO BCAKHHA OOIMII /leJINTeNIb YHCENI @ B b ABIAETCA OJHOBpe-
MEHHO OeJHuTeJIeM 4Yuciia r.

ITycte d siBasiercsi obmuMm genuteneM a B b. 9TO 3HAYHT, YTO CYI[ECTBYIOT TaKHe
HaTypaJbHbIe yuciaa k u [, uro a = kd, b = [d.

IMojcrasum panHble BRIpakeHHA B QOPMYJIY ZieJieHHA a Ha b ¢ ocTaTKoM:

a=bct+rokd=Ildc+r<r==kd—-lde < r=dk - lc).

M3 nocyieHero paBeHCTBA 110 ONPeIeNeHUI0 JeJIMMOCTH CIe/{yeT, YTO YUCJIO0 d ABJIAEeTCH
JeaTeNieM YHCiAa I.

2) Teneps noKaeM, 4TO BCAKUI OOM[MAI JeHTENE: Uuces b U r siBIAsieTcAd OJHOBpe-
MEHHO JejiuTesleM JHucia d.

Ilycre g siBnsierca obmum genuresieM b u r. 3T0 3HAUHAT, YTO CYIIECTBYIOT TAKHE HA-
TypaJbHble YHcia m U 1, 910 b = mq, r = nq.

Kax u B mpegsigyiieM ciydae, MNOACTABMM JAHHBIE BBHIPAKEHHA B GOPMYNY JeJeHus
a Ha b ¢ ocrarkom:

a = mge + ng < a = g(me + n).

Ilocnennee paBeHCTBO O3HAYAET, YTO ¢ ABIAETCA TAKMKe AEHTENEM d.

Takum obpazom, MBI HOJNYYHIIH, YTO MHOKECTBO 00IuX AenuTtelieil a u b coBmajaer
¢ MHOXKecTBOM o0mux penmrened b m r. CremoBareibHO, COBIAZAET W UX HAUOOIBIITHI
obmuil AesnuTenb, 4TO U TpeboBasoch foKaszaTs. ¥

W3 noxasaHHOTO YTBEPXKAEHHUS CIEAYET, UTO BMECTO TOro, 4Tobel uckatrs HOJI uucen
a u b, moskHO Hexkath HOJl MeHbIIMX uncesr — b U r, Tle r — OCTATOK OT JeJeHus a Ha b.
IIpuyem npoienypy IMOMCKa MeHbIIHX uucena ¢ TeM ke HOJl MOXKHO IMPOXOJIKATEL Jajee.

1. llesium a Ha b ¢ ocTaTKOM a=bc+r,rger<=b
2. HenmuMm b Ha r ¢ OCTATKOM b=rc, +r,rner <r
3. Jlenum r Ha r, ¢ OCTATKOM r=rc,t+r,raer, <r,
4. [lemam r, Ha r, ¢ OCTATKOM ro=rec,tr,roer,<r,
U g
IMonyuyenuble OCTATKH T, '), I, ... — 9TO IieJible HEOTPULIATEJbHBIE YHCJIA, KOTOPHIe

OCJIEOBATEJIbHO YMEHBIIAKTCA:
b>r>r1>r2>._.>0.

2'/ . ~Terepcon, 7 kn. 4. 1
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W tak Kaxk 4HCIO HENbIX HeOoTpUIaATebHBIX YHCEeJ, MEHBIIIHX b, KOHeYHO, TO HA He-

KOTOPOM LIare OCTATOK OT JeJIeHHs I, Ha I, Oyjer paBeH HYJIIO:
W=l + 0.

a+l1 n+2

B cuiy n0Ka3aHHOM BhilTe TeopeMbl u ounpeneneans HOJII:

HOJI (a; b) = HOX (b; r) = HON (r; r) = HOX (r;; 1) = ... = HON (r, .5 0) =71, .
3mauyur, HOJl unces a u b paseH mnociie[HeMYy HeHYJIEBOMY OCTATKY B yKasaHHOM
HenouKe JAeJIeHuH.

IlocMOTpHM, KaK NOJY4YeHHBIH BBIBOJ MOKeT [IOMOYb, HAIPAMED, B HAXOXKIeHUH
HOJT uncen 71 004 u 154 452, 0 KOTOPBIX MNOBOPHJIOCH BEHIIIE. BEHIMOJHUM JleJieHHe ¢ Oc-
TATKOM CHAYaja JAHHBIX YHCEJ, 4 3aTeM IIOCJIef0BATEJbHO — AeJATE]IeH W MOJyIeHHbBIX
OCTATKOB:

154 452 =71 004 - 2 + 12 444,

71 004 = 12 444 - 5 + 8784,

12 444 = 8784 - 1 + 3660,

8784 = 3660 - 2 + 1464,

3660 = 1464 - 2 + 732,

1464 = 732 -2 + 0.

Suaunt, HOJII (71 004; 154 452) = 732.

IlorarHo, uTo KaHHBIHA cnocod noucka HOJL apiaaercsa MeHee TPYAOEMKHM, BeJlb 3[eCh
AJA TONy4YeHHs OTBETA ONepanui0 AelieHHA HOTpeboBaJioch BHINOJIHHTH Bcero 6 pas, a
HMCHOJIL3YA NMPeMHUN aJrOPHTM, €€ HAJ0 BBIIOJHHTHL 51 pas.

3anuuieM Teneph aiaroputT™M EBkiamnga B BHAEe 0JI0K-CXEMBL.

Anropurm Erkauna
maxoxaennsa HOJI nByx BHatypanbHbix uucenx a u b (a > b)

| ITonoxkuTs A paBHLIM Q I

Y

. | Monomurs B pasusim b |

;
Iiaa,qenmcoc‘ramomAaaB: A=BC+R R<B |<—

Aa

HEeT

i [ IMonoxnts A paBabiM B ]

Y

| Tonoxurs B pasubim R |

¥
> HOJI (a; b) = B |
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_205' IpounTaiiTe yreepskaenua. [lokakuTe Wam ompoBeprauTe ux (a, b, ¢ € N

ua>b).
a)aicubic=(2a+ 3b):c B) a : b = HOI (a, b) = b;
6)alcubliec=(2a+ 3b)7c; r)(fa-b)/fc=>aicumbiec.
m Hatigure HOI uncen a u b Haubosee panHoHAIBLHLIM CIOCODOM:
a)a =6, b= 15; Bla=4,b=1T; nNa=2-3-5%4b=2%2-5-17T;
6) a = 39, b =390; r) a = 527, b = 528; e) a = 851, b = 943.
@ C nomompo aaroput™ma EBximaa maitaure HOJL umcen a u b:
a) a = 143, b = 247; B) @ = 451, b = 533; n) a =391, b = 867T;
0) a = 187, b = 319; r) a = 307, b = 945; e) a = 2581, b = 4005.
2__08] IIpepcraBbre APoOH B HECOKPATHMOM BHJIE:
@ @ CroabKO cpeA:d HATypadabHBIX uymuces oT 1 g0 50 BKIIOYHATENBHO TAKHX,
KOTOpHIE:
a) gensTcs Ha 9; T) nejadaTcHd HA 5, HO He AeaATcsa HA 9;
0) mensitcs Ha 5; I) nexAaTcs Ha 9, HO He gensATcA Ha 5;
B) nejsiTcA Ha 9 ¥ Ha 5; e) He fensaTcs HA Ha 9, HA Ha 57

210' Hajigure Bce AeMATeNN YHCJA @, KOTOPEIE KPaTHBEI YACHyY b:

a)a="T0,b=05; 6)a="72,b=12; B) a = 1026, b = 18.
211 Ha#gure uucna x U Yy, ecjid U3BECTHO, UTO:

a)x:y="7:3umHOJI (x, y) = 4; B)x:y=5:8m HOJ (x, y) = 12;

0)x:y=5:6u HOI (x, y) = T; r)x:y=11:7u HOL (x, y) = 21.

2] 2| a) Tpu mMarasmHa 3aKYIH/IA OJMHAKOBOE KOJIHAYECTBO DaHOK BapeHbs. [lepBhiid Marazmx
' Kynua 6aEku B ynakoBkax mo 60 mTyk, BTOpod — B ymakoBkax mo 70 mrTyk, a Tpe-
T — B ynakoBKax 0o 15 mTyk. CKoabK0o 0AHOK BapeHbA 3aKyIAJ Kay</Jblid MarasvH,
ecan o0Iiee KOJIAYECTBO KYIUIEHHEIX 0aHOK BapeHbsa ObuIo menbine 1500 mryx?

0) Jnmsa KoabmeBo# Oerosoi mopomkkm cragnona pasaa 400 m. Ilpm oprammsammm
acradeTsl TOYKY cTapTa M (HHHIIA PEIINJH Pa3sMECTHTH B OJHOM MeCcTe, a [IJIHHY
Kaaoro arana cjesath paBHod 150 m. Kakoit Oyaer MEEHMaNbHAA JJINHA JUCTAHIIAHA
acraderbl ¥ CKOJIBKO B 9TOM Cjy4ae B Heil Oyaer aTamos?

213} 3anumuTe ¢ MOMOIIBI0 MOAYJIA PACCTOSHHIE MEXKAY TOUKAMH YHCJIOBOH MPAMOIf ¢ KOOD-
JHHATaMH a A b. BbI'IHCJIHTe paccTosdHHe NIPHA VKA3aHHBIX 3HAYEHHUAX NepeMEeHHBIX:

a)a=3,b=25; B)a=-1,b=-2; A a=-8,b=4;
6)a=170=2; Na=-2b=-5; e)a=9,b=-5.

214} OrmersTe Ha uHCIOBOH MPAMON BCe 3HAUCHHA X, A KOTOPBIX:
a)|x|< 2 6)|x|>3; B)|x—-1]|>5; rN|x-2|<7.

215] Uspecrro, uTo TOukH A B B HMEIOT COOTBETCTBEHHO rooppuHaTe! (—2) u 16. Haiigure
KoOpAuHATY TOYKH C, eC/iM M3BECTHO, YTO:

a) AC = 2BC; 6) AC = 3BC; B) AC = 5BC; r) AC = 0,5BC.

21/ % 67



21 6I YHnpocTUTe BhIPAYKEHUE:

a) 17x — By + 2) + (52 — x) — (2x — 8y); ©6) 1,9¢ + 0,4b — (1,2a — 2,6b) — (0,8a — 1,1c¢);
B) 2(8x — 5) + 4(3x — T) — 3(9x — 11); r) 3,7a + 2(1,3a - 0,7b) — 4(-0,1b + 1,7a).

217

a) B nepsom m BTOpOM KBaprasax obyBHas ¢abpuxa nmpomana 768 Teic. map obysu,

8

IIPY 3TOM BO BTOPOM KBapraje 0bu10 npoaano Ha 156 Teic. nap ofyBu MeHbIe, YeM B
nepsoM. CKOJBKO nap o0yBH ObUIO NPOJAHO B KAMK/IOM M3 9THX KBaAPTAaJOB?

6) Pycckme napu Ilerp I u Usan I'posubiit Bmecre mapcersoBanu 80 ser, npu arom
ITerp I maxopmicsa Ha mapckom npecrosie Ha 6 ser gonbme. CKOJBKO JieT IpPaBUiI
CTPAHOM Ka)Jbli M3 3THUX Lapein?

218' C nomompo anropurma Esxymaa sadaure HOJL uncen a u b:

a) a = 5075, b = 22 127; 6) a = 16 027, b = 160 787.
3031 20 329

219' IIpexcraBbre ApoOL B HECOKPATHMOM BHJE: a) 173 200° 0) 583 503"

=

0f BanmmmTe ¢ TOMONIBIO MOAYJIA PACCTOAHIE MEXKAY TOYKAMH UMCJIOBOM NPAMO ¢ KOOp-

AMHATAMHA ¢ ¥ b. BeluMcanTe paccTosHMe TIPH YKA3aHHBIX 3HAYCHHAX IIePEMEHHbIX:

a)a="17,b= 25 6)a=-11, b = -9; B)a =15, b= 4.

22 ll Yupocrure BhIpaxceHue:

a) 4(x — 2y) — 2(3x + y) — (—x — By); 6) 3,2a — 3(-0,6a + 1,2b) + 1,5(0,4a — 1,6b).

a) Auton u Kcioma juisi Tpex (pMIHMAJIOB CBOEH INOHYHKOBOH KOMIIAHHM KYIIHIW OJHA-
HAKOBOE KOJIHYeCcTBO MyKH. B nepBoeiil ¢uaman MyKa nmocTynuja pacacoBaHHOM B
memku 1o 30 kr, Bo BTopoii — no 25 Kr, a B Tpertuid — no 35 kr. CKoibKo Myku AH-
ToH 1 Kcioma 3akynuim Juia Kamaoro ¢punnana, ecan odimee KOJIHMYECTBO KYIUJIEHHOM
MyKH ObLJIO MeHbIe 4 T?

6) Muma u Mapusa, apy3ss Anrosa ¥ Kciomm, pelruinm MHBECTHPOBATH B HX IIOH-
YHUKOBYI0O KOMIaHU0 158 TeiC. p., Ipu 9T70M MHEBecTHOHH Mummu O6biim Ha 42 ThIC. P.
Gonpiie. Kakoll MHBECTHIMOHHBIN JOXO0/ HOJYYHAT Yepes rog Muma, a kakoi Mapuna,
eCJIM MHBECTHIHH ObLIM cjaesiaHbl nox 7% roaoBbix?

223' Haiipgnre uucna x U y, €Cau M3BECTHO, UTO:

a)x:y=5:2uHOO (x, y) = 3; 0)x:y=4:3uHOI (x, y) = 6.

e |224) Tpuxoas Ha ouepennoe 3acenanue I'ocy1apCTBEHHOM AyMBI, ACIYTATH IPHBET-

75|

CTBYIOT ADPYT Apyra, oOMEHHBAsCH PYKOIOKATHAMEA. VU3BECTHO, 4TO KAXKIbIA H3
JenyTaToB chesiaJl HeueTHOe YMCJI0 pykono:karui. JloKaykMTe, YTO YHCIO AEHYTATOB
YeTHOEe.

JiuHa 0poru Me:KAYy ABYMA JOMaMH paBHa 3 KM. B nepBoM zjome KUBYT 78 HIKOJIb-
HHKOB, a Bo BropoM — 92. I'ie Ha jopore Mexay 9THMM JBYMs HOMaMH HAJO IOCTPOUTH
KONy, 4T00bl 0b611ee paccrosiHue, KOoTopoe 6yayrT npoxoxaurh Bee 170 MIKOABHUKOB
, IO Jiopore 3 ZoMa B IIKOJY, OBLIIO HAMMEHBLIITUM ?

226

Moryr s 17 miecrepeHoK, CHEIUJIEHHBIX B 3aMKHYTBIH KDPyr, BpamaTbcd OJHOBpe-
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MEeHHO?
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§ 2. Paszeutue Tteopum AeniMMOCTH

1. lermMoOCTh ENBIX YHUCEJ

Kmo ne oxmudaem Heowudannozo, mom He Halldem
COKPOBEHH020 U MPYITHO HAXO00UMOZO.

Tepakaur Sdeccruii
(ox. 544 r. 1o H.3. — oK. 483 r. 0 H.3.),
JpeBHerpedYecKuil (huocod

Korza MBI ¢ BaMM paHbIe TOBODHJIM O JeJUMOCTH YHCE], Peyb BCErja mJa o HaTy-
pajsibHbIX yucaax. Ho MBI yixe 3HaeM, 4TO KpoMe HATYPAJbHBIX UMCEN, HA3BIBAEMBIX TAKMKe
TIOJIOKUTENIbHBIMH [EJIBIMU UYHCIaMH, CYIECTBYIOT YHCIa, MM IIDOTHBONOJIOMHEIE, — OTPH-
uaTesbHBIE Ieable yncaa 1 0. Bce BMecTe aTi uncsa 06pasyioT MHOMKECTBO Z IeJIbIX YHCem:

z={.,-3-2,-1,0,1,2,3,..)

Mpg1 yke yMeeM BBIDOJHATH apUGMeTHUYECKHUe AeHCTBUSA ¢ IeJLIMH YUCIAMH U 3HAeM,
YTO Onepanusi JeJeHusd Ha MHOXKecTBe Z BhINOJIHUMA He Becerga. I1oaToMy ecTecTBeHHO
BCTAIOT BOIPOCHI:

® MoskeM M MBI PACOPOCTPAHUTH HAINM 3HAHHUSA O AEJMMOCTH HATYDATbHBIX YHCEN

Ha 0oJIee MIMPOKOE MHOKECTBO — MHOMKECTBO I[eJBIX Yucen?
* Kak B 9TOM cayYyae MOHMMATH TePMHUHEI <«JeIHTCH», «HE NCTUTCA», «IEJATENb»,
«KPaTHOE», «YACTHOE», «OCTATOK»?

¢ Kak pasjgenuTh OJHO LieJI0e YMCJIO Ha APYroe ¢ ocrarkom?

3amMeTHM, YTO 3TH BOIIPOCH B JAHHOM CJIy4ae MBI CTABMM MCXOAA He M3 KAKOM-1160
OPAaKTUYECKO 3a1a4i, a U3 BHYTPEHHel JIOTMKY PA3BHTHSA CAMOM MAaTeMATHKM, CTpeMJIe-
HUSA PaCHIMPHTH CBOM BO3MOMKHOCTH B MCIIOJIb30BAHUHM MMEIONIUXCH 3HAHUN, HAKOHeI, U3
IIPOCTOTO NI0GONLITCTBA, KeJaHud HANTH OTBETHI HA «HEOXKHAAHHBIE» BOIPOCH:

* OTkyzna B3AICA 3aIpeT, YTO «AeauTh Ha 0 Heab3s», KOTOPHIM MBI IIOCTOSHHO IIO-

BTOPsA€M BOT V)K€ MHOI'O JIeT?

* Moser GbITh, Bce-TaKM WHOrAA AeguTh HAa 0 MOKHO, XOTA OBI ¢ OCTATKOM?

* A uTO mosyumnTcs, ecau yucao (—7) pasaeauTs ¢ ocTaTKOM Ha (—2)?

OTBeuas Ha aEaOrUYHBIE BONPOCHI, Mbl B CBOE BPeMS PACIIMPUJIN MHOKECTBO HATy-
PAJIBHBIX YHCEJ JI0 MHOMKECTBA LEJbIX YHCeJ, NOJYYHIH CIOocOObl BBINOHEHHsA apupMe-
THYECKHX JEHCTBUIA ¢ OTPUIATEIHHBIMA YHCJIAMH, BBeJHU NOHATHE crernedd. Tak paszeusa-
emcs, Kasanoch Obl, He CBA3aHHAA HHU C KAKMMU DeabHBIMU IIPOIECCAMH, OTBICYEHHAH
mMareMaTH4eckad teopusi. Ho npu aTrom yaumBHTeabHEIM 06pasoM OKasbIBaeTCs, YTO pac-
IIUPAIOTCA U HAIIM BO3MOMKHOCTH B PeIeHWM MMEeHHO NPAKTHYEeCKUX 3a7ad.,

ITpu nocTpoesun HOBOH MaTeMaTHM4ecKoif TeopHH CymiecTByeT (pyHIaMeHTaJbHBIH
NPHHIMII, KOTOPOMY HeOOXOAMMO ClIeN0BaTh, YTOOLI Pa3BUTHE HE NPEBPATHIIOCH B CBOIO
IPOTHBONOJIOXKHOCTE — PaspylIeHne. ITOT NPUHIUII 3aKTI0UACTCHA B CIEAYIOMEM: onpede-
NeHUA HOBHLX NOHAMUIL U UX CE0UCMEA He DONHCHBL NPOMUBOPELUMb PaHee 66eDeHHbLM
NOHAMUAM U 00KA3AHHBLM Yymeepiucdenusm. Be3 BHINONIHEHNS AaHHOTO TPeGOBAHMSA Te-
opus Oyaer IPOTHBOPEYMBA, 4 3HAYMT — HEKHUIHECIOCOGHA,

B3—Terepcon, T ka. 4. 1 69
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Wrax, ucxonsa U3 chopMyIUPOBAHHOIO NMPUHIANA, MONPOOYEM BBISICHHTH, KAK HAA0
HU3MEHUTH OCHOBHEIE ONpeJeJieHus AeJIUMOCTH, eClIH MbI OYyAeM paccMaTpUBATEL He HATY-
panbHEIE YHCIA, a IeJkIe.

Hawm usBecTHO, YTO pea3yJIbTaT AeJCHHA OZHOrO IeJIOT0 YKMCJa Ha APYyroe, Kak U B CJy-
yae HATYpPaJbHBIX YHCeN, He Bcerja Oyzer umciaoM ueawiM. IloaToMmy AJdA LEJBIX 4YHce,
KaK ¥ JUIAd HATYPAJIbHBIX, BO3HMKAIOT ABA BUIA JeJeHHH.

I. Jenenue 6e3 ocraTka.

MosxeM JH MBI PACIpPOCTPAHHUTH OIpEIelleHre AeJMMOCTH HATYPAJIbHBIX 4HCe] Ha
MHOXKECTBO LeJbIX Ynce) Oe3 BCAKUX usMeHeHHi? [IpyrumMu cjoBaMu, BEPHBIM JH GyIer
Ha MHOKecTBe Z BbICKa3bIBaHHE:

Ya,beZ,a:b © A ceZ:a=bc?

JlanHoe BbICKa3biBaHHEe OYAEeT BEPHBIM, BeAb HMEHHO
TAK Mbl U OIPEAENANN AeiCTBHAE [eJeHusd IJsd IeJbIX Y-
ceJi, HO... IPH YCcJI0oBUH, uTo b # 0. [TocMOTPHUM, OTKVIA JKe
BO3HHMKAET TaKoe orpaHH4YeHHe,.

ITonpobyem pasmenuTh uucao a Ha uyucno b = 0. Torxaa,
uTODBI JAHHOE HAMH OIpe[esieHre ObII0 oDIMUM, HAM HAXO
nogobpars Takoe 4ucso ¢, urober ¢ + 0 = a.

BosmoskHb! aBa cayyaa: a = 0 u a # 0.

1) Ecaiu a = 0, To MBI moay4uM paseHcTso ¢ * 0 = 0,
KoTopoe BepHO auasa Jwoboro c. [losromy genenue 0 : 0 mHe
onpeneNeHO OZHO3HAYHO: €r0 Pe3yabTaTOM MOXKeT OBITh
n0boe 1eI0e YHMCI0. A 3HAYUT, pelieHHe J00LIX 3aJady, MPUMEPOB, YPAaBHEeHHH Tepaer
CMEICJI — BeJlb B OTBeTe 0e3 BCAKHUX BBIUMCICHHH Cpa3y MOXKHO 3alIMCATh JI000e YHCJIO.

2) Eciu a # 0, 10 paBenctBO ¢ * 0 = @ He MoKeT OBITH BBINOJHEHO HY AJA OJHOIO
3HAYEHHWsdA C, TAK KAK CJieBa CTOUT HYJIb, & CIIpABa — HE HYJb.

CrezoBaTesIbHO, JeJeHHE Ha HYJIb JUO0 HeompeAeJeHHO, U060 HeBO3MOKHO. B mrore
MBI ¥ IIOJIY4aeM H3BECTHOe HaM IpaBuiao: «Ha HyJIb IeluTs Helb3d».

Wrak, onpegeleHne AeJUMOCTH MEJLIX YHUCEI JOJXKHO OTIAYATHCS OT AHAJOTUUYHOTO
ompeneleHus I HATYPAJIBHBIX UUCENI TEéM, UTO B HEM JOMOJHUTEIbHO HeOOX0auMO yKa-
3aTh HOBOe ycyoBue b # 0.

Takum oOpazoM, MBI OPUXOAUM K CJEAVIOIIEMY OIPeIeSIeHHIO.

Onpedenenue. Illenoe unciao a desumes (6e3 ocrarra) Ha mesoe yucio b (b # 0), ecin
CYLIeCTBYeT TaKoe IleJIoe YHCJO ¢, 4T0 @ = be. Uuena b u ¢ — dequmenu uucia a, YUCIO
a — kpamHoe ducea b u c.

3ameTuM, UTO 9TO OIpPejesieHHe MOJHOCTLIO COIVIACYeTCs ¢ paHee BBeJeHHBIM B . 2.1.1
OTpeAcICHIEM JIeTHMOCTH HATYPAJbLHBIX 4Hces. Bojee TOro, Z0KasareJbecTBO TeopeM 1—9
M3 9TOr0 MYHKTA AJA LEJLIX YHCeJ IPOBOJHUTCA AHAJOTHMYHO, 4 3HAYMT, BCEe M3BECTHBIE
HaM CBOMCTBa AEJTHMOCTH DPACHOPOCTPAHAIOTCA H HA MHOKeCTBO Z (IPH YCJIOBHMH, YTO Je-
aurtens b # 0).

II. lenenue ¢ ocTaTKOM.

Hna cnyyaa genenus 6es3 ocTaTka MbI IOJYYHIN, YTO PACIPOCTPAHMTEL HAIIM 3HAHHA
MOIKHO, IIPOCTO 3aMEHHB B OIIpefeJICHHH «HaTypaJbHBIE YHCJIaA» HA «IleJibie» H HCKJIOYHB
cay4gaii b = 0. Mo3KHO 1M TaK Ke IOCTYIHTHL B cIydae JieJeH!s ¢ OCTaTKOM?
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PaccmMoTpuM KOHKpeTHBIA IIpHMep, 3aMHTepecOoBaBUIMH Hac paHee. Pazaenum ¢ ocrar-
KoM gucao (—7) Ha (—2), ucnonsaysa GopMyJIy AeJIeHUA ¢ OCTATKOM, aHAJOTUYHYIO (popmyie
JJi HATYPAJbHBIX yHcell. [Id 9TOro npefcTaBuM 9HCJI0 @ = —7 B BHJE:

—T=-2¢c+nr,rner<-2.

OzHAKO 37eCh Mbl CTAJTKHBAEMCA ¢ NpobJjeMoil HeOJHO3HAYHOCTH BhIOOpa map 4mces

¢ u r. JleicTBUTENBHO,

npu ¢ = 2, r = —3 BepHO, uT0o =7 = -2+ 2 + (-3), rge -3 < -2;

npu ¢ = 1, r = —5 BepHo, yTro -7 = -2 + 1 + (=5), rae -5 < —2;

npu ¢ = 0, r = =7 BepHO, 40 -7 = -2 -0+ (-7), rpe -7 < -2, u r. A.,
a 3HAYMT, JeHCTBHE [eJIeHUA ¢ OCTATKOM TepseT CMBICH, Bellb KaXKIbIH YeJOBeK IpH Je-
neHnH OygeT moJsy4yaTh CBOH OTBET.

3HaYHUT, HAM HAJ0 M3MEHHUTh KAKHM-TO 00pa3oM onpezenerre. Ho MeI He MOoxkeM u3Me-
HATH €ro NPOMU3BOJbHO, BeJb HOBOE OIpejeleHre He J0JIKHO IPOTHBOPEYHUTH BBEJEHHOMY
paHee OIpefie/IeHUIO I HATYPAJBHBIX YHCeJI.

Tlpu ne/leHUH HATYPAJBHBIX YHCEJ HOJ OCTATKOM MBI (DAKTAYECKH IMOHMMAJIH PacCcTo-
AHWE OT AEJIMMOTO @ A0 HaubOJbILero YHCeja, KPATHOrO JeJHTe N0 b ¥ He NIPeBhIIIAIONIeTo
a, 4TO XOpoLIo BHIHO Ha pUCcYHKe Ha c. 60.

B cayuae penenus ¢ octaTkom (—7) Ha (—2) HauOONBIIUM HEJbIM YHCIOM, KPATHBIM

(—2) 1 He npessimaomum (—7), asasercsa uucio (—8), a paccrosaraue or (—8) xo (—7) paBHO
|-8-(-7|=1.

|-2] [|-2] [-2] [|-2]

& L " L I
T T T L T

8 -7-6-5-4-3-2-101 2 3 4 5 6 17

Y

1

IIpu aTOM paccTogHUEe MEKAY ABYMS I[1OCJEL0BATEJIBHBIMHE YHCIAMY, KpaTHRIME (—2),
paBHO | ~2 |, ¥ mosTOMY A/IA OCTATKa BOZHHKAET TpeboBaHHe:

0<r<|-2
Taxum 06pa3oM, B pe3yJIbTaTe AeJeHHSA C OCTATKOM MBI NIOJyYaeM OJHO3HAYHBINH OTBET,
KOTOPBKIH He MPOTHBOPEYUT AaHAJIOTHYHOMY ONPEAeIeHHIO JJIsi HaTyDaJbHBIX UNCEJ:
7=-2-4+1,ra60< 1 <|-2].

Hrak, B onpejaesieHUH OeJieHHUA C OCTATKOM HA MHOMKeCTBe IeJIBIX YHCeJ M3MeHAeTCA
Tpeﬁonaﬁne He TOJBKO K JeJIHTeN, HO H K OCTaATKV.

Onpedenenue. Pazdeaums yucao a na wucao b (b # 0) c ocmamixom 3sHEAYUT OpeacTa-
BHUTH YMCJO 4 B BHJE

a=bc+rrae0<r<|bl(abceZ;b=0;reN).

HOJ]Y‘-[EHHOQ onpejgeneHHe COrJiacyeTcda ¢ AHAJOrHYHBIM OonpefeJieHHeM IJIH HATYpaib-
HBIX yncesa. OHO MO3BOJIAET BHINOJHHUTH JeJeHHe C OCTATKOM JJIA JIIOOKIX IeJbIX uuce,
M ero pesyJabTaT Bcerja GyeT OfHO3ZHAUHBIM.

JloKasaTeabCTBO YTBEPKAEHUA O CYIIECTBOBAHMM M €AMHCTBEHHOCTH JeJeHHUs C Oc-
TATKOM Ha MHOIKECTBe MeJhIX YhCce] (TeopeMbl O AeNMMOCTH IEJhIX UHCeJ) AHAJOTHYHO

OOKAa3aTeJbCTBY TEOpeMbl 0 AeJIMMOCTH [AJIS HATYPAJbLHBIX YHceJs, H MBI He OygeMm ero
3lech NPUBOJIHTD.

3 71
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CoOoTBeTCTBEHHO M3MEHsercs | AJITOPUTM JeJIeHHSI ¢ OCTATKOM IlIeJIbIX YHCeJl.

AJropuT™M JeIeHHA ¢ OCTATKOM IeJbix uucen a u b (b # Q)

1. Haiitn saun6osnbiuee nenoe ynuciao k, KpaTHOe AEJTUTENIO b 1 He NPeBhIIIAIIee
JEeJIHMOTO a.

2. PasnenuTs k Ha genurens b, B OTBeTe — HENOJHOE YacTHoe ¢ (¢ € Z).

3. Beryects k m3 mexumoro a, B orBere — octaTok r (0 < r < | b ).

4, Cpenates npoBepKy 1o (hopmyJie JejieHusA ¢ ocTaTkoMm (@ = bc + r, rae
0o<r<|b).

i b. 3ammcaTs OTBET.

227' MosKeT JIM IOJMYIATHCA TAK, YTO PABHEI MEMKAY CODOIA:

a) AeJMMOe ¥ 9aCTHOE; I') ZeJMMOe M OCTATOK;
0) meamMoe U AEIUTEJNb; ) DeJIHUTEeNIb ¥ OCTATOK;
B) AEJIHUTENb U YaCTHOE; €) HeIoJHOE YACTHOE M 0CTATOK?

B c1yuaax, Korga Taxkad CUTyanus BO3MOJXKHA, IPHBEUTE NPHUMED, 4 €CJIH 3TO HOBO3-
MOJKHO, TO AalTe COOTBETCTBYIOIIHE OOLACHEHHUA.

228' Henurca nu a aa b? Ecau a He penurca Ha b, o6bACHATE MIOYEMY.
a)a=-32,b=8; B)a=-45,b=T; pla=-4,b=0; x)a=-xb=x(x e€N)
6)a=50,b=-25 r)a=-207,b=-9;e)a=0,b=-12; 3)a=y, b=—-y (y € 2).

229' [lonwaysach NpU3HAKAMH JeJHMOCTH HATYpaJdbHBIX uMcesa Ha 2, 3, 4, 5, 8, 9, 25,
chopMynupyiTe NPU3HAKH JENMMOCTH HETbIX YHCEeN Ha:

a)2;  B)—95; n) —3; x) =6;  m) 45 1) —8;

0) -2;: 1)-~-10; e) —9; 3) —18; K) 25; M) 75.

He BrIunc/IAA YaCTHOroO, ONpejeauTe, AEJUTCA JIM YUCJIO a Ha b:

a)a = -T78 958, b = —2; r)a=-413 208, b = 9; K) a = 249 564, b = -8;
0) a = -204 016, b = 3; n) a =-708 264, b = —6; 3) a = 756 000, b = -12;
B)a=1283945,b=-5; e)a=-325415,b = —4; u) a = —-33 333, b = —-15.

[3%]
(78]
(==

231§ OrmerbTe Ha YNCIOBOM IPAMOI IeJIbIe YACIA, KOTODBIE:
a) Opu JesleHHM Ha 4 1aioT ocTaTOK 3;  B) IpH AedeHuMH Ha (—4) maior ocTaTok 3;

0) mpu AeJIeHMM Ha D AT OCTATOK 2; TI) IPH JeJeHHH Ha (—5) maoT ocTaTok 2.
Yro Bel 3ameuaere? ChopmynupyiiTe B AOKAXKUTE CBOH I'MIOTE3EI.

232 HajinuTe HENOJHOE YACTHOE W OCTATOK IIPH JeJIeHUH Ha T CIeAYIOINIHX YHCEN:
a) 0; B) 1; o 5; iK) 14; H) —32; a) 75;
6) 3; RIS e) —5; 3) —14; K) 32; M) —-T75.
233} Haiigure HemoJHOE YACTHOE ¥ OCTATOK NPH JAeJeHHH Ha (—7) CJAEAYIOMIAX YHCEN:
a) 0; B) 1; o) 5; x) 14; u) —32; a) 75;
6) 3; r) —-1; e) —5; 3) —14; k) 32; M) —75.
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238

739)

240}

241

I Hna moboro a € Z onpenennTte, 4eMy paBeH OCTATOK OT HEJIEHHS:

a)-9a +4w8a9; 0)17a + 15 wa —17; B) —12a + 8 va —6; 1) —25a + 10 Ha 5.

I YoeauTech B HCTHHHOCTH BLICKA3LIBAHUSA:

a) Ecnu nenoe uucao a He geaurcsa Ha (—T), To uncyao 4a ve genurcsa sHa (—7).

6) Ecau nenoe uucyio b genurca Ha (—4), To uaucao 2b nenurca Ha (—4).

B) Ecnu uucno 9¢ penurcs va (—5), To uucyao ¢ geaunrcsa Ha (—5) (¢ € Z).

r) Ecnu unucno 72d penurca uHa (—9), To uucio d He Beerga aenurca Ha (—9) (d € Z).

n) Ecau nenoe uncio gmenuresa Ha (—5), To OHO He MOKeT npu jgesennu Ha (—10) ma-
BaTh OCTATOK 7.

e) Eciu nenoe uucio npu ger cHnu Ha (—9) naer ocraTok 8, To 0HO He geauTcs Ha (—3).

k) Ecom nenoe umcso feavresa va (—7), To npu genenun Ha (—21) oHO He mMoMxer na-
BaTh ocraTok 20.

3) Ecau nenoe ynceno npu genenun Ha (—45) gaer ocrator 39, To oHO He genurtes Ha (—15).
236' CocraBbTe CIMCOK 3JIEMEHTOB JaHHBIX MHOKECTB, 3aJaHHBIX XapakKTepucTude-
CKHUM CBOMCTBOM:

aA)A={x;xeN:-1<x< 4%};

0)A={y;yeZ:-2<y<24); r)A={b:-T<b<14ub=5n+4;n eN}.

B)A={a;a eN; -3 <a<5}

MuoskectBa A, B n C 3azanbl NepeyrcIeHUeM UX 2JeMeHTOB:

A ={-12; -5; 0; 1}; B = {-8; 0; 3}; C = {-12; -8; 1; 4}.

1) Hapucyiire quarpammy diliepa—Benna mia maosxects A, B u C n orMerbTe Ha Hel
2JIEMEHTHI ZAHHBIX MHOXECTB.

2) Haitgure:
a) AN B; B) BUC; n) (AU B)NC; &) BN CNA;
6) AU B; rYAnC; e) BU@ANC) 3)AUBULC.

Hapucyiire gmarpammy Oitnepa—Benuna aias muoxects A u B, Haijnure ux nepeceue-
HHe " oﬁ'he,qnneane:

a) A={a:a=3n+2;neN;2<n<5); 6)A={a:a=-bn+1;neN;3<n<6);
={b:b=2m+1;meN;1<m<6}); B={bb=Tm+2,meN;4<m<T}

Peiuure ypaBHeHHe

1, - 17 45, 1 4 4_ .8,
a)3g: (x - 24) 18 + 163 B) (4 rxt 13) 235 ~ 5 ~ 115
1 5 1,.,1_,3 ,_.7
6) 2435 + 3 -(x: 19) 53 7 45 P13 = 234 - 15k
Haiizure cpesHee apudMeTHUYECKOE YKA3AHHBIX YHCEJ:
a) 7.5 u 3,8; 6) 12,8; 39,4 u 72,6 5) 6,3; 13,2; 27,4 u 76,9.

a) SIxXTa IIpu ABMIKEHHH MO PEeKe NPOIa PACCTOsiHKE OT ropoga A ao ropoxa B 3a 9
yacoB. Ha obparssiil myTs eil morpebosasock 14 yacos. Hadiiure cobcTBEeHHYIO CKO-
POCTBH NBMXEHHUS AXTHI, €CJIH CKOPOCTh TEYEHHSA PEKH paBHAJach 3 KM/u. Haiinure ¢
TOYHOCTBIO JIO COTHIX KM/U CPEAHIOI CKOPOCTH ABHIKEHUS AXTHI.

73
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6) Paccrossaue ot Teepu g0 YJIBAHOBCKA IO BOZHOMY IyTH cocraBiasier 1485 km. 3a
CKOJIBKO BPpEMeHH IPOILJIBIBET TemIoXol nyTh oT TBepu no YibaHOBcka u obparHO,
ecan coOCTBeHHAs CKOPOCThL Teloxona Oyiaer pasHa 25 KM/4, cpeHASA CKOPOCTH Te-
yenus pexu coctaBur 10% OT cKOpoCTH TEIIOXO4a, a ocTaHOBKU cocTaBaT 20% or
BCETr0 BPEMEHH JBHIKEHUA?

B) Ilo TeueHHio pexkm misiBerT miaoT. Ero foroHseTr kKarep.
CobGcTBeHHaA CKOpPOCTh KaTepa paBHa 14,5 km/4. Yepes
CKOJIBKO BPEeMeHH KaTep JOTOHHUT IJIOT, €CJH B JaHHBIN
MOMEHT paccTosiHue Me:xay HumMu 29 Km?

r) JIsa Temnoxoja IJIBIBYT IO PeKe HABCTPEUY APYT APYTY.
CobGeTBeHHAsSE CKOPOCTD IEPBOro Telioxoxa paBaa 27 KM/4,
a Broporo — 31,5 km/4. Yepea cKONbKO BpeMEeHU CHH BCTpe-
TATCH, €CJAH B JAHHBIA MOMEHT PACCTOSHWE MEXAY HHUMHK
234 gkm?

a) Temwmoxon nabiBer 0e3 OCTAHOBOK M3 NVHKTA A B IYHKT B B TeueHHe JBYX CYTOK, a
obpaTHO — B TeueHue Tpex cyToK. CKOJNBKO BpeMeHH OyaeT IJLITH miaoT u3 A B B?

0) 13 roposa A IpOTHB TeYEHUHA PEKH BBIIIEJ] KATep ¢ IOCTOAHHON coOGCTBEHHOI CKO-
pocTeio, paBHOU 15 KM/4. Uepes HeKOTOpOe BpeMs U3 ropoja B 1Mo TeyeHUI0 PeKU BbI-
[LJIa JIOZKA M BCTPETHJIA KaTep, NPOHAA IOJOBHHY PACCTOSHUSA, KOTOpOoe OBIJIO MEXAY
KaTepoM M JIOAKOH Iocjie Havyasa ABMKEeHHsA JOAKH. Yemy Oblna paBHa coOCTBeHHAsA
CKOPOCTH JIOJKHU, €CJIM CKOPOCTh Te€UeHNs pexku 2 km/u?

243' OTMeThTe Ha YMCJIOBOH OCH Iiejible YMCJa, KOTOpbhIe:
a) NpH JeJIeHUH Ha 3 JalOT OCTATOK 2; 6) npu gesienun Ha (—6) naroT ocraTok 4.

HajiguTe HemoJIHOE YACTHOE M OCTATOK IIPH JAeJIeHHH Ha (—5) caeAVIONIUX YHCe:
a) 0; 0) 12; B) 3; r) —4; n) 39; e) —25.

Joraxure:
a) Ecsau nenoe yucyo a He aenurcd Ha (—4), To uucao 3a He genurca Ha (—4).
0) Ecnu menoe yucio b penurca Ha (—8), To umuciao 3b nenurca va (—8).

B) Eciu menoe unciao geaurces Ha (—2), To 0HO He MOKeT IpH JejeHAH Ha (—8) maBaTh
OCTaToOK 3.

r) Ecau menoe 4yucyo npu jgejdeHuH Ha (—3) ZaerT ocTaToK 2, TO OHO He JEJIMTCH HA

(-27).

CocraBpTe CIIMCOK 2JIEMEHTOB MHOKeCTB A 1 B, 3alaHHBIX XapaKTePHCTHYECKHUM CBOH-
creoM. Haiinure obbegunenne u nepeceyenne MHoxkecTB A u B. IlocrpoiiTe suarpaMmmy
ditnepa—BenHa U oTMeThTe HA Heil BCe 5JIEMEHTHI JaHHBIX MHOXKECTB.

A={x:er;—3<x€2i}; B={y:y=2n+1;neN;1<n<4d4}.
Pemrure ypaBHeHUE:

S, _ 53y -5, oll 1 _ -5 _ .00 .62
a) 27 : (2x 57) =57 312, 0) 1316 732 =(x: 29) 616'
Haiinure cpefiHee apuMeTHUYECKOe YKA3AHHBIX YHCEN:
a) 28,1; 36,7 u 4,35; 6) 8,9; 17,3; 8,62 u 1,4.
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a) [Insa opraHU3anuy KOPIMOPATHUBHOrO npasgHuka AHTOH U Keloma pentunu apeszno-

' BaTh AXTY ¥ MPOILIBITH HA Hel A0 KocTtpomsl 1 obpaTHO 10 peke. Paccrodgnme Mex 1y
Mockzoit 1 Kocrpomoii cocrariasier no pexe 594 kM. CkonbK0o BpeMeHH OyzeT mpojoJi-
SKATHCS 9TO MEPOIPHATHE, €CJIM COOCTBEHHAS CKOPOCTE AXTHI paBHa 20 KM/4, cpexHaa
CKOpPOCTEH TeueHUuA pexku cocrasiager 10% oT cobcTBeHHOM CKOPOCTH AXTHI, 4 BpeMd Ha
CTOAHKH 3aIlIAaHHPOBAHO B pasMepe 25% OT BPeMEHH ABUKEHHSA SXTHI?

6) [MonuukoBas rommanus AnToHa W Kewomu BeimycTusna B suBape 1250 noHUYHKOB,
B theBpase — Ha 3128 moHYMKOB HoJskllle, YeM B SHBape, B Mapte — 5696 monuukos,
B anpene — Ha 2044 moHUMKa MeHBIe, 4YeM B MapTe, B Mae — 9456 moHUHKOB, a B
uioHe — Ha 1308 norunkop OoJblre, yeM B Mae. YeMy paBeH cpeJlHEMECAUYHBIN BBIIYCK
TIOHYUKOB 34 9TH IIECTh MeCHIeB?

250' a) Haiigure sHAUYeHUS BRIPAIKEHMI:

254 - 399 — 145 o n 573 2
[B] 5525305 253 (4] 333 - (7 177 + 532 993 ~ 377 37
1.1.1 , 4 4 4
182' 1+3+9+27.4 7719 343 . 80 808 080
2,2, 2 . 1,1 1| 91919191
2*379%er 1771197 343

6) Pacriosiosknre oTBeTHI IPAMEPOB B [IOPAJKE BO3PACTAHHUS, COIIOCTABBTE UX COOTBET-
CTBYIOLIUM OYKBaAM — M Bbl Y3HaeTe (DaMHUJIMI0 Mapinajga apMun HamoseoHa, DOJIy4UB-
urero TUTYJ KHA3A MOCKOBCKOro.

251 Bnapenern ceiioBoit Aveiiku Danka notepan cBod kox. OH TOMHHAI TOJBKO, 9TO
' KOJ cOoCcTOMT u3 7 uudp — ABOEK U TPOEK, UTO ABOEK GOJIbIIE, YeM TPOEK, U UTO
KON JeJuTcA U Ha 3, U Ha 4. MoKHO JIM 110 9THM JAHHBIM OJHO3HAYHO OIPEAETNTH
Kox ceida?

%
252' BoraroMy cyaTaHy HaJloeNH ero MyApenbl, U OH DEIIMJ H30ABHTHCA OT HEKOTOPON

yacTu n3 HuxX. CobpaB MX B moJ3eMeNbe, OH COOOIIMI:

«¥TpoM BCeX BacC BBICTPOAT B KOJOHHY OJHOTO 3a APYrUM JIMIOM HA BOCTOK, TaK YTO
caMBlil ocjeqHui OyzeT BUAETh, KAKWE KOJINAKW HA BCEX, KPOME HEero, Mpejanocyie-
HUH Oyzer BHETb, KaKHe KOJIAKW HA BCEX, KPOMe Hero @ MOCJeHero, U Tak aalee.
Ilepsslit He OyAeT BHAETH HH OJHOI'0 KOJMIaKa.

Kommakm Oyayr ABYX 1BeTOR — nubo KpacHble, Jub0 CHHHE,
Hauunas ¢ moclegHero B KOJIOHHe, s OVAy CHpAIIHBATE, Ka-
KOro [BeTa KOJIAaK Ha ero royoee. Myapemsl, KOTOpble He
CMOT'YT Has3BaTh I[BeT KOJIaKa, OYAyT Ka3HEHBI, a OCTAJILHEIE
OCTAHYTCHA JKHUTH» .

Bco HOub aymanm MyJgpenbl, KaK K€ UM COXPAHHUTH CBOIO
Ku3Hb. He xenas saBuceTh OT cayuyasi, OHH MPHAYMAIU CIO-
coD, IpHM KOTOPOM JHOIbL MOCHEIHUI M3 KOJOHHBI, HA3BIBAA
IBeT KOJIIaKa, MOXeT ero He yrajarb, a OCTaJIbHbIe I'apaH-
THPOBAHHO CIAcalwT CBOI KU3Hb. Kakoil crmocob mpuaymaim
Myzpensi?
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He.‘tbte yucaa — nepsoucmovYHUK MamemamuKu.

l'epmas Munkosckuii (1864—-1909),
HEeMENKHHA MaTeMaTHK

IonyuerHaa HaMu GopMysa JeJleHNA ¢ OCTATKOM AAeT BO3MOKHOCTh IPOBECTH KJac-
cH(UKAIAIO IEeJbIX YHCeJ 0 UX OCTATKAM OT JeJIeHus Ha HEKOTOPOe YHCJIO.

O0BekTh KJIacCHPHUIUPYIOT B CAMBIX PA3JIMYHBIX HAYYHBIX 0oDjacTAX — (QU3HKe, XU-
MuuM, OHOJOTHH, reorpaduu U Ap. — JJd CBOEODPASHOTO «HaBeJeHHUA NOpAAKa», cUCTeMAa-
Tuzauuu 3HaHui. Kaaccugurayus — 210 pazdbueHne MHOKecTBa 00'EKTOB HA Helepece-
Kammniuecs noaMHokecTBa (kJaccsl). [Ipu sTom pasdbueHne Ipou3BOJUTCA TaKHM obpasoM,
yTOoOBI 00BEAHHEHNE BCEX KJIACCOB COCTABJANO BCe MHOMKECTBO 00'LEKTOB.

HarnagHeIM OpUMepoM KJIacCUPUKAILMHN SBIAETCS
pacnpefeseHHe YUYeHHKOB OIKOJBI B KJACCHI: KasKIbIH
VUYEHHK IOIaJaeT TOJNBKO B OJUH KJjace, a obbenuuenne
BCEX KJIACCOB NpeACTABIAET cODOM MHOXKECTBO BCeX yde-

HUKOB IIKOJBI. TakuM obpa3oM, pasbueHue MHOMECTBA
A Ha NOJAMHOMecTBa Av A,, .. A, ABIseTCA Kaaccupu-
Kalnueu, ecau

Air‘.AJ.——*Q;i,jeN;lSién;1<j<nHA1UA2'J w UA =4

A

Knaccudpuranus LeJblX YHCEJ CYLIeCTBeHHO objerdyaer M3ydyeHHe HUX CBOMCTB U, B
YACTHOCTH, CBOMCTB AEJIMMOCTH. Beab ropaszo Impolne YCTAHOBHTH BBHINOJHEHHE KaKOoro-
Jaubo CBOﬁCT‘Ba OJid KOHeYHOr0 MHOJKeCcTBa KJaccoB, YeM IJIH 6ecxoneqnor0 MHOMKeCcTBa
LEeJIbIX YHCeJ.

Bribepem B KadyecTBe IpH3HAKa, HA OCHOBAHMM KOTOPOIO MBI OyleM IIPOBOAHUTH KJac-
CH(DHK&L{HIO, BeJIHYHMHY OCTATKa OT JeJieHHdA Ha HeKOoTOpOe 3aJaHHoOe YHCJIO.

PaccmoTpum, HaupuMep, OCTATKH, IOJyUYalolidecs NPH NEJeHWH HEKOTOPBIX IEeJbIX
yuces Ha 4. Tak Kak OCTATOK ABIAETCHA HEOTPHUIATEJBHBIM LEJBIM YHCJIOM, MEHBIIUM
MOAVAA AeJUTEeJd, TO IPU AeJIeHHHU Jboro yuciaa Ha 4 BO3MOXKHEI
TOJBKO YeThklpe pasauysbix ocratka: 0, 1, 2, 3. Hanpuwmep:

24=4-6+0 -24=4-(-6)+0
25=4-6 +1 -25=4-(-7)+ 3
26=4-6 + 2 -26=4-(-7)+ 2
27T=4-6+3 -27=4--(-7)+1
28=4-7+0urT. A -28=4-+-(-7)+0nr A

O6beMHAM BCe UHNC/a, UMEIOIUe OCTATOK 3 IIPH JleJIeHNH Ha 4, B OJIHO IIOIMHOYKECTBO
MHOMKecTBa nenerx umucesn. O6oznauum ero Z (3). Toraa

z3)={.,-9, -5 -1,3,7 11, 15...}




AnanornuHsIM obpasoMm ompezenum u noxgmuoskecrsa Z,(0), Z (1), Z,(2).

Bce ykasanHble OJMHOKECTBA He MePeceKarTCda APYT ¢ APYTOM, TAK Kak II0 TeopeMe
NeAUMOCTH IPH JeJeHHuH Job0ro LeJoro yucia Ha 4 He MOXKeT BOSHMKHYTDH /iBa pasjiny-
HBEIX ocTaTka (efMHCTBeHHOCTH). [loaToMy 0b0e mesioe YHCI0 MOKeT IOHACTh TOJBKO B
OJIMH KJIacC, M V JaHHBIX KJJaccoB He Oyzer obDIMX 3JIeMEHTOB, TO €CTh:

Z(0) N Z(1) = B; Z(0) N Z(2) = T; Z0) N Z(3) = T;
Z(1) N Z(2)=D; Z(1) N Z,(3) = T; Z(2) N Z,(3)= 2.

C apyroi cTOpoHBI, BCEé MHOXXECTBO LEJIBIX YHCEJ MOYKHO TPEeACTABATEL B BHJe 00b-
eIMHEHHUs JaHHBIX MHOXKECTB, TAK KAK II0 TEOpeMe AeJUMOCTH Y KarkKJOro Lesioro 4mc-
Jna npy geneHuH Ha 4 Oyger ocTaToOK (CyliecTBOBAHHUE), M IO OIpeAeIeHHI0 AeJIeHHA C
OCTATKOM eT0 BO3MOXHBIMH 3HAYEHUAMH MOryT ObITh TOABKO yueaa 0, 1, 2, 3. 3nauur,
KasJoe 1ejoe uncjio 00sg3aTeqbHO MONaJeT B KaKoe-ITH00 U3 YKasaHHBIX IIOJMHOKECTS,
TO €CTh:

Z0)UZ(1)U Z,2) U Z,3) = Z.

Tem caMbiM HaMH INpPOH3BeleHa KIacCUPUKALUA z
MHOKECTBa LeNbIX YHCcesJ B 3aBUCMMOCTH OT HX OCTATKA
npu genenund Ha 4. Taxum ob6pasoM, B COOTBETCTBHH C
JAHHBIM TPH3HAKOM MHOYKECTBO ILEJBIX YHCeJ MOYKHO
pas3buTh Ha deThipe Kjacca (kB € Z):

Z (0) — umcna Buaa 4k (uncia, kparusie 4, TO eCTh
Aaiplire pyu JedeHuy Ha 4 ocrarok 0);

Z (1) — uncna Buga 4k + 1 (uucna, paomue NpH AeleHUH Ba 4 ocTaTok 1);

Z(2) — uucna Buza 4k + 2 (4mcia, papomue mpy AejeHUH Ha 4 ocTaTok 2);

Z (3) — umcna Buna 4k + 3 (4ucrna, gapomue npu AejeHUn Ha 4 ocTaTok 3).

IIpoBesenne rKiaccu(PHUKAINN MHOMKECTBA IEJIBIX YHUCEJI II0 OCTAaTKaM OT JeJIeHHs Ha
HEKOTOPOe YHCJIO [IO3BOJIAET VIPOCTUTh pellieHre MHOruX 3ajady. PacemMoTpumM, Hammpumep,
CAeAVIOIIYIO 3ajauy.

3anaga. JlokasaTh, YTO KBajgpaT J0OOro mexoro uuciaa audbo kpated 3, nubo npu jae-
JleHHH Ha 3 jgaeT ocTtaTok 1.

Pewenue:

Tak Kax 4MCJI0 HeJbIX Ynces 6eCKOHEYHO, TO JAHHYIO
3a/1a9y HeBO3MOXKHO PeIlMTh MEeTOAOM HMX mepebopa.

Pazo6peM Torga MHOMKECTBO ILEJBIX YHCEJ Ha TPH
Kjlacca IO OcTaTKaM oOT JieleHud Ha 3. B pesyiasTare
JaHHOrO pa30MeHNs MBI MOJYYHMM YHMCJIA TPEeX BHAOB:

1) yncna Buga 3k;

2) uucna Bunga 3k +1;
3) uucna Buga 3k +2 (k € Z).

ITpoBeseM AOKa3aTeJBCTBO AAHHOI'O YTBEPYKASHUA IJIA Yuces Kaxxmoro Buaa. To ecThb
IPUMEHUM MeToJ nepedopa He K 6ECKOHEYHOMY MHOJKECTBY IeJIbIX YHces, 8 K KOHeUHOMY
YMCJY YKa3aHHBIX KJIACCOB.

1) KBaapar uncna suga 3k pasen (3k)? = (3k) - (83k) = 3 - (3k?), a aro o3Hauaer, UTO
OH JAeJHUTCA Ha 3.

Masa 2, §2, n.2
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2) Ina yucen Bujaa 3k +1 KBagpar paBeH:

Bk+1YP=Bk+1)Bk+1)=3kBk+1)+1-Bk+1)=9k2+3k+ 83k +1
= 3(3k% + 2k) + 1,

a4 3TO 0O3HavyaeT, 4TO KBajgpaT 3aTOoro 4Yucja Opu geJieHHH Ha 3 AaeT OCTaToOK 1.

3) Ecau umcio npejacraBneHo B Buje 3k +2, T0 KBaApaT aTOro YMCIA PABEH:

(8k + 2)* = (8k + 2)(8k + 2) = 3k(3k + 2) + 2 - (3k + 2) = Ok? + 6k + 6k + 4
= 3(3k* + 4k + 1) + 1,

U MBI OOATH IMOJy4YaeM, 94TO KBaJApaT JaHHOI'O 4HCJa OPpH AeJeHHHN Ha 3 JaeT OCTaAaToOK 1.

IokasaB oA KasKIOTr0 M3 KJIACCOB, YTO KBaJpaT COOTBETCTBYIOIIErO IeJIoOro 4YHcJa

aubo geautca Ha 3, AuOO JAaeT IPH JeJeHHH HA 3 OCTATOK 1, MBI TeM CAMBIM JOKA3aIH
9TO YTBepXXJeHHEe U JJA BCeX IeJbIX qyuces. ¥

253} assr MmEORecTBA A U B:

a) A — MHOMXEeCTBO JIepeBbLeB B IIIKOJBHOM Caay;
B — MHOKECTBO JIHI.

0) A — MHOX»eCTBO rpu0OB B MYPOMCKOM JIECY;
B — MHOeCTBO NOJAOCHHOBHKOB.

B) A — MHOeCTBO JIETKOBBIX MamuH Mapku «Jlaga Kanuna»;
B — MHOK€CTBO CHHHX MAIIHH.

1") A — MHOMEeCTBO MKOJLHMKOB, 3aHUMAKIIHUXCHA JIerKoH a'r.ne'rmcoi’l;
B — mMHO3KeCTBO NIKOJbHHKOB, 3aHHUMAWIIHUXCA IIJIaBaAHHEeM.

1) HasoBuTe MHOKECTBO, ABIAIOINEECH IIepeceueHneM MHOKecTB A u B,

2) HazoBuTe MHOKECTBO, ABJAOMEecsa o0bequHeHHEeM MHOMKecTB A u B.
MHoecTBO A 3aJlaHO TIepeYMCIeHNeM ero dJIeMeHTOB. 3ajaiiTe ero XxapakTepucruye-
CKHM CBOMCTBOM:

a)A=1{1, 2, 3, 4, 5); B)A = {38, 6, 9, 12, 15};

0) A={2,4, 6,8, 10}; r) A = {-16, -11, -6, -1, 4}.

3anmuuIuTe TOAMHOMXKECTBO B 4eTHBIX yuces ¥ NoAMHOMKecTBO C HeUeTHBIX YHCeJ MHO-
xecTBa A. Haiinure ob6beluHEHNe U epecedeHHe nogMHoXKecTs B u C.

Brifepurte npusHak u pazbeiiTe MHOKECTBO A Ha /{BA HENIEPECEKAIOUIUXCA MOAMHOMKE-
cTBa, 06'beIMHEHNEM KOTODBLIX SIBJISETCS MHOMKEeCTBO A:

a) A = {1; 3; 7,5; 8,3; 9,2; 15}; 6) A = {-86; -12; —1; 8; 15; 24}.

Kak HasplBaeTcs NpOBeJeHHAS BAMM OIepanus?

PasbeiiTe MHOMKECTBO IeNbIX YHCEJI HA KJACCHI [0 UX OCTATKAM OT JEJEeHHUS Ha:

a) 2; 6) 3; B) 5; r) 6.

HzobpasuTte ¢ HOMOIILI0 AHArpaMMbl Jitnepa—BenHa moayduBlInecsa Kiaaccsl. CKOJIBKO
KJaccoB y Bac noayumiock? ChopMysupyiiTe rHnoTe3y U JOKAXKUTE ee.

ITposeauTe KIACCHPHUKALMIO MHOMKECTBA A IO OCTATKAM OT /eJIeHUS ero 3JIeMeHTOB
Ha b:

a)A = {-10; -7; -1; 0; 3; 8; 14; 20}, b=4; 06) A =1{-8; -4; 0; 5; 9; 11; 16}, b = 3.
ITpoBepbTe, 4TO KayKAblil dJIeMEHT MHOKeCTBa A IIONaJ POBHO B OJMH KJAacc.
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IokauTe, 4TO:

a) mpou3BeleHHAe JBYX MOCJEAOBATENLHBIX LEJbIX YHces Jub0o aeaurca Ha 3, 1ubo Ipu
IeNeHUH HAa 3 JaeT OCTATOK 2;

6) ocTaTOK OT JeleHUus HA 4 MPOW3BeleHNUA JBYX TOCIEI0BATENBHEIX HEUETHBIX YHCEN
pagBeH 3.

JokakuTe, 4TO:
a) a® + 5a paa n06Oro mMesoro Ymcsia @ AeJaUTCsa Ha 3;
6) a* — a ansa n060oro LeJIoro Yucia a AeJuTca Ha 6.

@ IlocTpotiiTe Ha MIOCKOCTH IPAMOYIOILHYIO CHCTEMY KoopauHAT OXy U OTMETbTE

TOUKH ¢ Koopaunaramu: A (—8; -3), B (-2; 3), C (1; —6), D (9; 6). Ilocrpoiite
nomanyio ABCD u Haiigure npubausnTe/bHbIe KOODAUHATEL TOYEK €€ IepPecedYeHus C
ocamu Ox u Oy.

a) B npamoyronsHO# cucreme Koopausar Oxy mocrpoiite Tourky A (2; 5). Onpegennre
KOOPAMHATEL TOUEK:

1) A , cumMeTpuuHO TOUKe A OTHOCHTENbHO ocH abemucce Ox;

2) Ay , CHAMMETPHUYHOM TouKe A OTHOCHTEJBLHO ocH opauHAT Oy;

3) A,, cHMMeTPHYHOH TOYKe A OTHOCHTE/JbHO Hauana koopaunar O.

Ilocrpoiite Touku A, A u A,

6) BeimorauTe npeasigyinee saganue auas touex B (—3; 4), C (6; —2), D (—1; —8).
Pemurte ypaBHeHUe:

2) 28z~ 1): 3= 2(5x ~ 2) - (6~ x) : 2;

0) Ol,1(5x —6)—(7T—4x): 3=0,23x — 4) — (—x + 4).

a) Ha nocnepume 10 gueit aBrycra 6b1j ceslaH HNPOrHO3 AHEBHON TeMIepaTyphi.
OnpegenuTe NporHos cpeAHeJHEBHOM TemuepaTyphl Ha atu 10 gHeit aBrycra.

Jarta 22 23 24 25 26 27 28 29 30 31
Ilpormos, t °C | 20° 25° 24° 18° 14° 15° 21° 24° 24° 22°

6) B marasuse npogaerca 75 kuHur. Mx cpenuasa mena 256 p. CKOIBKO CTOMIA OJHA
npolaHHAasA KHUIA, €CJH CPefHAA IeHa OCTABHIMXCS KHUT crana paBHa 258 p.?

a) JKan u ITose OTIPaBHJIKMCH OJHOBPEMEHHO M3 ropoja A B ropoi B, ofuH Ha aBTO-
mobure, Apyroi — Ha Beaocumene. [Io mpOMIECTBUH HEKOTOPOrO BPEMEHM OKa3ajloch,
yto ecau O6m1 HaH mpoexas BTpoe Goablne, TO €My OCTANOCH OBl MPOEXaTh BABOE
MeHbIlle, 9eM ceifuac, u 4To ecau Obl ITob mpoexas BZBOE MEHBIIE, TO €My OCTAJI0Ch
6B mpoexaTh BTpoe Goxabiue, yem ceityac. Kak 30ByT BeJocHIIegucTa, €CJH OH eXal C
MeHbIIEeH CKOPOCTHIO, YeM aBTOMOOHINCT?

6) Ilo cayyaio npasgaMKa ObLI OpraHm30BaH napaj. IlapajgHas KOJIOHHA PaCTAHYJACH
Ha 288 M. PakeJbIUKHN e€Xajd B Hayaje [POLECCHH, & 3aMBIKAJHA €€ MY3BIKaHTHI.
Bcxope mocsie Hagasa Mapina caMblil I0HBIM U3 (haKeJbIMKOB BCIIOMHHJI, YTO 3a0bLI
B3ATh (paKes, KOTOPBIA ocTajicA y ero Apyra Tpybaya, eXxaBIuero B DOCIESHEM DALY.
Torpa dakensmuk nobexan K cBoemy APYyry U BepHyJIcHA depe3 3 MuH. C KaKoil CKo-
POCTBIO ABUrajiachk napajHas KOJOHHA, €CJIM IIPEANOJIOKUTE, 4TO (haKeIbIIuK Oerxast
Tyza u 06paTHO co cKopocTeio 18 Km/u?

79



fnasa 2, §2, n.2

265

©

(]
(=)}
~J

[
(=)
co

)
N
\O

%)
~J
=

80

a) CKoJIBKO KBaJPDAHTOB MMeeT KOOPAMHATHAA IocKocTh? Kak 1o KoopauHATAM TOYKH,
He BBITIOJHAA NOCTPOEHUU, ONpeNenTh, KAKOMY KBAJIPAHTY OHA NPUHALJIEKHAT?

6) MHOXecTBO TOYEK KOODAHHATHOM ILIOCKOCTH T COCTOHT M3 3JIEMEHTOB:
A (3; -1), B(9; 2), C (-3; 6), D (-6; —-3), E (3; 6), F (-3; —6), G (6; -3), H (-1; 10).

He BBINOJHAA NOCTPOEHMS, ONpPEJeJIATe, KAKOMY KBAAPAHTY NPHHANIEHUT KA bl
anemeHT MHO:kecTBa T. IlocTpoiiTe AJaHHBIEe TOYKHM M IpOBepbTe CBOH OTBET.

B) BeimonanTe Kiaaccupukanuio MHOMKeCTBa TOUeK T OO MX NPHHAAJIEKHOCTH KBaJ-
paHTaM KOOPAHMHATHOM ILJIOCKOCTH.

r) IIpoBenure nomanyio ABCDEFGH wu onpefiesiaTe KOOPAUHATEH! TOYEK €€ IepeceyeHus
¢ ocamu koopauHat Ox u Oy.

1) Kak, He BBINOJIHAA MOCTPOCHUA, 10 KOOPAMHATAM TOYKH ONPEEIUTh, TPUHALIEHUT
JH OHA OCH KOOPAWHAT, M eCJH Ja, TO KaKoii?

266' IIpoBeauTe KiacCH(UKAINI MHOMKECTBA A IO OCTATKAM OT JeJNE€HHUHA ero aje-
MEHTOB Ha T:

A = {-98; —76; —53; —34; ~16; 0; 13; 25; 34; 40; 78}.
Ioxkaxure, 4TO:

a) Mpou3BeJeHNe ABYX IOCJeJ0BATeIbHBIX YeTHBIX uHcea aubo genurcs Ha 3, aubo
Opu AejleHdH Ha 3 JaeT 0CTaTOK 2;

0) npousBegenne yuceya (a + 5)a + 9) aua aodoro meaoro a amdo geaurca Ha 5, aubo
IIpDH AeJIeHHH Ha 5 gaer ocraTrok 1 muum 2.

PeumuTe ypaBHeHHE: _
a)8(x — 4): 3 — 7= 1,85 — 10x) + 4x;
6) (x —3): 7~ 0,2(x — 25) = 7 — 0,25(2 + x).

a) Ha cknage noHYMKOBOM Komnanuu AHToHa M Kcomu Ha-
xozauTca 518 KopoGOK ¢ roTOBOM NMPOAYKIHEel — HOHYUKaMHA
pasHbIX copToB. CpeHAs eHa OJHOU KOPOOKH ¢ MOHYMKAMU
paBHa 138 p. B reuenune gusa npoganu 143 xkopoOKH IIOHYHU-
KOB, IIPH 3TOM CPeJHssA [leHa OAHON KOPOOKM MOHYMKOB cTaja pasHa 142 p. Ha kakyio
CYMMY IPOAAJH [MOHYMKOB B T€YEHUE ITOro JHA?

6) Paccrosinue ot noMa AHTOHA 10 opuca MOHYHKOBOII KoMnaauu pasHo 40 kM, a or
oHuca 0 CKIAga KOMIOAHHM — 7,7 KM. AHTOH J0O€Xajn JO CKJaja Io Aopore, IMpoxo-
aamen muMo opuca, 3a 45 mun. C Kakoil cpegHeil CKOPOCTBIO

oH exan?

B 12 gyacoB nHs AHTOH OTIIPABHJICA Ha BEJOCHIIEEe M3 AoMAa B
o(uc NTOHINKOBOM KOMIIAHUHK CO CKOpocThio 16 kM/4. Yepes
15 muuayT nocye sroro Keromia, B ¢BOIO O4Yepejb, OTIPaBH-
Jiach M3 ouca NOHYMKOBOM KOMIIAHMH B HAIIPABJIEHHHN JO0Ma
AnToHAa co ckopocThbio 20 KM/4. OHHM YCJIOBHJIKCH BCTPETHUTh"
ca B Kae, HAXOASALIEMCS POBHO IIOCEPeNHHEe AOPOTH MeXAY
JoMomM AHTOHA M OQHCOM, U [IPHEXaH TyAa OJHOBPEMeHHO.
B KoTOpOM uYacy OHH BCTPETHJIMCH?
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271} a) Hocrpoiite HA TIOCKOCTH MPAMOYTOIBHYIO CHCTEMY KOODAMHAT H OTMETHTE TOUKH
¢ xoopaunaramu A (2; 5), B (5; —b), C (—4; 5), D (-5; —-T), E (4; 8), F (—4; -5).
6) OnpenennTe KOOPAUHATHI TOYEK, CHMMETPHYHBIX NAHHBIM TOYKAM, OTHOCHTEJLHO
KOOPAMHATHBIX OCEH W UEHTPa KOOPAMHAT M IOCTPOMHTE X B TOH e CHCTeMe KOoop-
auHaT. CoelMHNUTE BCE IOCTPOEHHBIE TOYKHW TAK, YTOOBI MOJYYHJIACh CHMMETDHYHAA

¢burypa.

e
@ @ HaiinuTe HapmMeHbIIee HATYpPaJbHOE UHCJIO, KOTOpPOE NDH JAeJeHWH Ha 2 gaer
ocraTok 1, mpu geneHWH Ha 3 gaeT OCTATOK 2, IPH JeNeHUH Ha 4 JaeT OCTATOK
3, mpu feneHn Ha D JaeT octarok 4, Ipu AeJeHUH Ha 6 maeT ocTaTok 5, IPH AeJeHUH
Ha 7 paeT ocraTok 6, a mpum gejleHHH Ha 8 JaeT OCTATOK 7.

2738 V otna Tpu COBEPLIIEHHONETHHX ChiHa. [IpOM3BeeHIEe HX MOJHBIX JeT paBHO 20 677.
CKOJIBKO JIeT KaXKIOMy H3 ChIHOBeii?

3. CpaBHeHnsa M HX cBoOMcTBaA®

Beauyailuwue u camvie naodomeopHsle ycnexu u 8 mamemamukxe...
wacmo 0043anbl CO30AHUI0 U 86€JeHUI0 HO8bLX NOHAMUL

8 mom MoOMeHm, k0204 K amomy sviHynOaem uacmoe

obpaujenue K CRONHbLM A8JEHUAM.

KOnaunyc Buasrensm Puxapa Hezexunn (1831-1916),
HeMEeIKHI MaTeMaTHK

V meswIx ymcesi, KMEIOIIUX OJHHAKOBBIE OCTATKH IIPH JeJICHHUH HA OJHO U TO YK€ YHC-
JIO, €CTh OYEHb BAXKHOE CBOMCTBO, KOTOPOE UACTO OKA3BLIBAETCH IOJIE3HBIM IIPH pPeIleHHH
pasHooOpasHBIX 3a/a4 Ha ACJIHMOCTL. BBISCHMM, YTO e 9TO 34 CBOHCTBO.

Teopema 1. Ileanie unucna a u b ©¥MEIOT OUHAKOBLIE OCTATKY IPH ALJeHUH HA M Toraa
M TOJIBKO TOrJa, KOTJa UX PasHOCTh JeJIMTCA Ha M.

©O© Joraszamenvcmeo.

CHayaja BCIIOMHHUM, YTO BBIDAYKEHHE «TOTZAa M TOJBKO TOTJa» YIoTpediserca B Tex
caydasx, KOI/la BBINOJHAETCH KaK NPAMoOe, TAK U 00paTHOe yTBeDKJCeHHE.

Ilna onpenesieHHOCTH OyAeM paccMaTPHBATh PasHOCTh 4 — b.

1. JlokasaTenLCTBO OPAMOTO YTB eHMA:

«Ecnu nensle yuena a ¥ b AMeOT OJMHAKOBBIE OCTATKH IIPH AeJeHHH HA M, TO HX
PasHOCTL @ — b menuTca HA m».

Tor daxT, uTo umMcna @ ¥ b ©MEIOT OAUHAKOBBIE OCTATKH IIPH AECJIEHHAH HA 1M, MOXMKET
GBITH 3aIIMCaH C IMOMOIIBI0 (DOPMYJIBI leJIeHHA C OCTATKOM clexywomum obpasowm (a, b, c,,
c,eZ, reNy:

a=me, +r.ree0<r<|m|,

b=mec,+r,rae0<r<|m

.

Brruuras IIEPBOE€ PaB€HCTBO M3 BTOPOIo, OoJjiydaeM.

a-b=me +r—(me,+r)=me, +r—me,—r=me, —me,=mc, —c,).
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A 9TO 1O ONpefesIeHUI0 HeINMOCTH U O3HAYAeT, 4To a — b pexmTcs Ha m, 4TO U Tpe-
D0BAJIOCEH JOKAa3aTh.

II. TorasaTeabCTB THOTO YTBEDKIACHUA:

«Ecnn pasHOCTD LEJIbIX YHCEN a U b JeJINTCA Ha M, TO Yucja a U b MMeloT ofuHAKOBBIE
OCTATKHU IIPH JeJeHUU Ha m».

Tor GaKT, UYTO PA3HOCTH IEJLIX YKUCeJ @ U b JeluTca Ha M, MOXeT OBbITh 3alMcaH Io
ompeAeeHHIO AeJIMMOCTH CJeAyIoImuM obpasom:

a—b=me(c €2).
Pasmenum yucyio b HA m, TO €CTh NPEACTABUM €ro ¢ NOMOIIBI (GOPMYJIEI AeJIeHHd C

OCTATKOM B BHJE:
b=mq+r,0<r<|m|(geZ reN,).

CoskuM JieBble ¥ [IPABble YaCTH IOJYYEHHBIX PABEHCTB:
a-F+F=mc+mqg+r=mc+q)+r

Buaunt, a =m(c +q)+r,rae 0< r<|m|(c,q €Z, r € Ny). A a10 1 03HauaeT, 4TO
YHCJI0 @ UMEeeT TOT »Ke OCTATOK HpH JeJeHUH Ha m, 4To U umcyio b, 4yro U TpeboBanoch
pokasare. ¥

Yucaa, HMewIIe OJMHAKOBLIE OCTATKH INPH [JeJleHHH Ha HeKOTOpOoe 3ajaHHOe Ha-
TYpaJbHOE YHCJIO, HACTOJ/JIBKO BayXHbI B MaTeMaTHKe, YTO IIOJIy4YHJH CBO€ CIEeNHaJIbHOE
HasBaHue.

Onpeaeneuue. Ecam gBa mesnlx umcia a ¥ b UMeOT OJJMHAKOBBIE OCTATKH IPH Jeje-
HHMH Ha HeKoTopoe Iejaoe yucio m (m > 0), To roBopsT, 4T0 @ u b cpasrumb. no modyaio
m, 1 MAIOYT:

a = b (mod m).

Bripaxenue a = b (mod m) Ha3LIBAIOT TaKke CPaBHEHHEM.

CpaBHeHUs ABJISIOTCA A3LIKOM Teopuu AeaumocTd. Ho cpaBHeHHA 4acTO BCTPEYAlOT-
¢ A B IOBCeAHEBHO# Ku3HW. Taxk, HANpUMep, YacoBad CTPEJIKA ITOKa3bIBaeT BPeMA IO
Moaya 12, a AHM HeAeau MBI ONpejenseM M0 MOAYJIIO 7.

IlonaTHEe CPABHEHHUS IMO3BOJISET KOpOUe 3amucaTh Teopemy 1:

Teopema 1. a = b (mod m) Toraa u TOJIBKO TOrZla, KOI/a PasHOCTE @ U b genurcs Ha m.
C momMoIbI0 AaHHOM TeopeMsl yA00HO ONpeAedTh, CDABHHMEI JIM 4YHciIa @ U b 1o He-
Koropomy Moay.aio. IlpuBezeM mpumepsl.

BrickassIBaHHe Suuien’ wa’ Sunms 0O6ocHoBaHHE
CcpaBHeHHI

Yncna 56 u 1 cpaBHAME! 56 =1 (mod 11) |56 —1 =55, a 55 nenmurea wa 11. 3uauwnr, ync-

no Moxyaw 11 na 56 m 11 MMeOT OJMHAKOBBIE OCTATKH IIpH
menesny Ha 11.

Yucxa (—74) n 14 -74 = 14 (mod 8) | —74 — 14 = -88, a —88 genurca Ha 8. 3HaUHT,

CPABHHUMEI II0 MOAVJIH0 8 yucaa —74 u 14 uMewT OAMHAKOBEIE OCTATKH
npu feieHuH Ha 8.

Yucio a geauTca a = 0 (mod m) aimeoa=mkeoa-0=mk(ke2)

Ha 4UCJI0 m 3uauuT, uyncaa a 1 0 ¥MeT OJHHAKOBEIE OC-

TATKH OpH OeJIeHHH Ha m.

Yucro a npu AeleHHn a = r (mod b) a=bc+rea—r=bc
Ha 4ucyao b gaeT ocTaTOK 3HAYHT, YHCJIA @ M I' UMET OJHHAKOBEIE OC-
(to ecte @ = bc + 1) TATKH OPH JeJeHuH Ha b.
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CpaBHEHUA ABJIAIOTCA He MPOCTO 0003HAUeHUEM, OHH 00/1a1aI0T PSAJOM 3aMedare/IbHBIX
cBoiicTB. MI3yUMB HEKOTOpbIE U3 HMX, MBI C BAMH y3HaeM, KaK MOXKHO IPOCTO PEIHTh,
HA MEepPBLIA B3IJIAJ «HENPUCTYIHBIE», 3aJaUy Ha JAeJINMOCThL, BbIBEJeM HOBbIE NPUIHAKH
JEeJAMOCTH ¥ HAYYUMCS MHOIOMY ApPYTroMY.

Bbl, HaBepHOe, 3aMeTHJIH, UTO 0003HAUEHHE CPABHEHHUA HANIOMHHAET 3HAK pPaBeH-
crBa. U a10 He ciayualiHO, TAK KAK CPABHEHUA 110 OJHOMY U TOMY 2Ke MOAYJIIO 001amaioT
MHOTMMHM H3 TeX CBOWCTB, KOTOPBIMM 00Ja4al0T 00bIKHOBEHHBIE paBeHcTBa. PaccMoTpuM
HEeKOTOpble U3 HHUX.

Mgl 3HAeM, YTO JIJI PABEHCTBE HA MHOXKECTBE I[eJIbIX YHCeJ BRIIOJHAKTCA CBOMCTBA!

Haspaune cBoiictsa | Bm csoiicTsa L b ﬁomma cBOiicTBA
 MATeMATHYECKOM A3bIKe : S _

Pegpaercusnocms a=a Jhoboe uncsno pasHO camMomy cebe.

Cummempuynocms Ecirma=0b,10b=a Ecsu mepBoe 4Hclio paBHO BTOPOMY, TO BTOpOe

YHC/IO0 PABHO IIEPBOMY.

Tpansumusnocms Ecnma=b,ab=c, Ecin nepBoe 9Mciio paBHO BTOPOMY, &
TO G = C BTOpOE — TPeTheMy, TO IepBOe YHCJIO

PABHO TPeTHEMY.

AmnajloruuHble CBOMCTBA CIpPABEJJIMBEI U A/ CPABHEHHIH.

Teopema 2 (PedrexkcusHocTh cpaBaenmii). JIoboe uucio a cpaBHUMO caMo ¢ co6oi 1o
Mmogpymio m (a, m € Z, m > 0).
Horaszamenvemaeo:
PaccmoTpuM pasHOCTh @ — a. Tak Kak
a-a=0=m-0
ana awoboro mexoro m > 0, To yKasaHHAs PA3HOCTH Je-

guresa Ha m. Ho Torga, mo teopeme 1, ¢ = a (mod m),
uyT0 M TpeboBaysoch AOKAa3ark. ¥

Teopema 3 (ChmmerpuyHOCTHh cpaBHeHHI). Eciu uncio a cpaBHUMO ¢ YnucIOM b 110 MO-
LYJIO M, TO YUCJI0 b CPABHUMO C YHCJIOM @ IO TOMY ke mMoayaw (a, b, m € Z, m > 0).

Hoxaszamenvecmeo:
ITo ycaoBuio TeopeMsl a
YHUCJIO ¢, uTO @ — b = mec.

b (mod m). 3sauur, o TreopeMe 1, cyuiecTByer TaKoe 1ejoe

Hob-a=-(a—b)=-mc=m (- c), u moaromy b — a TaxkKe JeJIuTCA Ha Mm.
CnenoBaresibHO, 10 Teopeme 1, b = a (mod m), 4ro u TpeboBanoch goxasars. ¥

Teopema 4 (TpanauTHBHOCTH cpaBHeHH#). Eciin unclI0 @ CpaBHHMO ¢ 4yucjaoMm b 1o
MOZYJIIO M, & YUCJIO0 b CPAaBHHMO C YHMCJIOM € TI0 TOMY K€ MOZAYJIO, TO UHCJIO d CPABHHUMO
¢ YHCJIOM ¢ 1o Moxyaw m (a, b, ¢, m € Z, m > 0).

Horxaszamenvemeo:
ITo ycnosuro Teopemsi a = b (mod m) u b = ¢ (mod m). Toraa, 1o Teopeme 1, cymecr-
BYIOT IleJible unciaa k u [, rakue, uro @ — b = mk, a b — ¢ = ml. Hosromy
a—-c=(a-b)+(b-c)=mk+ml=mk+1).
Ilocrennee paBeHCTBO 03HAYAET, YTO PA3HOCTH @ — € AEJHTCHA HA M. 3HAYHUT, 1O TeO-
peme 1, a = ¢ (mod m), uro u TpeGoBanoch Jokasars, ¥

.3
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3anumeM CBOHCTBA CpaBHeHHﬁ Ha MaTeMaTH4YeCKOM f3BIKe.

Haapanne cBoiicTsa 3amHch HA MATEMATHYECKOM H3BIKe
Pegpaexcuenocms a = a (mod m)

Cummempuurocms Ecnmu a = b (mod m), To b = a (mod m)
Tpanaumusnocmb Ecan a = b (mod m), a b = ¢ (mod m), 10 a = ¢ (mod m)

IlokaxeM Teneps, KakK, IOJb3YACH YCTAHOBIEHHBEIMH CBOMCTBAMU CPDABHEHHI, MOKHO
IIPEeBPATUTh CHOMKHBIE HA IEPBBII B3rJIAJ 3aJa4Yd B IIPOCTHIE.

3amaua. U3BecTHO, UTO HEKOTOPOE YHCJIO cpaBHAMO ¢ yucaoMm 747 475 no monynio 74.
Joxraszars, 4To 0HO cpaBHUMO ¢ ymncjaoMm 74 000 001 mo Tomy sKe MOAYIIO.

Pewenue:

QueBngHO, uTo uncaa 747 475 u 74 000 001 gasror ocraroxk 1 npu genenum Ha 74,
3HAYHT, OHHA CPABHHUMBI 110 MoayJio 74, Torpa, Ha OCHOBAHHMHM CBOMCTB CHMMETPHUHOCTH
M TPAH3UTHBHOCTH, €CJIH HEeKOoTOopOoe YHCJIO CPABHHMO C OOJHHM H3 3THX 4YHCeJ, 3HA4YHT,
OHO CPABHUMO M ¢ JAPYTUM M3 HHX, 9TO M TpPebOBANOCH J0OKA3ATh.

@ 274} 3anumunre Ha MaTeMaTHJYECKOM SBBIKE, MCIOJIB3Ys (GOPMYJIY AETCHMS C OCTAT-
KOM, CIEAVIOIIAe BHICKA3BIBAHMUS ¥ NOKAMHUTE MX MCTHHHOCTD:

a) Yucuo 156 npu gesenun Ha 11 gaer ocraTox 2.
0) Yucyo 362 npu Jesenun Ha 17 gaer ocraTox 5.
B) Yucsa 6700 1 12 100 naroT ofHHAKOBBIE OCTATKH NPH JeJeHUH Ha 54.

r) YUncaa 760 000 u 1 740 000 garoT ofMHAKOBBIE OCTATKH IIPH JejleHHH Ha 98.

275 ,[[OKBJKHTE, uTO UMcga a u b JarnT OJHMHAKOBBIe OCTATKH IIPDH OeJIEHHHW Ha ¢, He BhI-
YHCIAA 3THX OCTATKOB!

a) a = 100 000, b =100 028, c = T; B) a = 410 000, b = 500 000, ¢ = 45;

6) a = 599 999, b = 600 004, ¢ = 5; r) a = 888 888, b = 999 999, ¢ = 37.
276} 3anumure gaHHEBIe BHICKA3bIBAHWA HA A3BIKe CPABHEHWH W AOKA’KUTE WX MCTHH-

HOCTh!

a) Yucao 1 133 064 genurca ma 9.

6) Yucmo 16 985 777 ue xpatHo 4.

B) Yucso 14 016 npu nenenuu Ha 7 gaeT ocTraTok 2.

r) Ocrarok ot jgenenus 320 005 sa 8 He paBeH 3.

) Ynena 12 000 1 12 180 paror oAMHAKOBEIE OCTATKHU NpPU JeeHHU Ha 45.
e) Yucna 560 000 u 580 000 maroT pasHbie OCTATKH NPH AejeHHH Ha 11.

2771 Haiiaure HanMeHbllee HATYPAIbHOE YHCIO, CPABHAMOE ¢ YHCJIOM 235 O MOAYIIIO:

a) 3; 6) 4; B) 5; r) T; n) 9; e) 11,
278} Haiizure HaMMeHbIIee HATYPAJbHOE YHCJIO0, CDABHUMOE C YHCJIOM G IO MOAYJIIO M.
a)a = 2589, m=11; 6) a = 142 248, m = 25;
B) a = 68 227, m = 54; r)a = 68 952, m = 120;
a) a =63 814, m = 131; e) a =56 400, m = 139;
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279

280

282

&) a = 126 774, m = 215; 3) a = 217 335, m = 222.

Kak Bbl moram Obl chopMyJaupoBaTh JAaHHOE 3aZlaHHe, He HCIOJb3yd A3bIK CpaBHe-
HAK?

Jorkasxkure, 4TO:

a) Ecsim HeKOTOpOe YHCJI0 CPaBHMUMO ¢ YucaoM 581 mo Mozyiio 9, To OHO CpaBHUMO U
c uncaom 18 626 mo aToMy Ke MOLYJIIIO.

6) Ecan Hexoropoe 4mMc0 cpaBHUMO ¢ upucaoM 198 mo moapyiio 25, To OHO CpaBHHMO
H ¢ yncyoMm 35 648 mo aroMy e MOLYJIIO.

B) Ecsaiu mexoropoe umcso cpapaumo ¢ yncaoMm 400 nmo moayaio 6, To OHO CPABHUMO M
¢ aucaom 104 902 mo aTomy e MOAYJIIO.

r) Ecim HeKOoTOpOe YHCJIO CPABHEMO € YHCJIOM 734 mo MoayJio 15, TO OHO cpaBHUMO
u ¢ gucaom 502 334 mo aTOMY 2Ke MOAYJIIO.

Haijigure Tpy 3HAYeHHMsS X, TAKHX, YTO:
a) x = 5 (mod 7); 6) x = 3 (mod 5); B) x = 15 (mod 17);
r) x = 4 (mod 23); x) x = 11 (mod 28); e) x = 19 (mod 39).

1]

28 II 3anuiuTe ¢ IOMOIIBLI0 KBAaHTOPOB obnHocTH (V) 1 cyutecrBoBanus (J) masHeie
YTBEpPKJIeHHA Ha MaATEeMATHYECKOM s3LIKE TaK, YTOObl OHM IPEBPATHIINCH B
HMCTHUHHLBIE BBICKA3BIBAHHUA.

a) Yucao 2n — cocTraBHOE. n) Yucao n(n + 1) — npocroe.
6) Mozgynae uncjia a paBeH a. e) Yucao 4n + 2 genumrca Ha 2.
n n
B) IIpo6n 7+ 9  UpaBHIbHAA. #x) [Ipobs 7+ 3 ~ UPaBHIbHAA
r) dpo6s Sa coKparTumMas 8) Ipobs da _ _ COKpaTuMasn
b+1 : 2b + 2 -

ITo namHEIM TAGIUN, TOCTPONUTE JIHHEHHBIE AAAIDAMMEI.
a) BeanuuHa NPOKUTOYHOIO MHUHHMYMAa HA OAHOTO YejioBeka B Pd:

Fox 2000 | 2001 | 2002 | 2003 | 2004 | 2005 | 2006 | 2007 | 2008

M e 1210 | 1500 | 1808 | 2112 | 2376 | 3018 | 3422 | 3847 | 5259

pyoaeit

6) Obmraa XUNMIOMALb, IPUXOAANIAACA B CPEAHEM HA OLHOrO KuTead P® (mo co-
CTOAHUIO Ha KOHeI] roja):

Ton 2000 | 2001 | 2002 | 2003 | 2004 | 2005 | 2006 | 2007 | 2008

Haomams, | 195 | 195 | 19,8 | 20,2 | 205 | 20,0 | 21,1 | 21,5 | 22

m?

B) Yucno Beicinx y4eGHBIX 3aBefieHMii B PP (cpegHerogoBoii mokasaTess):

Ton 2000 | 2001 | 2002 | 2003 | 2004 | 2005 | 2006 | 2007 | 2008

0 965 1008 | 1039 | 1044 | 1071 | 1068 | 1090 | 1108 | 1134

ITYK
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PackpoiiTe CKOOKHM M yIpOCTHTE BhIpasKeHHE:

a) (a — 2)(a + 2); B) (¢ + 1)(c — 2) — ¢c(c — 1);

6) (b — 1)(b + 3); r)d(d — 2) — (d + 2)(d - 3).
PemuTte ypaBHeHUE:

a)3 -0,1(3 — Tx) + 0,5(x + 1) = 4 - 0,2(7 — 3x);
o) (x +1,9): 3 - 0,4(2x — 5) = 6x + 0,3(2x — 3).

a) Iga omepaTopa ZO/MI¥HEI HAOpaTs HA KOMIIBIOTEPe HEeKOTOPKIN Texcer. CHauaia OfuH
Habpas IOJIOBUHY €ro, a 3aTeM BTOPOU — BTOPYIO MOJOBUHY. IIpu 3TOM OHHM BBINOJIHH-
au BClo pabory 3a 25 wacoB. CKONBKO 4acoB moTpeGoBasoch Obl IEPBOMY ONEPATOPY,
UTOBEI BEIIIOJHUTE BCIO paboTy caMOCTOATENBLHO, eCIM H3BECTHO, YTO BTOPOI 0IepaTop
BBILIOJIHAET ee caMocToATeaLHO 3a 22 uaca?

6) /IBa TenedoHHUCTA AOKHEBI TPOJIOKUTE Kabers. B OMHOUKY NEePBBIH IIPOJIOMKHAT ObI
ero 3a 9 paboyux AHei, a Bropoi — 3a 15. Ckonbko BpeMeHU UM moTpebyeTcs HA 3Ty
pabory, eciu oM OyayT paGorarsk BMecre?

B) Illepnox Xosmc ¥ KoKTOp BaTCOH IpM PACCIEIOBAHUU ONHOIO Aesa CTOJKHYINUCH
¢ HeoOXOAMMOCTHIO IPOPHITH MOA3eMHEIA Xox. Paboras BMecTe, 0OHM MOIVIM GBI €ro
BBIPEITE 3a 5 cyTok. OgHaxko gokTop Barcor mpoeryamicsa, u XoaMc cHauasaa 4 CyTOK
PBUI IOA3EMHEIN XOJ CaMOCTOATENbHO. A 3aTeM BaTCOH PBLI B OAHMHOUKY I10J3€MHBIH
xox eme 6 cyrox. B pesyasTaTe pabora Obura BeimosHeHA Jguink HAa 90%. Ba kagoe
epemsa Ilepnox Xonmc BeIpBUI OBI MOA3€MHEBINR X0, paboras oguH?

r) Hesnaiixa mMoskeT cbecTs TopT 3a 10 MmunyT, 6aHKY BapeHBs — 3a 8 MUHYT, a KacT-
proaio mpocTrokBamu — 3a 15 munyr. [JoHunk MoXxeT ¢becTs BCe 9TO, COOTBETCTBEHHO,
3a 5, 4, 3 MUHYTHL. 3a KaKoe BpeMA OHH CHEeJAT BMECTe MOCAEL0BATENBLHO TOPT, DAHKY
BapeHbA M KACTPIOJIIO IIPOCTOKBAIIHN?

3annmuTe B BHAE OJOK-CXEMBI:
a) aJTOPHUTM HAXOXKIEHUA MOXLYJA YHUCIa a;

0) aaropuTM OupeJe/ieHHA TOTO, YTO YHCJIA d X b UMET OJHUHAKOBLIN OCTATOK InIpH
AeJIeHHH Ha m.

287' MokaskuTe, 4TO YUCaa @ U b JAIOT OJMHAKOBLIE OCTATKH IIPH JeJeHHH HA C:
a)a =217 000, b = 150 000, ¢ = 67; 6) a = 700 000, b = 588 889, ¢ = 37.
SanuiuTe Ha A3BIKE CPaBHEHUH CJeAVIONUe BHICKA3bIBAHUA M JOKAMKUTE MX HUCTHH-
HOCTE:

a) Yucno 16 146 memurcs Ha 23.

6) Uncno 76 361 npm gemennu Ha 15 gaer ocratox 11.
B) Yucia 454 826 u 600 000 maror ogAMHAKOBBEIE OCTATKH IIpPH JejeHun Ha 29.

HaiiguTe TpH 3HAYeHHS X, TAKHX, YTO:
a) x = 4 (mod 11); 6) x = 3 (mod 27); B) x = 19 (mod 31).
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Pemure ypaBHeHHe:

a) 0,2(x - 1) - 0,8(6 — 2x) + 12 = -1,1(4 — x) + 8,T;
~ 6) -4,6 - 1,5(4x - 5) + 8,5x = 0,3(3x — 7) + (2x — 15,6) : 7.

291' ITo gasHLIM TAOJHILI IIOCTPOHTE JUHEHHYIO JHATPAMMY, IOKA3BIBAIONOIYI0 JHHAMHUKY
MHBECTHIMI, HanpaBieHHbIX B PP Ha oXpaHY OKpYysKaiolleil cpejbl.

~ Tox | 2000 [ 2001 [ 2002 | 2003 | 2004 | 2005 | 2006 | 2007

22 28 25 35 41 59 68 77

B MapZ. p.

AnToH ¥ Kcronia pemuan KYyNUTh AJIA CBOSH MOHYMKOBOM KOMIIAHMH TPHU HOBBIE TeX-
HoJoruyeckue JUHWHU. IlepBad JHHHSA MOJKET BHIODOJHHUTH MECAYHBIN IJIaH OO0 IPOU3-
BOJCTBY NMOHUYMKOB 3a 50 pabounx aHeii, BTOpas — 3a 45 pabo4yux AHEH, a TpeTba — 3a
60 pabouux gHei. CMOTYT ¥ 3TH TPU JHHUH, pab0Tasgs BMeCTe, BHIIIOJIHUTL MECAYHBIH
IJIaH MO MPOM3BOJCTBY MOHUYMKOB 3a 17 paboumx nueit?

293' a) Berumcnnre:
_ 45 ( 4,62
32 \20 - 28,2 : (13,333 - 0,3 + 0,0001) - 2,4

B-[(rd-o8 8):(68-2-1Y)+ L. 1] (B-075)- 5

A + 4,9);

3 "15 14 6/ " 18 " 27 \6 19°
6) Haiigure HanMeHblee HATYPAJIbHOE YHCIO, ¢ KOTODPBIM YHCIO A CPABHHMO IO MO-
nynwo B.

G 294 Ha BCTpede BBINIYCKHHKOB BCTPETHJIHCE IIIeCTE OJHOKJJIACCHHKOB: AHTOHOB,
Bapunos, Bacunses, I'enxkun, [Imurpues u EpmaxoB. Oxasanock, 94TO Bce OHH

Teleph KHUTEJH LIeCTH pPasHbIX ropoaos: Mocksel, Cankr-IleTrepbypra, Kuesa, Ty,
Xabaposcka u OMcka. B mponecce ux pasroBopa BBIACHHJIOCH, YTO:
1) AaTOHOB 1 MOCKBMY — Bpaud, [IMATPHUEB U NETepOypIKeI —
yuuTeas, a BacuibeB u TyJaAK — OM3HECMEHEL,
2) Bapunos, EpMakoB u KueBAAHUH — JHOOHTEJH UIPaATh B
TEHHHC, a TYJAK TepIeTh He MOXeT 9Ty UIPY.
3) DapuHOB M MOCKBHY AaBHO He BH/EJNCH, a BacuibeB u
sureab XabapoBCKa 4acTO BCTPEYAIOTCH.
4) Y xurensa XabapoBcKa gereil 00Jblle, yeM Y AHTOHOBA,
v xuteaa OMcka jgereir 6oawine, ueM v BacuaweBa, a v
EpmakoBa gereil MeHBbIIIe BCeX.
OnpeznenuTe, B KAKOM TOpOJie KHUBET KAXMIBIA M3 OJHOKIACCHUKOB U KAKAsg Y HEro
npodeccus.

wB kjacce 27 yenoBek. KaKAbI MaJIbuMK APYKHUT ¢ 4 AeBOYKAMH, 4 KaxKJasd JeBOY-
Ka — ¢ 5 manpunKkaMmu. CKOJIBKO B 3TOM KJACCe MAJbUYHKOB M CKOJIBKO JleBoYeK?

296' Y tpex ppyseii, Ilern, Barum u Tonum, Gbl1o Becero 120 moxonapok. ITets man Bane
u ToJsie CTONMBKO MIOKOJALOK, CKOJBKO Yy HHUX ObLT0. 3areMm Bama pan Ilere u Tome
CTOJIBKO, CKOJIBKO ¥ HUX ObLIO, ¥, HakoHel, Tous pana Ilere m BaHe cTONBKO, CKOJIBLKO
Y HHX K 9TOMy MOMEHTY MMeJIOCb. B peayiibrare BCeM AOCTANOCH MOPOBHY. CKOJBKO
IIOKOJAaZ0K OBLIO Y Ka/J0ro U3 MaJAbYMKOB BHauage?
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4. ApudpmeTnra ocraTkoB*

88

CosepuennbLit 06pas ucmurbvl — amo mabdiUYa YMHONEHU,
mounaa u docmosepras, c60600HAA OM 6CEX BAUAHULL BPEMEHU.

Beprpaun Paccexn (1872-1970),
QHIIMHCKHHA MaTeMaTHK u (uaocod

M= ¢ BaMH yiKe 3HA€M, YTO HATVIAAHOE NPEACTABICHHE O IEeJNbIX YHCJIax JaeT JHc-
Jopad nmpamad. Ha aToil npAMoOi KaAOMY ILEJOMY YHCIY IIOCTABJEHA B COOTBETCTBHUE
ompezesieHHAA TOYKA.

OpHaxo AJIA HATJIAZHOTO NMPEACTABJIEHUA O YHCJaX, CPABHUMEIX 110 HEKOTOPOMY MOAY-
JIIO M, YMCJIOBaA NpAMas yke He NOAXONHUT. Bejb /1Ba CpABHUMBIX II0 3aaHHOMY MOIYJIIO
YHCJa MMeIT OJMHAKOBbIE OCTATKHM, M Mbl XOTHM HMX PACCMATPHBaTh KAK OJHO YHCJO.
Hanpumep, npu cpaBHeEuH nmo moaymai 12 yucaa 0, 12, 24, ... JOJGKHBEI H300paskaThCs
OJHOM TOYKOM.

C aTOi1 cuTyanueil MBI 4acTO CTAJKHMBAEMCH U B IIOBCE-
JHEBHO KM3HHU, KOrZa opefiesiieM BpeMs Ha nmudepbiare
yacoB. IIpegcraBbTe Temepb, YTO MOJOMKHTEJbHAS YacTh
YHACJOBOM NPAMON Kak Obl HaMoTaHa Ha mudbdepdaaT yacos
Tak, yro Touku 0, 12, 24, ... cosnagawor. IIpu sTom, B 0T-
JIUYWE OT YaCOB, OTCUYET HA MATEMATHUECKOU OKPYKHOCTHU
TIIPUHATO BECTH IIPOTHB YaCOBOIl cTpenku (puc. 2).

Tak xax npu geneEUn Ha 12 BO3MOYKHEI JIMINL OCTATKY
0,1, 2, ... 11, To Ka)KaOe IeJI0e YHUCJIO CPABHUMO C OXHUM
U3 HUX U, CJIEeJOBATENILHO, OyAeT NpeAcTaABI€HO COOTBETCT- Puc. 2
BYIOIIEH TOUKOM HAHHOH OKPYKHOCTH.

AwnasoruuHsIM o0pazoM H300pakalOTCH YMCIA, CPABHHUMEIE IO JIOO0MY MOJYJIIO m,
TOJBKO OKPYKHOCTH JEJUTCH COOTBETCTBEHHO HA M PABHBIX YACTeH, W OKOJIO KadKJoH
TOUKH JieJIeHUS NPOTHB YacOBOHM CTPEJKH IOCJIe[I0BaTEJLHO PACCTABIAKTCA BO3MOYKHEIE
sHaueHus ocratkos: 0, 1, 2, ..., m — 1.

BseseM HA MHOMKECTBE OCTATKOB OT JieJICHHUA Ha 771 ONEPAIHIO CJAOKEHU:

Ilycrs uncna A u B npu JejleHHH HaA M JalOT COOTBETCTBEHHO OCTATKH a H b.

Cymmoii ocTaTkoB a ¥ b HazoBeM uyucyao ¢ (0 < ¢ < m), ABIsTIONIEECS OCTATKOM OT
genenusi A + B Ha m.

Ipyravu caoBamu, ecid A = a (mod m), B = b (mod m) m A + B = ¢ (mod m), To
a+ b =c (mod m).

B npormecce yKa3aHHON OMEpPALIMH MBI CKJIAABIBAEM He CAMM UYHMCJA, & UX OCTATKH OT
JleJIeHHsI HA HEKOTopoe ducio m. HanmpuMep, eciu HEKOTOPEIE BA UHCIA UMEIOT OCTATKHU
5 u 2 upmu jesieHnW Ha 12, TO cyMMa 3THX OCTATKOB paBHA 7:

5+ 2= 7 (mod 12)



YroObl HAUTH 3HAUYEHHUE CYMMBI, MOXKHO IlepeMeCTUTh-
cA IO YHMCJIOBOH OKPYHOCTH OT TOYKH O HA 2 eJUHHIILI B
HampaBJeHHW oTcuera (puc. 3). 3aMeTHM, YTO NOZOOHBIM
0Opa3oM MEI JIEHCTBOBAJIM M IIPH CIIOXKEHUH YHCeJ Ha 4uc-
JIOBOH IIPAMOIA.

IlycTs Temepr HEKOTODHIE ABa UHCJIA MMEKT OCTATKH
11 u 4 opu genenuun Ha 12. Yemy OymeT paBHaA cyMMa 3THX
OCTaTKOB?

Hcnonsaysa 4ucIOBYI0O OKPYRHOCTD (pHC. 3), HOIyYUM

11 + 4 = 3 (mod 12).

ITOT K€ OTBET MOYKHO HAWTH M C IOMOIILIO BBIYHCIIE- Puc. 3
Hu#. JleficTBHTENBbHO, CJOKHMB ocTaTKu 11 m 4, MBI Doay-
gum 15. Ho 15 > 12 u ocrarkoM npu fJejieHHM Ha 12 He ABadAeTcd. A TaK Kak
15 = 3 (mod 12) m 3 < 12, To pe3yJpTaTOM YKa3aHHOU omepaunuu Oyaer ymcio 3.

ITo cyrn, omepamus CJIOKEHHSA OCTATKOB CBOAUTCH K OOBIYHOMY CJIOMKEHHIO. TOJNBKO
3/lechb pe3yJbTaThl CAOMEHHUd HUKOI/Ja He [IPeBBILIAIT JAelluTeld, TO eCTh paccMaTpuBa-
€MOr'0 MOZYJIA.

AnasloruyHEIM 00pa3oM MOKHO BBECTH OIl€PAIlMY BHIYMTAHHA M YMHOYKEHHS OCTATKOB.
ITpu aToM Becerza HaZi0 NOMHHTBH, YTO IIPH BBINOJHEHWU AeHMCTBHH HaJ OoCTaTKaMHU IIPH-
MeHseTCA CJAeayIollee NPABHJIO: €CU Pe3ysbmam CAONEHUR, BbIYUMAHUAL, YMHONCEHUS
ocmamkKoé no HeKomopomy modyaw m cmaJj ompuyamensHbtM wau 6oavuie m, mo Hado
nepexodumb K ocmamky om OeneHus pe3yibmama HA m.

Taxk ke, Kak 1 B 00bIUHOIT apudMeTHKE, MbI MOYKEM COCTABHUTH TAGIUIILI CI0IKEHUA U
YMHO2KeHUs ocTaTKoB. CocTaBUM, HATIpUMED, TAGJIUIY CIOKEHUSA W YMHOMKEHUS OCTATKOB
OT mejieHus HA 4.

Tadauna ciaoskeHHs Tadaunma yMHOKeHHS

a+b=c(mod4) ab = ¢ (mod 4)

b=0|b=1|b=2|b=3 b=0|b=1|b=2|b=3
a=0 0 1 2 3 a=0 0 0 0 0
a=1 1 2 3 0 a=1 0 1 2 3
a=2 2 3 0 1 a=2 0 2 0 2
a=3 3 0 1 2 a=3 0 3 2 1

Hrax, BBeZieHHBIe HAMH OIEPAlMH IO3BOJAKT CKJIAAbIBATh, BEIYUTATh X YMHOKATh
ocraTeH. [{oKkaykeM Temepb, YTO IpaBHja apu@MeTHYECKHUX AEHCTBHMIH HAJ OCTATKAMH
aHaJOTHYHBI OOBIYHBIM IIPABHJIAM.

Teopema 1. Ectu a = b (mod m) u ¢ = d (mod m), To a + ¢ = b + d (mod m).

Hoxazameavcmao:
Tak xak a = b (mod m) u ¢ = d (mod m), o, mo reopeme 1, m. 2.2.3, yncna a — b u
¢ — d penarca Ha m. 3HAUHAT, a ~b=kmunc —d = lm (k, | € Z).

Maea 2, §2, n.4
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C10XKHMM IONy4YeHHEBIE [BA PaBEeHCTBA:
(@a-b)+(c—-dy=km+Iim << (a+c)—-(b+d=mk+Il.

ITocnennee paBeHCTBO O3HAYAET, YTO PA3HOCTH 4ucen a + ¢ u b + d pgenurca HA m.
CnenosarensHo, mo Teopeme 1, m. 2.2.3, OHH UMEIOT OZMHAKOBLIE OCTATKH IPH JETCHHH
Ha m. 3Ha4uT, @ + ¢ = b + d (mod m), uro u TpeboBanoch goxasatb. ¥

Teopema 2. Ectu a = b (mod m) u ¢ = d (mod m), Toa — ¢ = b — d (mod m).
Teopema 3. Ecax @ = b (mod m) u ¢ = d (mod m), To ac = bd (mod m).

Teopemsr 2 1 3 HOKA3LIBAIOTCA AHAJOTHYHO Teopeme 1.
IToraxxem rTemepb, KAK CPABHEHHS M BBEAEHHAA AJA HUX apu(pMeTHKA O3BOJAIOT IPH

PeIIeHuH 3a/lad YHTH OT TPOMO3AKHX Npeo0pasoBaHMIl ¥ TEM CAMbIM YIIPOIIAIOT PEelIeHHe.
PaccmoTpuM onATh 3amauy us m. 2.2.2.

3agaga. JlokasaTh, 4YTO KBaApAT JIOGOr0 IEJOTO YHCIA wr TRRETPR

aubo kparen 3, nubo maerT npu geseHuHn Ha 3 ocrarok 1.
Pewernue:

Pasgenum 1nesble 4Hcia Ha TPpH KJiacca B 3aBHCHMOCTH OT
MX OCTATKOB OT OeJIeHHS Ha 3:

1)a=0(mod 3); 2)a =1 (mod 3); 38)a= 2 (mod 3).

JloxkarkeM BHIIOJTHEHHE YKA3aHHOTO CBOMCTBA AJIA KayKA0T0
H3 9THX KJACCOB,

19

1) Ecam @ = 0 (mod 3), To, mo Teopeme 3, a* = 0% (mod 3) = 0 (mod 3).
2) Ecam @ = 1 (mod 3), To, no Teopeme 3, a?> = 12 (mod 3) = 1 (mod 3).
3) Ecau a = 2 (mod 3), To, no teopeme 3, a® = 22 (mod 3) = 4 (mod 3) = 1 (mod 3).

B nmepsom ciyuae a? xpaTeH 3, 4 B JBYX OCTAJLHBIX — OCTATOK IIPH JelneHuM a’ Ha 3
paBeH 1, uTo u TpeboOBATIOCH HOKA3ATE.

297' Haligure Ha uMCI0BOM NMPAMOM BCe YMClIa, HAXOZAINHECHA OT 4YHCJA ¢ HAa pac-

crosiHuu b:
a)a=28,b=2; B)a=9,b=4; nDa=7>b=09;
6)a=12,b = 3; rya=2,b=25; e)a=6,b=6.

M3BecTHO, YTO OCTATOK OT JejieHUsA uucia A Ha 19 paBeH a, a uucia B Ha 19 — paBeH
b. Haiigure ocTaTok oT jgejeHus Ha 19 umcen: 1) A + B; 2) A — B; 3) A - B, ecnu:

aya=25,b=23; B)a=11, b= 6; ma=17,b=8;

6)a="1T,b=2; rra=18, b = 2; e)a=15,b=09.

BeimosHuTe yYKazaHHOE NeMcTBUE MO0 MOAYIIIO M:

a)8 +4, m=13; r) 13 -5, m = 6; ®) 25, m=28;

6)3+6, m=T; n) 21 -4, m = 3; 3)12 -4, m = 11;

BY7T+7+ 7, m=25; e)9-14, m = 4; u) 33, m = 12,
300§ Haiigure aBa 3HauYeHHS X, AJIS KOTOPHIX BEPHO JaHHOe CDABHEHHE:

a) x + 3 = 6 (mod 4); B)x —1=7+ 5 (mod 6);

6) x+5=T7+ 1 (mod 3); r)2x + 6 = x + 8 (mod 7).



faasa 2, §2, n.4

01)

302

304

308

309§

310

CocrasbTe TabIUOBI CIOMKEHHA ¥ YMHOMEHUA OCTATKOB IO MOAY.Io: a) 3; 6) 5; B) 6.
Kakxue 3aKOHOMEDHOCTH B 9THX TabamIax Bbl 3amedaere?
Hokaskure, 4TO:

a) a® — a geauTcda Ha 3 A J000T0 IEJIoro YHcia a;

6) a® + 1la genmTca Ha 6 Ana a060T0 HEJOTO HHCAA ;)

B) a® + 3a? + 2a menurcsa Ha 3 AjA M10060T0 MEJOro YHCia d.

Ilonp3ysack MOJYyYEHHBIME B 3aJaHHH D TabiunamMu yYMHOMEHUS,
HalguTe OLHO 3HAUYEHHe X, TAKOe, UTO:

a) 2¢x =1 (mod 3); 6) 2x =1 (mod 5); B) 3x = 4 (mod 5); r) bx = 4 (mod 6).

JlokaxuTe, 94TO:

a) Ecau umncna a u b He gensarca Ha 3, HO AAOT OAWHAKOBBLIE OCTATKHU IIPHA AeJeHUNA
Ha 3, To uucyo ab — 1 gemmrca Ha 3.

0) Ecnu umcsia a m b He gensATcsA HA 3 ¥ HAIOT Pa3HBIE OCTATKH IPM JeJeHHH Ha 3, TO
yucao ab + 1 penurca Ha 3.

B) @° — a nenuTcA Ha 5 AaA JA000T0 MEJOro YHCIa d.

305] Karue mpueMsl cpaBHeHUsA OOBIKHOBEHHBIX Apobeii BhI 3HaeTe? CpaBHHUTE
Ipo0m:

5 2 5029 379 _ 380, 548 547

11 5, 3 2 78 . 379 380 948
) ig"iy 9 13057505 P 11710204 3807380 M 547 % 546

CpaBHuTe, He IPOU3BOAA BEIUMCJICHMIL:

: . A N 99 3.
a) 3,28 - 0,9 u 3,28; B) 5447 33 o) 26 u 26 z
1.9 T4 o7, 3 o1 3
0) 5,45 u 5,45 * 1,2; r) 815 u 77 815, e) 19 ® 24 19°
Brrumcnure:
|-10(+|-12]|-|-28 ®»[-18]:|-5k @l-351:121-098-0];
? E] . 14 kd A 21 = 7 ? ?
3 1 6 1
6)[-2,25|-|13|-|-255 mf-27[-[-85L e[-3,28|:|-2]-6,72:(-1).
Pemurte ypaBHeHUe:
a)|x|=5; B) |-y |=9; n) |-z |=0;
6) —|a|=11; N|-cl=-1; e)—|a|=-T7.
Haiigure sHaueHHe BBIDAMKEHUS:
2a°b° _ _ 9. 6x(x + y) _ - i
a) Rgip * €CH @ = 0,6, b = 2; B) 24y(y + x) eciua x = 8, y = 0,75;
28xy?® 1 8yX(y — x)
6) 4x3yg, ecan x = 4, y= 7; I‘) 3x3(x — y), ecan x = 2, y= 1,5.

a) Jlaryas npegcrasiasger coboil cmnas Megu U ooBa. CKOJBKO MEJIHA ¥ CKOJIbKO 0JIOBA
B 540 r naryHu, ecau KOJAHMYECTBO oJoBa cocrtapaser 50% ot konuuecrBa mMenmu?

6) B xaKMX IpoNmopmuAX Hano cHiIaBuTh 301070 375 mpobel ¢ 3oiorom 750 mpobsr,
4T00RI TOAYYHUTE 30J10T0 500 mpober?
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B) BnasxHocTh cBexxeckomeHHo# Tparsl 60% , BraskHOCTH ceHAa — 15% . CronbKO 110-
Jy4ynuTes ceHa 13 8,5 T CBeKECKOIIEHHOH TPAaBBI?

r) Macca ap6ysa pasua 10 xr, a ero BaasksHocTh — 95% . Yepes HEKOTOpOe BpeMs
BIa)KHOCTh apbysa crama pasHa 90% . Ckoabko Tenepb BecuT apbys?

IInomangm JecHBIX Yy4acTKOB HOMep 1, 2 W 3 OTHOCATCHA COOTBETCTBEHHO Kak
5
2,25 :.1,6 ! 16, OopudeM ILIOMIAAE TPeThero ydacTka Ha 135 ra MeHbIe TLIOIIAAA

nepsoro. Ha mepBoM, BTOPOM M TPETBEM VYacTKaX BHIPYOMJIM COOTBETCTEEHHO 15%,
10% u 5% ot mx nuomagn. Ha xKaxko# miaomaaud 6L BeIpYOJeH Jdec?

a) B ogaom kiacce 85% yuamuxes xogunau B moxon, a 75% — xomunu B Tearp. Kask-
IObIil yuammiica obsizaTenbHO cxoxun aubo B moxox, aubo B Tearp. Yemy paren Ha-
MMEHBIIHUY ¥ HAUOOJIBIIMI NPOLEHT yUalluxcs, MoOLIBaBIINX U B IIOXOMAe, U B Tearpe?

6) Ilo craTucTuKe, B ogHOM mopToBOM ropojge 90% HaceneHnsa yMET 00BACHATHCS
Ha AHIUIMHCKOM A3bIKe, 80% — Ha HEMEIKOM s3bIKe, 10% — Ha ACHAaHCKOM HA3bIKE, a
80% — Ha QpaHIy3cKOM sA3bIKe. KaKoll HaMMeHBLIIMH ¥ HAMOOJBIIWKN MPOLEHT Hace-
JIEHHA 3TOr0 [OPTOBOTO ropojia MOXKeT H3BbACHATHCA HAa Bcex 4 A3bIKax?

313} Mssectro, uTo ocTaToK OT HeseHms yncaa A Ha 17 paBeH a, a uncna B Ha 17 — pa-
BeH b. Haligure ocraTok ot nenenua Ha 17 uncen: 1) A + B; 2) A — B; 3) A B, ecau:

a)a=11,b = 2; 0)a="T,b=12; B)a = 10, b = 11.
BrinosHHTe YKasaHHOe JeHCTBHE IO MOAYJIIO m:

a)9+ 7, m=8; B)7T-11, m = 3; n) 95, m=30;
6) 29 -12, m = 4; r)3-9, m=21; e) 25, m = 6.

HaiiguTe nBa 3HaYEeHUA X, IJ7 KOTOPBIX BEPHO JaHHOE CPABHEHNE:
a) x + 9 = 21 (mod 5); 6) x — 5 = 14 (mod 11).

CocraBbTe TAOMHUILY CIOKEHHA M YMHOMXKEHHS OCTATKOB II0 MoayJai: a) 2; 6) 7.

Beruncanre:
a)| -5,45|:|-5|- 5,91 - (-1); 6)|%|:|—1%|+101,909°|0|.
PemnTe ypaBHEHHE:
a)|x|=4 6)[-al=3; B) |-y |=-5; r)-|ec|=-2.
Haiigure 3HaueHUe BRIPA:KEHUA:

Teb* _ . . 36y(2x + 3 — @ =
a) 35c2p8° €6 € = 0,25; b = 0,75; ) 4x(3y + 2x)’ eciu x = 6; y = 5.

B mpomioMm rogy B MOCKOBCKOM M MUTEPCKOM (HIHATAaX NOHYAKOBOA KOMIaHWU AH-
roHa u Kcrommu o6beM BBITYyCKA IMOHUYMKOB OTHOCHJICA Kak 2 : 3. B srom rogy obmem
BBIITYCKa MOHYMKOB B MOCKOBCKOM (buiauane ypenuumiacsa Ha 40%, a B nurepckom
coxparmica Ha 20% . Ha CKoIbKO NPOIEHTOB H3MEHUICA CYMMAapHBIH 00beM BHIDYCKA
[MOHYHUKOB B 9THX ABYX Quiananax?
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321' B Hoa6pe m nexabpe NOHYMKOBaA KoMmanus AHToHa M Koy exeMeCaUyHO yBeIH-

YHBAJA BBINYCK NMPOAVKIMKA HA OJHO M TO K€ UYMCJIO HPONEeHTOB. UeMmy paBeH 3TOT
IIPOLIEHT, €CJIH M3BECTHO, YTO B OKTADpE BCe IIEKAPHHU IMOHYMKOBOH KOMIAHHMM BEIIYC-
Kanu 6 T IOHYUKOB B MeCsIl, a B Jlekabpe e)KeMecAUHBII BBINYCK cocTaBuia 7,26 T B

Mecan?

45,16 - 1,04 + 1,04 - 54,84;
[K] 21,3 - 0,85 + 21,3 - 9,15;
543 + (748 — 443) — 648;

[m] 0,2-7,25-50-10: 5;
[H] 7040,06 - 0,03 - 40,06

322' a) Haiiure 3HaYeHUA BBIPDAYKEHUN PALHMOHANBLHBIM Crocobom:

- 0,03;

16  ,16_ ,6, .6,
(1] (535 - (259 - 977) -~ 577 " 28

6) ComocTaBbTe OTBETHI COOTBETCTBYIOIIUM OYKBAM — M Bhl y3HaeTe QAMUIUIO [IOITA,
aBTOpPa BEICKA3BIBAHUA: «UTeHHe — BOT JIyUIEe VUCHHE».

145

200

104

213

196

210

HOM YHCJIe 3a4epPKHYJH oaHy nudpy. Kakyio mudpy sauepKHYIH, eCau CyMMa
ocraBmmxca uudp pasua 20097

0 323‘ M3 HeKOTOPOI'0 HATYPAILHOTO YMCJIA BLIYJIN CcyMMYy ero nudp, 3areM B IIOJIYUEH-

324§ Berpermiuchk TpH MyTHAKA M PEIINIU, COODPAB BCE IPOAYKTEI, KOTOPBIE Y HUX OBLIH,

noobenars. ¥ IMePBOTO NYTHHKA OBLI XJe0, ¥ BTOPOTrO — KYBIIHH MOJIOKA, & ¥ TPeTh-
ero — 6 opexor. 3a obex Tperuii nyTHHK samaaTuna aBym Apyrum 20 moner. Kak um
clelyeT pasfeluTh 3TH AEHBIH, YTOOBI Ka)XABIH IOJYYHJ CIpPaBeAJHMBYIO JOJIO 3a
CBO¥ BKJAaJ 1poayKToB? M3BecTHO, UTO BCe €JIH IMOPOBHY; 4 KYBILIMHA MOJIOKA CTOAT
CTOJIBKO K€, CKOJbKO cTOAT 3 xyeba, a 1 KYBIIMH MOJOKA CTOMT 36 OpexosB.

5. Pemenue 3aJay ¢ MOMOIIBI0O CPABHEHHH*

CpaBHeHHMA IOMOralOT pelarh MHOMKECTBO IPAKTHYECKHX NpobjeM: MpOoBepAThb, Ha-
npuMep, NMPaBHJIBHOCTh BEIYHMCIEHHH, COCTABINATE PACIUCAHHWE 3aHATHI U COPEeBHOBAHUH,
YCTaHABJMBATE NPU3HAKU JEJHMOCTH YHCces, OlpeAeliiTh, KaKoil nudpoil sakanynsaercsa

ITudarop Camocckuit (570 r. go #.9. — 490 r. g0 H.3.),
JpeBHerpedecKHil ¢rmrocodp ¥ MaTeMaTHK

Byde 6aazocno8enHo 6oxcecmeeHHoe LUCIO,
nopoduauiee 60208 u awdeil,

YHUCJ0, IPOCTHIM HJIM COCTABHBIM OHO ABJIAETCA U T. 1.

B rakux sagauax nepexoj K M3Yy4YeHHIO OCTATKOB OT [eJICHHA HA HEKOTOPOe YHCJI0
IMO3BOJAET PEeNINTh 3aJ4ady MPOCTO ¥ KPacHBoO. PaCCMOTpHM HECKOJIBKO IIPDHMepOB.
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3agaua 1. Onpenennre, KakuM auem Hejenu Oyger 1 mioms 2011 roma, smas, urto
1 cenrabdpa 2010 roxa 6Gwl1a cpeja.

Pewenue:

Tak Kax AHM HeJeJM MOBTOPAITCA Kaxkable 7 AHEH, To, BHIOPAB TOYKY OTCYETA, MBI
MOXKEM KaXAOMY LEeJOMY YHC/IY @ IOCTABHATH B COOTBETCTBHE JEHL HeleNH, ONpeAe/aeMblil
KaK OCTaATOK OT JeJIeHHA d Ha 7.

ITpumem 3a Touky orcuera 1 cenrsabps 2010 roza m, Tak Kak 3To ObLIa cpeja, COIO-
CTAaBUM JHAM HEJEJIH CJeAVIOLlHe Yhcia:

Cp i It Co Be ITa Br
0 1 2 3 4 5 6

ITocunraem, croabko gHEH mpoiizer ¢ 1 cenrsdopa 2010 roza go 1 miona 2011 roxa:
30-3+31-5+ 28 = 273 mma.
Tax kax 273 = 0 (mod 7), srauur, 1 urons 2011 roxa Takke Gyger cpeza.

3anaua 2. Haiigure ocTaTku OT JeneHus Ha 7 HATYDPAJBHBIX CTeleHeil umcna 3.

Pewenue:
PaCCMOTpHM nocJegoeare/ibHbBIE CTEIIeHH 4YHCcJa 3 u HaﬁJIEM HYHCaa, ¢ KOTOPBIMH OHH
CPaBHHUMBI IO MOAYJIIO T:

3' =3 =3 (mod 7) 3% =27 =6 (mod 7)

3¥=9=2(mod 7) 3*=81=4 (mod 7)

Yro6b! HaXOAMTH OCTATKH JAajiee, HYXKHO BeIYmcasaTs 3°, 3% ... Ho BBl yikxe 3Haere,
YTO BTO AOCTATOYHO HempocTo. CpaBHeHHA MOMOralOT HAXOAWUTE OCTATKH OT JeJieHHs, He
IIPOU3BOAA MONOBHEIX BEIYMCIICHUI,

Bocnonsayemest Teopemoit 3, 1. 2.2.5. Tak kak 3' = 3 (mod 7), a 3* = 4 (mod 7),
TO

33=313=3-4=12=5 (mod 7).
HaiigeM TakuMm sxke coocoboM OCTATKM OT JelleHWs Ha 7 CAeAYIOIHX cTerneHed 3:
3¢=381-3=3-5=15=1 (mod 7),
37=31-3=83-1=3 (mod 7),
3#=38"'3"=3-3=9=2(mod 7),
3*=3"-3"=3-2=6 (mod 7),
30=31-39=3-6=18=4 (mod 7),
31=31-30=3-4=12 =5 (mod 7),
32=31-31=3-5=15=1 (mod 7).
Mel BHIMM, YTO 3a LIECThIO HEPBBLIMH ocTrarkam# 3, 2, 6, 4, 5, 1 ciuepyroT onATh
ocrarkm 3, 2, 6, 4, 5, 1. Jlanee ocrarku OyAyT HEePHOAAYECKH IOBTOPATHLCHA, TAK Kak,
COTJIACHO HAIlleMy cHoco0y Onpee/leHHsA OCTATKOB, YMCJI0 3 Mbl OVAEM OIATH HOC/IEL0Ba-
TeJbHO YMHOXKATh Ha OJHH M Te JKe oCcTaTxku 3, 2, 6, 4, 5, 1.

Takum o6pasom, He BBINOJHAS IPOMOSZKHX BLIYMCICHHUH CAMHUX CTEIeHEH, MBI C
IOMOIIBI0 CPABHEHHII CMOIVIM OBICTPO HAMTH OCTATKH OT JeJIeHHA Ha 7 BCEX YHCeJ BHIA

3” (n € N).
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Omeem: octaTok r npH AeneHuu Ha 7 umcen Bujpa 3"(n € N)paBeH:.

3,ecnu n =6k + 1;
2, eciu n = 6k + 2;
6, eciut n = 6k + 3;
4, ecnu n = 6k + 4;
b, eciu n = 6k + 5;
1, ecnun =6(k + 1), rme k e N,

IleprOAMYHOCTE B IIOBTOPEHUH OCTATKOB, KOTOPYIO MBI 00HAPY KUJIH, ABJIAETCA OOIIUM
CBOMCTBOM OCTATKOB BCeX HaTYpPaJbHBIX cTemeHed. Tak, cupaBeisnBa cIeAyoNias TeopeMa.

Teopema 0 mepHOAHYHOCTH OCTATKOB. [/ /1I06BIX HATYPAJIbHBIX UHCEN @ U M OCTATKH
OT meJieHud @, 4%, ..., @, ... (n € N) Ha m ¢ HEKOTOPOI'O MOMEHTA HAYMHAIOT IIEPHOJUYECKH
moBTOpPATHCA. IIpH 5TOM IIEpHOAUYECKOE IOBTOPEHNE OCTATKOB HAYHHAETCA B TOT MOMEHT,
KOTja B IIOCJEJOBATEJbHOCTH OCTATKOB IIOABJAETCA OCTATOK, COBIAAAIOIIHHA C OJHHUM H3
VIKe HalJeHHBIX.

JlokasaTeJbCTBO 3TOM TEOPEeMBI He BXOMWUT B COAED:KaHMe Hamero Kypca. Ho nannas
TeopeMa KpaliHe Ba:KHa, X MBI Oy/leM IMOJb30BAThCS €10 IPH PEelIeHWH NPaKTHYEeCKHX 3a-
[ad, IOMHSA, 4TO B JATbHEHIIEM MbI JOJMKHBI Oy/IeM HAYUUTHCA €e TOKA3HIBATE.

C mOMOLIBIO 9TOM TEOPEMBI JIErKO A0KAa3aTh NPH3HAK ASIHMOCTH Ha 9, KOTOpPBIH MBI
paHee MCIOJb30BaJH, HO Oﬁll:l;ee AOKa3aTeJIbCTBO HE IPDHBOAUJIIH.

IIpusnar menumoctTu Ha 9. HaTypansHoe yucio AeauTes HA 9 Toraa v TOJNBKO TOrja,
KOorja cyMMma ero mugp neaurcsa Ha 9.

Hoxasamenvemaso:
B necaTH4HON cHcTeMe CYHCIIEHHA JI000€ HATypaJbHOE YHCJIO A MOMKET ObITH Tpej-
CTaBJEHO B BH/E

A=a, - 10"+an_1- 1071 + ... +a, - 101+a0, neN,

roe a,, a,_,, .. , @, @, — MOCJEIOBATEJbHO BhIIHCAHHBIE IU(PHI JAHHOTO YUCIA.

3ameTuM, 4yro 10' = 1 (mod 9), 102 = 1 (mod 9), u BoobGIEe, B COOTBETCTBUH C HaIIeH
Teopemoii, 10* = 1 (mod 9) gns mo6oro k € N.

Torna, cornacuo Teopemam 1 u 3, m. 2.2.4:

a 10"+a 10" +..+a 10" +a,=a +a, , +..+a, +a,(mod9),

1 1

a 3HAYMUT, YHCI0 A M cyMMa ero nudp MMelOoT OAWHAKOBEIE OCTATKHM OT JAeleHHs Ha 9.
OTKYJ.Ia Hu cjenyeT, 4TO HATypaJdbHOE 4HCJIO JeJHTCA Ha 9 TOrga H TOJNBKO TOrnma, Korga
cyMmMa ero nugp geaurca Ha 9, uro u TpeboBasoch NOKa3aTh., ¥

AHaJOr'MYHO MOXXHO JOKA3aTh M HW3BECTHLIM HAM IIPHU3HAK JeJMMOCTH Ha 3.

Ilpusnak geaumocTH Ha 3. HaTypansHoe 4HC/I0 AENUTCA HA 3 TOTAA M TOJBKO TOTJa,
Korjga cymMma ero mupp genurcsa Ha 3.

©O0© Cohopmynrupyem u AOKa)KeM Temeph NPU3HAK AeTMMOCTH Ha 11.

IIpusznak memamoctH Ha 11. Harypansroe yucno genurtes Ha 11 Toraa u TOJIBKO TOTAA,
KOT/a PasHOCTh MeXKJIYy CYMMOH ero mudp, CTOAM[MX HA YeTHBIX MEeCTax, H CyMMOIl ero
nudp, CTOANINX HA HEUETHLIX MecTax, AeauTcs Ha 11.

JHorasamenvecmaso: .
Tak kak 10 — ( —1) = 11, To Ha ocHOBaHu| TeopeMs! 1, m. 2.2.3, 10! = —1 (mod 11).
Jlaiee aHAJIOrMYHO:

102 =1 (mod 11), 102

~1 (mod 11), 10* = 1 (mod 11).

Fnaga 2, §2, n.5
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W Boobmie, cornacHoO TeopeMe O NepHOAUYHOCTH OCTATKOB, A Jioboro k € N:
10%-1 = -1 (mod 11), a 10% = 1 (mod 11).

Torza ecnu n YeTHO, TO MPOM3BOJILHOE HATYDPAIHHOE YHCIO A:

A=a 10"+a 10"+ .. +a -10'+a,=a, ~-a, , +..—a +a,(mod11) =
=(a,+..+a)—-(a, + .. +a)(mod11).

A ecsm n HEYETHO, TO

A=a +10"+a _ 10" +..+a 10" +a,=-a +a,, ~ ..~ a +a,(mod 11) =

+ .. +a) - (a, + ..+ a)(mod 11).

3HAYUT, B 000MX CIYYaAX MBI HOJTYIWIH, YTO BCAKOE HATYPAJBLHOE YMCIO A IaeT TOT Ke
OCTATOK NPH AeJieHUM Ha 11, 4TO M pasHOCTH MEMKAY CYMMOM ero nudp, CTOANIHX Ha YeTHBIX
MecTax, ¥ CYMMOI IHdp, CTOAINX Ha HeYETHBIX MECTaxX, 4To u TpeboBanoch A0Ka3ars, ¥
CpaBHeHHA TaK)Ke [MOMOTralOT PEIIUTh 3884y CJAeAYIOIero BHaA.

E(a

n-1

3anaua 3. Haiigute ocrarok or genenus 332%%° mga 7.

Peuwrenue:

Tak kak 332 = 7 - 47 + 3, 1o 332 = 3 (mod 7). 3HaunuT, coraacHo reopeme 3,
o 2.2.4,

33223 = 322 (mod 7).

B zajgaye 2 ZaHHOTO NYHKTA MBI NOJYYHIHM, 94TO OCTATOK OT JEJEeHHA 4YHMCEeJ] BHAA
3"(n € N) ma 7 3aBHCHT OT TOro, KaKOH OCTATOK IpPH JeJdeHMHM Ha 6 gaeT moxasarTesb
CcTelleHHd, a HMeHHO:

35+1= 3 (mod 7), 3%*2= 2 (mod 7), 3%*= 6 (mod 7), 35**= 4 (mod 7),

3%5= 5 (mod 7), 3°**V=1 (mod 7), rae k eN,.

H nmockoabky 223 =6+ 37 + 1, To 32 = 3'= 3 (mod 7). 3uauurt, u yuciao 33222 npu
JelleHWH Ha 7 OVIeT HMeTh OCTATOK 3.

Taxum oOpa3om, BMeCTO IIPOBeeHHAs 'POMO3AKHNX BBIUHCJIEHHH, KOTOPhLIE TPYAHO BECTH
Jajke ¢ NOMOIbI0 KOMIIbIOTepa (Hanpumep, 332% = 12 149 330 176), M1 cMOr/Id PEeLINTh
3a7a4dy BCEro 3a TPH IIara:

332%% = 328 = 3= 3 (mod 7).
MEI BHAMM, 9TO TE€OPHA CPaBHEHHI IoMoraeT OBICTPO H KpPACHBO pellaTh 3ajadd,

KOTOpBIE Ha nepnmi’i B3TJIAN KaX»YyTCA «HEIPHCTYIHBIMH?» . Umenno Takue TEOpPHH B Ma-
TeMaTHKe Ha3BIBAKT KPACUBbIMU.

6 325' Onpezenure, B KOTOPOM Yacy NpubyAeT I0e3J] B IYHKT HASHAUCHWS, €CJIHN:

a) moess Belexan B 9 wacor 30 muHyT M Obw1 B nyrr 199 wacos;
0) moeax Belexan B 15 wacoB 15 muryT 1 Obi1 B nyta 180 4acos;
B) moeay Beiexas B 23 yaca 30 muHyT ¥ Obl1 B niyTH 277 yacos;
r) moesx Bhiexas B 7 yacoB 45 muuyr 1 661 B mytu 236 yacos.

326' 3uaaA, uro 1 cenradpa 2010 roxa cpena, onpegenTe:
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a) Kakum auem nemenm 6yaer 1 moabpa 2010 roxa.

6) Kakum guem Hepennm Oyuer 31 zexadpsa 2010 rona.

B) Kakum guem Hegenm oymer 8 mapra 2011 ropa.

r) Kakum asem Hemenu Oyzaer Bam AeHb poskaenus B 2011 roay.
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328

329

330

331

333

Kakue ocTaTKu 20T HATYDPAJTbHBIE CTEIeHU YUCJa @ NpH JeJeHuHu Ha b?

a)a=2,b=5; B)a=38,b=5; na=4,b=3;
0)a=2,b=T; rNna=3,b=T; e)a=4,b=05.
OmnpejenuTe, He BLIYHCIAA YACTHOrO, AEAMUTCS JU Yuciao @ Ha 11:

a) a = 124 567; B) a = 9 873 006; x) a =10 863 774;
6) a =6 268 614; r)a =6 267 059; e) a = 26 067 228.
HaiiguTe ocTaTok or aesieHHdA a HA b:

a) a = 44438, b = T, 6)a=333",b=0T; B)a = 2%, b =11.
Onpepennre, IeJATCA JA YUCAO @ Ha b:

a) a = 33377 + 77733, b = b; B)a=11" -1 b = 5;

6) @ = 2100 4 3100} = 7T, r) a = 2222%5% + 5555%%2 , p = 3.

Onpegennre, KaKOH DHU(GPOH OKAHYUBAETCA YHCJIIO:
a) 44499, 6) 33377 B) 777, r) 222 222%88 358,

@ Pemrure VPaBHeHHUSI:

a) 5,5(7 — 3x) = | -39,7 | - 6,3(2 — x);

6)|-7,3|-y—-3,22y +8) =-5,92 - y) — | 128 |- 0 — (-0,5);
B) 1,8¢x +|-0,5|+ x = -0,7(4 — 5x) + | 3| * (-2);

r)|24] y+[-4]-(-01y+08)=[-0,7[-By -9 +|-L7|-(-y).

a) Yucaa 2146, 1991, 1805 garr paBHBIe OCTATKH IIPH JEJ€HHH HA HATYpaJlbHOE
yncao, ooapinee 1. Haipgure aro gucio.

6) Ymcna 3311, 1935, 1376 maroT paBHBIEe OCTATKH IIPH JAeJIeHHH Ha HATYypaJbHOE
yuesao, bonasmee 1. Haligure ato uucno.

JokasuTe, 4TO IJA NeJbIX YHcesl a u b BepHO, 9T0 ecau a® + b? meamtcsa Ha 3, To @
JenuTcsa HaA 3 U b genuTcd Ha 3.

a) Ilpoiina nosoBUHY IIYTH, MEIIeX0]] YBeJIUYHI CKOPOCTh HAa 25% U 1oaToMy NpudbLI B
IIYHKT HA3HAYeHHUA HA MMoJYaca paHblle 3arnJaHupPOBaHHOIO. CKOJIBKO BpeMeHH OH mren?

6) Mama KeHrypy IOrHajJach 8a CBOWM JETEeHEIIeM, KOrJa Me:KJy HUMH O0b11o 20 M.
IIpeskorx MaMbl KEHI'ypy paBeH 2 M, a ee gereHbima — 1 M. B To Bpemsa Kak mama
KeHTypy JejaeT 2 NPBI’KKA, ee JeTeHbI geaaeT 3. JJOTOHHT Jim MaMa KeHTypy CBOEro
JeTeHbIIa W 38 CKOJBKO MIPBIKKOB?

B) CamosieT BbLIETAeT W3 NYHKTA A B 8 UacoB W IpHJeTaeT B NyHKT B B 10 4dacos.
O6paTHo oH BrLIeTaeT u3 B B 12 uacor u npuieraer B A B 18 uacos. IIpu srom noser
B o€ CTOpPOHBI MPOAOJKAETCA OJHO W TO JKe BpeMs. Kak Takoe BO3MOXKHO M 4YeMy
PaBHA IIPOJOJIMKUTEIBHOCTE 9TOrO IoJjera?

r) JIsa moesga ABHKYTCA HABCTPEdy APYT APYry IO IapaslleIbHBEIM OyTAM — NEPBLIHA
co cropocThio 60 KM/4, a Bropo# co cxopocteio 90 Km/u. Ilaccaskup, cHAAIME BO
BTOPOM IIOe3/ie, 3aMEeTHJI, YTO IEePBBIM IT0e3] IIeJ] MHMO Hero B TedeHme 6 c. Uemy
PaBHA JJIHHA ePBOro moesza?
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342

343
344]

345|

e

347

336' a) Ilemexo/ BhINIeN U3 MyHKTa A B MIyHKT B, paccyuTaB CBOIO CKOPOCTH TAK, UTOOBI

npuiitu B B uepe3 4 yaca. OZHOBpEMEHHO M3 NMYHKTAa B B NMyHKT A BBIeXaJ BeJO-
CHUIIeJIUCT, KOTOPBIU IIpOe3KaeT 3To paccrosHue 3a 1 uac, Yepes 48 MuH mocae ux
BCTpeur U3 B B A BBIeXas APYroil BeJIOCHIIEJHCT, KOTOPLIH NPOE3IKAeT 2TOT mYyTh 3a
2 yaca. 3a CKOJBKO MUHYT A0 CBOEro NpuObITHA B B memexox BCTPETHTCA CO BTOPEIM
BeJIOCHUTIEAACTOM ?

6) IIpofias Tperh AJIMHBI Y3KOTO MOCTA, MEINeX0J YBUAI N03aiH cedd MpubauKalony-
ocd K MocTy mainuHy. Torga oH mobeskas Hasaj | BCTPETHJICA ¢ MAIIMHOH y Hadana
mocTa. Eciim 661 0H moGeskas Bnepes, TO MAIIMHA JAOTHAJXA OBl €ro v KOHNA Mocra. Bo
CKOJIBKO Pa3 CKOPOCTh MAaIIMHEBI HA MOCTY GOJIbIIIE CKOPOCTH OEryInero memexoza, ecian
CKODOCTh MAalIMHBLI HA MOCTY, HA TPACCe W CKOPOCThL Gera memexoja MOCTOSHHEBI?

3anuinuTe B IIECTEPUYHON CHCTeMe CUMC/IeHHus umciaa: a) 3; 6) 6; B) 13; r) 19; x) 27;
e) 41.

3anuIInTe B AeCATUYHON CHCTEMe CUHMCJIeHHS: a) 11001,; 6) 186,; B) 3321,; r) 76,,;
n) 95,

339] 3nasa, yro 1 ausaps 2010 roxma nATHWIA, OIpeAeNTHTe, KAKUM IHEM HeXeIH
OyzeT Bam NeHL POMKAEHHS B TOT I'0Jl, KOTJa BaM HCIOJHHATCA 15 Jer.

Kaxwne ocraTkM AaioT HaTypajbHBIE CTEIEHH YHCJA @ NPH AeJeHHH Ha b:
a)a=2,b=28; 6)a =3, b=6; Bla=4,b=17?

341' Onpenennte, HE BBIYMCIAA YACTHOIO, NEJHUTCA JIM YHCI0 @ Ha 11:

a)a =2 747 943; 6) a = 6 027 032; B) a = 10 860 481.

Yucaa 901, 1696, 4293 gaioT paBHBIE OCTATKH NP JeJeHAH HA HEKOTOPOE HATYPAh-
Hoe umcyao. Haiaure a1o ynco.

Haiigure ocTaTok OoT feineHus 555%2 ga 6.

OnpegennuTe, AETATCA JH YHUCIO @ HA b:
a) a = 444°% + 333, b = T; 0) a = 80 — 520 p = 3,

OnpepenuTe, Kakoi mudpoii okarympaeres uncyio: a) 55577; 6) 333 333%2 222

Pemure ypaBHeHHE:

a) 6,8(9 — 1,5x) = | -26 | + 3,5(4 — 2x);

6)| 4,2 |- x + 1,2(-6x + 5) = -8,2(6 - 2x) - | 2,1 | * (-7 — x) + | —0,4].

Korza AHTOH mpoexaJs OmHY TpeTh OYTH OT JOMa A0 ohmca, eMy mo3BoHMJAa Kcroma
u coobmuia, 4¥To B ohuC X MOHYHKOBOM KOMIAHWH NPHOBLIH BaYKHBIE KJIHEHTHl U3
DpaHIHUK 1 He0OX0UMO, YTOOEI AHTOH IpHexall KaKk MOXXHO ObicTpee. AHTOH YBEJIH-

4yl cKopocTh Ha 30% wu npubbLT B oduc Yeped 20 MHHYT, CKOJLKO BpeMeHH ITOTPATHJI
ObI AHTOH Ha OCTABUIMHCA NMyTh, eCJU ObI HE YBEJMYHJ CKOPOCTH?

3anumnuTe B CEMEPUYHOR CHCTeMe CUHCIeHHUA UMCTa:
a)2; ©6)7; B)10; 1) 14; 1) 25; e) 38.



3agayn nonsa caMoKOHTEOs k Mhase 2

349]

350

352

353

danuiuTe B IeCATUYHON cUcTeMe cuucaennd: a) 1011,; 6) 3456; B) 12.; 1) 56,,; ) 72,

BriuncauTe U oupenesuTe, KaKKHe OCTATKH JaeT HaTypajdbHAfd CTENeHb JaHHOI'0 YHcja

OpH JeJeHHHu Ha T: 5 ﬁé ( 11 38 ) 169
6 6 11591 1517/ " 1591°

351i Kapxn ckasan ogHaxasl Kiape: «f BTpoe crapiie, ueM OBLIM BhI, KOTJA MHE
OBLIO CTOJIBKO JieT, CKOJIbBKO BaM Tenepb». Rnapa e CKas3ajna eMy B OTBeT.
«Korga MHe OymeT CTOJBKO JIieT, CKOJBLKO BAM Tellepk, HaM BMecTe Oygzer 77 meT».

. Cronsko jer Kapay u ckoasko — Knape?

B opHoii KieTke KBagpaTHON Tabmuinl 4 X 4 CTOUT 3HAK «—», & B OCTAJBLHBIX — ILTIOCHL.
Paspemae'rc.ﬁ OJHOBPEeMeHHO MeHATE 3HAK Ha HpOTHBOHOJIO}RHHﬁ BO BCeX KJIeTKax
OIHOro cTON0Ia WIu OXHOU cTpokH. [Jokamure, 4To, CKOJBKO OBl MBI HU IPOBOJMIIN

” TaKHUX 3aMeH, HaM He yZacTCd IIOJYUYHUThL Taﬁ.nnn,y, COCTOALIVIO M3 OJHHUX ILIIOCOB.

Ha mocke mamucassl uncia 1, 2, 3, ... 101. Paspemaercs crepers J00Oble ABa UHcia |
HanmucaTh UX pasHocTs. IloBropue ary onepanuio 100 pas, MbI HOJYYUM OFHO YHCJIO.
Hokaxure, 4TO 3TO UHCIO He MOKeT OrITh paBHbIM 0.

3azaum oA caMOKOHTPoJa K I'iase 2

554
53]

356

557

358

9

560]

&

Hemnrcsa nu npoussenenne 20° - 27 ga 12, 15, 17, 18, 35, 36?7 ObocHyiiTe CBO OTRET.

JokaxuTe yTBEep:KICHHE:

a) Ecan HaTypanbHOe UHCIO @ He AeJMUTCA HA H, TO YHCIO Ta He AeJuTCs Ha 5.
6) Ecau marypansHOe uncio b genurea Ha 3, TO uMcao 2b geamTca Ha 6.

B) Ecau umcno 7¢ menurca Ha 5, TO 4YMCIO ¢ JeTHUTCA HA 5.

r) Ecnu umcno 45d nenurca Ha 9, To umesno d He Bcerga geauTcs Ha 9.

Haiigure [epsoe MnpocToe 4YHuCJJI0, Cleayrollee 3a YHCJIOM:

a) 50; 6) 140; B) 220; r) 435; x) 520.
SanuunTe B KAHOHUYECKOM BH/E PA3JIOKeHHe YHCes Ha IPOCThIe MHOMKUTENH:
a) 1512; 0) 4640; B) 64 800; r) 181 440.
IIpeacraebpTe ApoGb B HECOKPATHMOM BHE:

a) 397 497, 6) 811 611 5) 469 ) 1926

781’ 799’ 1139° 6955°

SanMInuTe TPY HATYPAJbHBIX YHCJA, JAIOIIAX:
a) ocTaTOK 5 mMpW JeNeHHH Ha T; B) ocraTok 14 npwu genenun Ha 15;
6) ocraTor 11 npu genexnunm Ha 21; r) ocratok 21 npu meneHum Ha 48.

Joxaxure yreeprxjenue: «Eciu HarypaasHoe 4ucso Tpu JefeHEuH Ha 15 maeT ocra-
TOK 7, TO IIpH JileJIeHAW HA 3 OHO JACT OCTATOK 1».

OTMeTbTe Ha YMCJIOBON NPAMOM IEJbIe YMUCIa, KOTODHIE:
a) Opy JeJIeHHH Ha 3 JalOT OCTATOK 2; B) IIPHA JeJIeHHH Ha 9 maoT ocTarok T;
0) npn penennu Ha (—7) maror ocraTok 6; r) npu Aenesud Ha (—5) AaOT OCTATOK 3.
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362} Haiigure HEIOJIHOE YaCTHOE M OCTATOK upu geneHuu Ha (—11) crenyooimmx yucen:
a) 27; 6) —-31; B) —45; r) 198; m) —213; e) —398.

363' PasbeiiTe MHOKECTBO HeJbIX YHUCE] HA KJIACCH IO UX OCTATKAM IDH JeJeHHH Ha: a) 6;
6) 9.

364' SanuInpTe HA SA3LIKE CPABHEHHH CJIEAYIOLIHE BLICKABLIBAHHUS M JOKAYKHTE HX HCTHH-
HOCTE!

a) Yucmo 261 679 memurcs Ha 11.

6) Yucmo 740 630 npu menmenun Ha 13 maeTr ocTaTox 7.

B) Ynena 115 000 u 1 085 000 maroT oAMHAKOBBIE OCTATKU IPH JeleHun Ha 97.

365§ Haiizure HaMMeHbIIee BaTypaJbHOE YHCIO, CPDABHUMOE ¢ unciaoM 591 mo moxyJto:
a) 3; 0) 4; B) 5; r) T: n) 9; e) 11.

E BelnosHUTe yKasdaHHOE AeiicTBHE IO MOAYJIIO IM:

a) 12 + 15, m = 11; B)7—31, m=5; 215 -7, m = 12;

6) 38 — 11, m = 53 r)5-31, m=14; e) 44, m = 9.

367' Kaxue npuembl cpaBHEeHUA 00BIKHOBEHHBIX Apobeil Bul 3Haere? CpaBHHTE NpOoOH:

8 9. 4 3. 17~ 961 156 157, 1021 ~ 1020
15755 9305739 P i5%1i008° 1577158 * 1020 ¥ 1019°
368] CpaBHuTe, HE IPDOU3BOAA BEIYMCJIEHHIH:

14 9 14 3 3.7, . .
a) 53 X 3 53 B) 95 u 95 15 o) 499,98 - 0,98 u 499,98;
9 T.,49. 4 1.4, .
0) 4E Mg 422, r) 31 1 111 31 e) 56,32 u 56,32 - 1,01.
369' Brigenure mesyo 4acTh ApoOH:
21, 78, 284, 433, 1112 1476
)% Ogp  Pig: Dy ATy @ Teg-
370' 3anuImuTe CMEIlaHHOe YMCJIO B BHZEe HeNpaBUIbHOH Apobm:
4, 23 . =) 2
a) 57, 0) 832, B) 1143, r) 155; I) 1037.
371 yﬂpOCTHTe BbIpaeHue InMpyu JONYCTHMBIX 3HAYEHHAX [IepeMEeHHBIX:
a) —x%y : (=¥%); Nyly-1) - -2)y + 1);
6) (—11a) - (—5¢) : (—22¢); n) (nm — km) : m;
B) (x + 3)(x — 1) — x(x + 4); e)(ab - a): (b—1).

3728 Pemure ypaBHeHEE:
a) 2,3:(3-11x)=|-34,5;
6)| —5,1| - x + 4,1(x - 2) = -3,3(4 — 3x) — (-1,8);
B)4,Tx +|-2,4| x=-1,23 - x) +|8,2 |- (-1);
r)|-7,8| - x + (-0,6x + 8) =| -2,6 | - (x — ) + | -3,3 |+ (-x).
373] a) Moprroit cimma 39 nuaTees, uTo cocTaBuio 65% Beero 3akasa. CKONBKO MIaThEB
3aKAa3ajH CHIUTEL 3TOMY IOPTHOMY?
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6) I'pyauukry Haao pasaoxuTs 680 apby3oB B ABa KOHTeHHepa Tak, 4TOOBI 9HCIO ap-
6y30B B OJHOM KOHTeMHHepe cocrasiaano 36% umcna apby3oB B ApyroM KoHTelHepe.
CKOJIBLKO apby30B JOJKEH MOJOMKUTE MPY3YUK B KAMABIH U3 9TUX ABYX KOHTelHepoB?

B) U3 yerbipex umcen nepssle Tpu orHocaTes kak 0,5 : 0,3 : 2, a uerBeproe cocTaBsgeT
15% rpersero. Haiigure st umcsia, ecjiy U3BECTHO, YTO TpeThe yuciao Ha 36 Gonbine
CYMMBI BCeX OCTAJIbHBIX.

r) Ilpu mpoBeseHUMH pacHpOAAXKH TOBApa HEHY Ha Hero cHadana cHuauam Ha 20%,
3aTeM HOBVIO IeHY CHHU3HJH emle Ha 15%, a 3areM mposejn cHukeHue eme #Ha 10%.
Kak uamenuach 1esa tosapa?

n) Karep npu ABH:KeHHMH IO pPeKe NpoIleJ] paccToaHHe OT ropoja A no ropoja B 3a
13 yacos. Ha obpaTtubiii nyTh emy norpetosasiock 8 yacos. Haligure coOCTBEHHYIO CKO-
POCTE ABHMMKEHHA KaTepa, eCJIM CKOPOCThL TedeHHdA PeKH paBHANACH 3 RM./“I. Haﬁ,u,ﬂ're
C TOYHOCTBIO J0 COTHIX CPEAHIOIO CKOPOCTHL ABHIKEHHA KaTepa.

e) IIea Tennoxoja IUILIBYT [0 pexke HaBcTpedy Apyr apyry. CobcrBeHHas CKOPOCTH
[epBoro remnoxoxna papsa 31 km/4, a Broporo — 35 KM/4. Yepes CKOJIBKO BpeMeHU
OHHM BCTPETATCHA, €CJAH B JAHHLIH MOMEHT PacCTOSAHUE MeX Ay HuMu 528 Km?

;) llpoexar mONOBUHY IyTH, AaBTOMOOMIHCT YMEHBIUNJ cKopocTh Ha 40% u nosromy
npubbLI B IYHKT HASHAYEHUA Ha 2 yaca [103’Ke 3alIaHHPOBaHHOTO. CKONBKO BpeMeHH
OH exan?

Haiigute cpeanee apuMeTHYECKOe VKA3aHHBIX YHCEN:
a) 7,5 un 3,8; 0) 12,8; 39,4 u 72,6; B) 6,3; 13,2; 27,4 u 76,9.

a) llenrpanpHplii 0AHK B TeyeHHE HEJEJH YCTAHABIHBAJ CACAYVIOLMHE Kypc AoJjapa
CHIA x pybuaio:

=
31,5473

Bt
31,6503

Cp
31,7477

Yr
32,6926

IIr
32,1457

Co
31,7226

Be
31,7226

OnpegennuTe ¢ TOYHOCTHIO N0 AECATUTBICAYHBIX cpenHui Kype aostapa CIIA Ha aTol
Helexe.

0) Ha cxanage nexxar 112 aiqukos ¢ sonokamu. X cpenunii Bec He1To paBeH 12,5 kr.
ITocae Toro kak Ha ckjaj moctynuio eme 10 AIUKOB ¢ A0JI0KaMu, CpeIHUI BeC HETTO
AmuKa ¢ A6aokaMu ctay paBeH 13 kr. CKOJIBKO KI AO0JOK HOCTYIIMJIO Ha CKJIax?

Brrumcaure:

17 4,26 <, 7 11
| 51 (375-0,625)  87:2% . 0,66 + 0,5 + 76 + 55 g
. N R A i _ 1T
12,8 - 0,25 5 1 .02 .. .3 _ el Y
3 218511 0,0345 : % ~ 0,128 - 67
1 _ .3 5
20,4 - 1= - 3,8 - 0,26 1,125 + 12 - =
B) 6 s r) 4 12 : Lyt + 0,5 °(2 -+ __12,5 );
2.21-1,2- 1,9 - 42 13 21 _5 5,75+ 0,5
21 1,221,943 6 %56
3 26 (.38 1 8
8= .82 4 (229 2).q3S
2 65 99 ( 45 15] 9 : 0,59 (1,4 + 2}_ : 1,75) . 0,205.
o - (18,5 - 137) a1_2 ’
85 ’ 9 5 6
3'/,~Tlerepcon, 7 xa. U. 1 101
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385

102

37 zl Haitgure mpocThie 4uca, JeKalyue MexKkIy YACIaMu a U b:

a) a = 1100, b = 1110; 0) a = 1800, b = 1810.

37§I JokaxkuTe yTBEep AeHHe:

a) IIpousBegenue a0GBIX HIECTH NOCAEA0OBATENLHBIX IEJILIX YHMces AeauTtca Ha 360.

6) Yucso, sanuceiBaemoe 50 nBoiikamu, 50 eguauamu U 50 HYIAMH, He MOKeET ObITh
TOYHBIM KBaJAPaTOM.

B) Ecniu HaTypasibHOe YHCJIO JeUTCHA Ha 3, TO OHO He MOXKEeT LpH JejleHHH Ha 6 ga-
BaTh OCTATOK 4.

r) Ecaim HaTypasbHOE YHCIIO IIpH AeJieHuH Ha 27 IaeT ocTaTOK 8, TO OHO He JAeJIUTC Ha 3.

IIposeauTe KiaccHdUKAIMI0O MHOMECTBA A 10 OCTATKAM OT JEJICHHA €ro SJeMeHTOB
Ha b:

a) A = {=58; —39; —21; 0; 11; 28; 47; 61; 97}, b = 3;
0) A = {—81; —54; —43; —24; 14; 26; 56; 85}, b = T.
HaiiguTe ocTAaTOK OT jJejeHus a Ha b:

a) a = 22277, b = 5; 0) a = 4445, b =T,
OnpenenuTe, Kakoi mudpoi onaﬁqunae'rcn YHCJIO!

a) 77T TTT 9% 0) 444 44477,

OTMeThTE HA YHCJIOBOH NPAMOM BCe 3HAYEHHA X, AJSA KOTOPHIX:
a)| x| < 5; 6)|x|>T; B)|x-2]|>4; r)fx-4|<6.

Hapucyiite quarpammy Oityiepa—Benna ansa mHoxects A u B, Haligure ux nmepecede-
Hue u 00beJuHeHne:

A={a:a=4n+1;n eN; 1 < n < 6};

B={b:b=5m+ 3; m eN; 1 <m < b}.

@ WasBecTHO, uTO TOUKH A m B mMmeror KoopauHaThel (—3) m 16. HalimuTe KoopaumHATY

Touku C, eCIM M3BECTHO, YTO:
a) AC = BC; 6) AC = 2BC; B) AC = 6BC; r) AC = 0,5BC.

a) Cymenas cMoponwHa cofep:KuUT 25% Boabl. CKOJNBKO BOJABI HANO BBHIMAPHUTH
U3 5 T CBesKel CMOpOAWHBI, comepixkaineil 85% BoARI, UTOOBI MOJYUYHUTH CYIIEHYIO
CMOPOJIUAY?

6) Kycox cnyiaBa Med ¥ IITHHKA Maccod 472 KI COIepuT
50% memu. CKONBKO MeIH HaA0 N0DABHUTHL K 3TOMY KYCKY,
yToOB! HOBBIH cmiaB comepskan 80% menm?

B) 3a 1 kr nomugopoB u 10 Kr orypnos sanigadesHo 350 p.
Ecnn 661 mOMHEIODE! TTOoJOpokKann Ha 15%, a orypisl mo-
nemesend Ha 25% , TO 3a TaKoe 3Ke KOJUYECTBO OI'YPIOB H
noMu0poB 3amnaTuan 661 282 p. 50 Ko, CKOJIBKO CTOMI
KHJIOTPAMM IIOMHZOPOB?




Masa 3
3aKOHbl PaBHOCUJIbHbIX NMpeodpa3oBaHNn
anrebpaundecknx BbipaXxeHuin

§ 1. PaumoHanbHbie YUCNa U 3aKOHbI apuPpMeTUKu

1. MHOKeCTBO PAaIMOHAJBHBIX YHCEJI

Mamemamuka ecmb HAyKa 0 OECKOHEULHOM, €€ UeNblO
ABNLACMCA NOCMUNEHUE HEJ0BEKOM, KOMOPbLIL KOHEYEH,
0eCKOHEYHO020 € NOMOULbIO SHAKOE.

Amngpe Beiiab (1906-1998),
(ppaHIY3CKHH MaTeMaTHK

HarypanbHble unca MOABHJINCEH B Ipoliecce cUueTa NpeAMeTOB H M3MepeHUsA BeJIHYHH
Aasa oreera Ha Boupoc «Cxonbko?». OGHAKO €CJH MBI XOTHM M3MEPATh BEJIHMYHHBI € XO-
poireii TOUHOCTBIO, TO YHCeJl HATYPaJbHOI0 pAfla HaM He XBaTHUT. Beib manexo He Bcerja
3HaAUeHUA JJIUHBI, IVIOINAaAH, o0'beMa, Macchl, BpeMeHH, TeMIIePATYPhl M T.A. BhIPAXKAIOTCH
HaTypaJbHBIMA yucaaMu. Tak, Helb3s, HAOPUMeEpP, BHIPA3HTE HATYDPAJIBHBIM YHCJIOM MPO-
JOJIKHUTEJIBHOCTE COJIHeUHBIX HJIH JIVHHBIX CYTOK, TaK e KaK H Pe3yJbTaT NOHHMKeHHA
TeMIueparypsl Bogayxa Ha 7 °C, ecnm msHadanbHO oHa Oplna pasHa 5 °C. B cBasu ¢ arum
BO3HHUKAET He0OXO0IMMOCTh BBeIeHUA APOOHBIX M OTPHIIATENbHBIX umces. HUro ke kacaercs
uHcsia HyJdb, TO OHO BO3HHKJIO TOrJa, Korja norpedoBanoch MoKas3aThk OTCYTCTBUHE €XHHHUI]
ompejeleHHOro paspsja B HeKOoTopoM umcie, Hanpumep 101, 10 001 u T.x1.

Taxum 0b6paszom, MOTPeOHOCTH NPAKTHUYECKNUX M3MEPEeHWH M BBEIYMCJICHUN NPHBEIH K
Pa3BUTHIO IPEACTABJICHUI O YHCJIE W TOABJEHHIO MHOYKECTB HATYVPAJILHBEIX unAcen N, meJbix
ymucesa Z, pauMoOHAJIbHBIX YHcen €, KOTOpble MBI M3yvyasu B 5—6 Kiaccax.

N={1,2 8,4,5,..) Q
Z={.-8-2-1,0,1,2,3,..) &

Q={%, rmem €Z, n € N}

Kax MBI yixe 3HaeM, pesyJibTaTOM CJOKEHUSA U YMHOMKEHUS HATYPAJIBHBIX YHCE]
Becerja Oyaer HarypaiabHOoe 4yuca0. MHOMeCTBO Z MOYKHO PACCMATPHBATE KAK pacillupeHue
MHOKecTBa N [0 MHOYKECTBA, I'/le BCerja BEIIOJHMMA ONePAlMs BEIYHTAHUSA, 8 MHOMKECTBO
@ — pacmEpeHHe MHOXKECTBA Z JI0 MHOYKECTBAa, I'le BCerJa BLINOJHHMMA ollepanus AeJIeHus
Ha YHCJI0, oraagHoe ot (.

W3 onpepesenus panuoHaNbLHBIX YMCeN CJeAyer, uTo Joboe paruoHATbLHOE YHCJIO
MOXKHO 3aIlMCATh B BUJle 0OBIKHOBeHHOM Apobu. Ho HaMm maBecTeH U Apyroii crocod samucu
pPanHOHAJBHBIX YHCEJ — B BHJe JeCATHYHOH Apobu (KOHe4YHOH MIH OeCKOHEeYHOI).

Haupumep, sanucu % u 0,027 saBnaiorcs, 00 CyTH, PA3HBIMHA 0003HAYEHUAMM 1A Off-

1
HUX U TeX e paluoHaJbHBEIX yuces. To jKe caMoe MOKHO CKa3aTh H 0 3alIUCAX 3u 0,333...
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B cBf3U ¢ 3THM BO3HHKAIOT BOIIDOCHI:

e Jlio6oe MU panuoHAIBRHOE YHUCIO (TO eCTh 0DBIKHOBEHHYIO ApPODL) MOMKHO 3AMTHUCATH
B BHJe AeCATUUYHON Apodu (KoHeuHON wiam GeckoHeuHOit)? U ecnu ma, To Kar?

¢ Jlrobas nu aecaTHYHAS APoDObL ABIAETCA pPAIMOHANBHBIM YHCIOM (TO eCTh IpejcTa-
BHMAa B BHJle OOBIKHOBeHHOM npobu)? U ecnm ga, TO Kak IepeBecTH JaHHYKI JecHd-
TUYHYIO Jp0o0b B 00BIKHOBEHHYIO?

CHauana OTBETUM Ha 3TH BOIPOCHI JJISA IOJOKUTENbHBIX DAIMOHAIBHBIX YUCEJ, &

3aTeM pacIpoOCTPaHHUM IMOJYYeHHLIe IIPABHJIA HA BCe PAllMOHAJBHEBIE YHCJIA.

KoHeunsie JecATHUYHEIE APOOH

Me1 y»xe 3HaeM, 4TO JHOYI KOHEUHYI) AECATHUYHYIO JApPODhL MOMKHO 3amHcaTh B BHUIE
0OBIKHOBEHHOM, & BOT 00OpaTHBIN TEPeBOJ MOMHO BBITIOJHHUTH He Bcerga. BenmoMHUM M3-
BeCTHBIE HAM IpaBUia NepeBoja Apobeii, KOTOPLIMHA MBI IIOJBE30BAJKCE B H—6 Kiaccax.

IIpauao 1. YToObl KOHEUHYIO AECATUYHYIO 1p00b MPEICTABUTEL B BHIIEe 00OBIKHOBEH-
HO¥, MOKHO 3allUCaTh 3TY Apobb B UMCIUTENE, OTOPOCHB 3aNATYIO, 4 B 3HAMeHATeIe
BalACATh ENUHUIY CO CTOJBKUMHU HYIAMH, CKOJBKO IMUMp crpasa OT 3amATOM.

Hanpumep:
3407
1000

009 9

3,407 = =100 _ 100

0,0

IIpaBuno 2. HecokpaTHMyK OOBIKHOBEHHYIO Ip00b MOYKHO IPEACTABUTHL B BHJE
KOHEYHOI MeCATUYHOM, eCId B PA3JI0KEHUH HA IMPOCThIE MHOMKHUTEIN 3HAMEHATEIS
OOBIKHOBEHHOH APO0H HEeT MHOXKHUTEJeH, OTJIUYHBIX OT 2 U 5. UT0oOBI BEIIIOJIHUTH
IEPEBO/I, MOXKHO HPHUBECTH OOBIKHOBEHHYIO Ipobh K 3HaMeHarTeni Buma 107, rae
n € N, 1 BOCTIOJIL30BATHCS MMPABWIAMM 3aMUCH AECATHYHBIX Npobeil, Tubo pasaenrurs
YUCIUTETHs 00BIKHOBEHHOM ApPOOM HA ee 3HAMEHATEIb.

Hanpumep: 49,0 .20
5
49 245 C
5n = 38 — 2,45 uIm 90
20 100 . 80
_ 100
100
becrkoHeyHbIe TeCATHYHBIE APO0H 0

Ecnu 3HaMeHaTesb HECOKPATUMOMN ODBIKHOBEHHOH ApoOU MMeeT XO0Ts Obl OJUH IpPOC-
TOW JeNUTeNb, OTIUYHBINA OT 2 U 5, TO B pe3ayiabTaTe JeJIeHWs YHCIUTeNd HA 3HAMEHATEb
noayunTes DeCKOHeYHad JecATUYHaA ApPo0b, HaIpUMep:

4 _ S _ 7 _
5 = 8.2222.. 717 = 0,045045045... 39 = 0,31818...

MgbI BEAMM, YTO IIOCJIE€ 3a0SATONH B MOJYYEHHBIX JECATHYHBIX APOOAX ONHA M Ta JKe
rpynmna mudp ¢ HEKOTOPOro MOMEHTA HAYMHAET MOBTOPATHCA OECKOHEYHOE YHCJIO PAas.
Takas rpynna nudp HaszsBaeTcd MepHOIOM DECKOHEUHOH! ecATHYHOM APOoOH U IIPHU 3amHUcH
MOJKeT 3aKJIHYaATBCA B KPyTJble CKOOKM, HAIlpUMep:

74 5 7

9 = 8,(2) IS 0,(045) 55 = 0,3(18)

Taxue npo0K HA3BIBAIOTCSH MEePHOAHUYCCKHMMH TeCATHUHBIMH JPOOSIMH.

IMepuonuuecKue AecaTHUuHbIe Apobu obafgalT YAUBUTEIbHBIM CBOMCTBOM. MOKHO

JI0KA3aTh, 4To J00as 00bIKHOBeHHas Apobb IpeJAcTaByMa B BHAE NePHOIHYECKO JecsaTH-
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4yHO# Apo6u, U 06paTHO. DTO 03HAUAET, UTO MHONCECMEO NEepuodutecKux 0ecAmuiHbLY
dpobeii coenadaem co MHONCECMEOM PAYUOHANbHBLX Hucer. Jlnsi 0GOCHOBAHUA 3TOrO
VTBEPIKAEHHA PACCMOTPHM JBe TEOPEMBbI.

Teopema 1. Jl:o60e MOJOKUTENLHOE PAIMOHAJIBHOE UHCJIO MOYKHO 3anucaThk B BHJE
IIePHOIMYECKON AeCATHUHONR Apobu.

©BO Joxazameabcmaeo:

IIo onpeneneHuio, J0b60e MOJOXMKUTENbHOE PAIMOHATBLHOE UKMCIO MOYKHO 3aIUCATH B
BHE O0BIKHOBEHHOM Japodu, rue m, n € N.

Ecsiu Ha HeKOTOPOM HIAre AeJeHHd YHC/IHMTEJd /m dTOH npobu Ha 3HAMEHATeJNb 71 IOJY-
gures ocrarok 0, To Apo6b MOMKHO 3aIIMCATh B BUJE KOHEUHOH AecATHYHOH 1podu. A 3HauwMT,
ee MOKHO 3alucaTh ¥ B BHE MepHOANYECKOl AecATHYHOM ApoGu ¢ nmepuonom 0, Hampumep:

55 = 2,45 = 2,45000... = 2,45(0).

Ecnm xe IIpH NeJIeHHH M Ha N Ha KaMJoM Inare geJleHHS MBI [IOJIydaeM OCTATOK, He
paseb 0, To B peaysbTaTe AeseHUs Noayuurca OGeckoHeuHas JecATWdHad Apobn. Ilpu
3TOM TIIpH JleJIeHUU Ha N YUCJIO ocTaTKOB pasHO n — 1 (ocratkwm or 1 mo n — 1). IloaTomy,
paccMaTpUBas MOAPSAL N OCTATKOB, MBI 00A3aTeIbHO HAHeM CpeJd HUX [Ba OJMHAKOBBIX.

Ecnm Bce mudphl JeIMMOTO YK€ MCI0JIb30BaHLI, TO IIPH JEJIEHHHA B CTONOMK MEI BCE
BpeMs IPUIIHACHBIBaeM K OCTATKY HyJb. M Tak Kak MBI JeJIHM BCe BpeMs Ha OAHO H TO jKe
YHCJIQ, TO C MOMEHTA IIOABJIEHHA IIEPBOI'O IIOBTOPEHHA B YaCTHOM ﬁyne'r IIepHOJHYeCKHA
MOBTOPATHCA OJlHA M Ta e rpynna nudp.

Hrak, B 00omx caydadax B pe3yabTaTe [NeJICHHA M Ha n 7,0 | 22
MOJYYUTCHA MePHOAUYECKAA NeCATHYHAA AP0o0b, UTO M Tpebo- 66 0,3181818...
BaJIOCh J0Ka3aThb. ¥ 40

7 80

Tak, Hanpumep, IpH IepeBoje Apodu 55 B ACCATHUHYIO 176
mbl genuMm 7 Ha 22. ITocKoabKy MBI Bce BpeMdA JIeJIMM Ha OAHO 40
¥ TO JKe YHCJI0 22, TO IOCJj€e IIOBTOPHOI'O IIOABJIEHUA OCTATHKA 22
4 GyAyT HOABIATECA B TOM »Ke MOPAAKE OJHH M Te Ke IIPo- —}gg
MeyKYyTOYHbIe ZesuMble. A 3Ha4YUT, 1 Hudpsl 4acTHOTO OyAyT =0
IePHOAHUYECKH IIOBTOPATHCH. 22

BepHo 1 00paTHOE yTBEPKIEHHE. 180...

Teopema 2. Jlo6as HoJ0KHTENIbHAA HNEepPUOJAYECKad AeCATHYHAA APOOb ABIAETCHA
PAIlHOHAJIBHBEIM YUCJIOM.

Mebr He obGnagaeM IIOKa LOCTATOYHBIMM 3HAHUAMH, AJIA TOTO YTOOBI JOKA3aTh 9TO
yTBep:kaeHue B obmiem Buae. Tem He MeHee pacCMOTPUM Ha IPUMEPaxX MAEeH, UCIO0JIb3yeMbIe
TIIpY €r0 NOKA3aTeJbCTBE, ¥ HA 3TOM OCHOBe chopmyaupyem (6e3 mokasarenbeTBa) o0Iiee
MPaBUJIO NPEJCTABJIEHUA IOJOKHATEIBHOI NMepuoauYecKoil Jpobu B BUJe 00BIKHOBEHHOM.

IIpumep 1. I[IpeacrasbTe nepuoxmueckyio Apobs 0,(25) B Buge 0OBIKHOBEHHOM.

Pewerue:

IIycrs x = 0,(25). Torga MoxHO mAoOKasarTh, 4T0 Ipu yMHOxKeHuu x Ha 100 sanaras
CMECTHTCA Ha JBa 3HAKa BIpaso, TO ecTh 100x = 25,(25), u npy BEIYATAHUN U3 BTOPOro
PaBeHCTBA IIEPBOr0 MbEI CMOKEeM H30ABUTHCA OT OECKOHEYHOI'O «XBOCTA»:

100x - x = 25,(25) - 0,(25) < 99x = 25 < x = 32 < 0,(25) = 20

IIpumep 2. IIpencraBpTe mepuozuveckyio npods 2,1(36) B Buge oObIKHOBEHHOM,
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Pewenue:

ITyers x = 2,1(36). Crauasa npejcTaBUM JaHHYIO Apo6b B BHe, aHAJOTHYHOM pac-
CMOTPEHHOMY B npuMepe 1, To ecTs Tax, YTOObI MEPHOJ HAUMHAJICHA CPA3y MOCIe 3alATON:
x = 2,1(36) & 10x = 21,(36)

Terneps BHINONHHUM Te Ke IpeoOpasoBaHMs, YTO H B Impumepe 1:

100 - (10x) = 2136,(36) < 1000x = 2136,(36)

1000z — 10x = 2136,(36) — 21,(36) <> 990x = 2136 — 21 &> x = 2130 =21
25

Coxpamaa MoJTy4eHHYIO Apo0b, Npuxoaum K orsery: 2,1(36) = 99"

Koneuno, ujaen, UCHo/Ib30BaHHEIE IPU PeIIeHHH IPHMepoB 1 u 2, TpeGyIOT CTPOroro
JoxasarenbcTBa. Ha HMX OCHOBAHO TaKIKe AOKA3ATEIbCTBO M ODINEro IIpaBHja 3aluCH
MOJIOKUTENbHON NePUOAUYECKOI JeCATHYHON ApobH B BHe 00BIKHOBEHHOM.

IIpaBuno 3. Yrobbl 3amUcaTh NONOKHATENLHYI0 IePHOANYECKYIO AeCATHUHYIO JpO0h
B BHAJe OOBIKHOBEHHOM, MOMKHO:

1) u3 uucna, o6pa3oBaHHOTO LU(MPAME, CTOSIIUME 10 BTOPOI'0 IE€pHOJA, BEIYECTH
yuco, o6pazoBaHHOe HMPaMU, CTOSIMMHE 0 IEePBOrO IMEPHONa, W 3alMCAThL HTY
Pa3HOCTh KAK YHUCJIHTEJNb; '

2) B sHaMeHAaTese 3anucarh UUGPY LEBATH CTOJBKO Pas, CKOJBKO Hudp B IepHO-
e, U TOCJIe JeBATOK 3AIHMCATH CTOJBKO HyJeH, CKOAbKO IH(D MeKAY 3ansTOH U
IIePBHIM TEPHOJOM.

Hcnonp3ysa 9T0 mpaBujio, npeactraBuM umcao 0,(629) B Buge oOBIKHOBEHHO#H apo6u.
o mepBOoro mepuojga B 9ToM 4ducjie cTodT mudpa 0. Beigenum teneps HudpHI, CTOAMIHE
JI0 BTOPOTO MepHoja:
0,(629) = 0,629(629).

Iudpst 0629, crosmue 10 BTOpOro nepuoja, odpasdyioTr yucao 629. S8sauur, B yncau-
TeJe MCKOMOM apobu moikHA ObiTh paszHocts 629 — 0. B nepuoge Tpu HU@pPEI, m03aTOMY
B 3HAMEHATEJ]e 3alUChiBAeM TPH JeBATKHU. M Tak Kak MeXJy IepHojJoM H 3andaToii HeT
mudp, To Hocye geBATOK Her Hyjaei. [Tonyyaem:

_629 -0 _ 17
0,(629) = 999 27 ‘
AHAJIOrHYHO paccyxaas, MOKHO 3amucaTh 4uciao 8,21(6) kaxk 0ObIKHOBEHHYIO APOOL:

8216 — 821 7395 _ 493

900 990 60

QOueBHIHO, UTO Te JKe IpPaBHJa COXPAHATCA U AJA OTPULATENbHBIX PalMOHAJNBHBIX
yuceJ, Tak KaK €CJH MBI IIOCTABUM IIeped O0OLIKHOBEHHOM MM JeCATHYHON Apo0bI0 3HAK
MHHYC, TO B 3allMCH H3MEHHUTCH TOJIBKO 3HaK. Yro ke KacaeTcsa yHcia 0, TO OHO MOMKET
OBITh 3ANUCAHO U B BHJe OOLIKHOBEHHOI, I B BHIE NEPHOJMYECKON NeCATHYHOI apobw,

8,21(6) — 8,216(6) —

0
HampuMep, cieayiomuM obpazom: 0 = 1= 0,(0).

Taxum ob6pasoM, d060e PAMOHAJNHLHOE YHCIO MOJKET OBLITH 3aNMMCAHO B BHIAe Gecko-
HeYHOH MepHOAUYecKoH Apo6H, H 006paTHO. 3HAYHT, AeMCTBUTEIbHO 3alACh B BHJE Aecsd-
THYHOH Apotu (KOHEYHOU WK GeCKOHEYHOH NepHoJMYecKol) ecTh Apyraa ¢opMa 3amucH
panuoHaJIBHOrO unciaa. ¥ MBI MOKEM HCIIOJIb30BATE JJIA PAIHOHANBHBIX YHCeN Ty hopmy

3ammMcH, KOTopad HaM yao0Ha B Ka)kJ0M pacCcMaTPHBAEMOM ciydae.
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WTak, MBI BRISCHUJIH, YTO PAIlMOHAJIbHBIE YMCIA NPEJCTABIAITCA MOJbKO IMepUOIH-
YECKHMH NeCATHYHBIMHU Apo0aMH. OIHAKO CYMIECTBYIOT U HENMEPHOJUYECKNEe AeCATHYHBIE
npobu, Hanpumep apobs 2,02002000200002...

HeiicTBuTeNbHO, ecau 06l naHHAA Apodb ObLIA MepHoAMdYeckoi ¢ mepuofoMm n € N, To
B HEH ¢ HEKOTOPOro MOMEHTA OLHA M Ta ’Ke Ipynna U3 n mudp KoJIKHA ObLIa OBI Iepu-
ofuvyecKu moBTopATheA. Ho B 3ammen aToil Apobu KOIWYECTBO HYJIEH MeAy ABOHKaMHU
mocJegoBaTeNbHO yBeauuupaerca Ha 1. IToaromy aist m060ro HATYPATBHOTO 1 MBI BCETAA
CMOXKEeM HAMTH KAK IPYIINY M3 7 HyJeH, Tak ®u rpynny us n nudp, comepskamyio HYJIH |
neoiiku. Takum o6pasom, apobs 2,02002000200002... — HemepHogHUuecKas.

3HauuT, CYIIECTBYIOT YHCJA, HE ABJAKIIHEecA PallMOHAIbHbBIMH. Takue HemepHoaH-
yecKHe OeCKOHEUHBIe NeCATHYHbIE Jpo0K HA3BAJIH MPPAlHOHAJBHBIMH, TO €CTh «HepaIjuo-
HAJBLHEIMH» , YUCTAMH.

IIpo uppanuonapHbIEe YHCIA MBI IIOKA elle HHYero He 3HaeM — HE YMeeM BBINOJIHATH
JeMCTBUA ¢ HUIMM, CDABHUBATH MX, HO OHH HaM yiKe BCTpevanuch. Hanpumep, uaBecTHOE
HaM yucao n = 3,14159265..., Belpakaoiee OTHOIICHUE JNJHUHBLI OKPY/KHOCTH K ee Jva-
MeTpY, ABIAETCA OZHMM M3 IPHMEDPOB HPPALMOHAJIBHBIX YHCEI. A €CJH MBI BBIYHCIAM
LJIUHY AUaroHaJu KBaJpaTa cO CTOPOHOH 1, TO MOJIy4YHM YHCIIO V2 = 1,4142135..., Tarxe
ABJIAIOMIEECA HPPAaLHOHAIbHBIM.

Ho, mpexxze yem m3ydaTh CBOMCTBAa MPPAIllMOHAJBHBIX YHCEJ, HAM HaZ0 pasodpaTbcd
C OCHOBHBIMH CBOMCTBAMH PAI[MOHAJBHBIX UHMCEJ] ¥ HAYYUTHCH YBEPEHHO BBIMOJHATH BCE
IeMCTBAA C HAMH.

386' BanumnuTe AECATHYHYIO Apobbh B BuAE OOBIKHOBEHHOM:
a) 34,6; 6) —49,37; B) 0,0157; r) —0,00013.

3871 lokaskmure, uTO JAHHYIO OGLIKHOBEHHYIO JPOGL MOMKHO NEpPEBECTH B JIECATHUYHYIO, U
BLITIOJTHATE TIEPEBOJ:

15 7. 21 213, 693, 1173
a) 300° 6) 175’ ®) 120° r) ~7og} A 3080  © 1055
388' BanumuTe ZaHHOE PAIMOHAJILHOE YMCJIO B BUJAE MEPHOAUYECKON AECATHIHON APOOH:

1, 27, _35, Z. _61, 15, 2, _113

389' SanHIINTe IePHOAHYIECKYIO ACCATHIHYIO APOOH B BHAE OOLIKHOBEHHOMN:

a) 0,(7); B) 1,(25); ) —5,1(38); x) —29,37(1);

6) —0,(15); r) —3,(781); e) 15,16(2); 3) 315,2(76).
390' CpaBHHTe panuOHANBLHBIE YHCIA:

a) 0,091 n fli; B) 0,(31) 1 0,313; 1) 0,(451) %;

6) _lil " -0,3; r) —0,789 u —0,7(8); e) ~% u —0,(5).

391' Haiinure s3paueHne BEIpAIKEHUA:
0,6(4) — 0,4(8) | 3,512 + 2,488 — 1,2(3) . ;.
7 14,3 ’
27
) (% +1,(3)): 0,25
6) 3,5 — 2,4 — 1,(5) - (0,5 +0,(5) - 5) £ 0,(3); r) -2
(5,(6) — 0,(42) + 1,(75)) - 7

4% 107
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)

394

108

OnpeesuTe, SBISETCS JU YUCJIO PANMOHANIBHEIM, U 060CHYiiTEe CBOMl OTBET:
a) 0,125; B) 3,0030003; n) —5,06060606...;
6) —4,(27); r) —7,070070007...; e) 21,32332333233332...

g BerunciuTe paHOHANBHBIM CIIOCOGOM:

a)9+27+3+6+5+4+5+2+8+1; 6)0,125-3,5-80" %, B) 97 - 15 + 85 - 97.
r) 45 786 — 8643 + 4214 + 38 643; sx) 339 - 101 — 539 - 101;
n1+2+3+..+98+ 99 +100; 3) 580 : 7 — 600 : 14;

e) (553 + 796 — (353 — 204)) : (837 — 398 — (137 — 938)); n) 37 - 36 + 252 - 9.

3anuInuTe BRIDAXKEHHE Ha MaTeMaTH4YeCKOM fA3bIKe:

a) CymmMa umeIa @ ¥ 4acTHOro OT JeJieHud b Ha c.

0) YacTHoe OT JeJieHHUs [IPOU3BEJeHUA YHCEJ X U Y Ha PA3HOCTEL YHCEJ M U n.
B) Yucao, oOpaTHOe IPOU3BEeNeHHUI0 YHUCEed P, ¢, I

r) Yncso, IPOTHBOIOJI0KHOE YACTHOMY YMcaa d M CYMMBI Yucel k u [.

1) PaszHocTs KBajApaTOB yncesx a u b. sx) Cymma KyOoOB umcen x, Yy 4 2.

e) KBagpar pasHocTu umcex a u b. 3) Ky0 cymmser uncen x, y 4 2.

PemuTe ypaBHeHHe:
a) 0,5(x — 1) = —-3(-0,05x — 1,7); B) 103y — 2) — 3(5y + 2) = —5(6y — 7) + 29;
6) —0,2(17 - 1,8y) = 0,3(0,4y — 1,2); r) (bx — 1) - 3(0,9x — 0,1x) = 6(1,1 — 0,1x).

ITocTpoiiTe MaTeMATHYECKYI0O MOLEJb M PEOIUTe 3a4a9y:
a) JIBa memrexoja BBIILIA OJHOBPEMEHHO HU3 JABYX I'OPOJOB HABCTPEUY ,upyr ApYyry
W BCTpeTHWIHCH uepesd 2 uaca. CKoOpocTH meniexofoB 5 KM/4 u 4 KM/4. Yemy paBHO
paccTosiHHE MeMKay ropomamu?

0) lIga aBTOMODHIMCTA BhIEXaJW OJHOBPEMEHHO B OJJTHOM HATDABIEHWH W3 JABYX ropo-
JIOB, HaxopAmuxcda Ha paccrogauu 150 kM apyr or gpyra. CKoOpocTs JOroHAIOIEro
aBToMoOuIMCTa paBHA 75 KM/4. YeMy paBHA CKOPOCTH BTOPOI'O AaBTOMOOHMIINCTA, €CIIH
BeTpeda cocrourcs depes 10 uacos?

B) U3 nysxToB A n B, HaXOAAIMUXCSA Ha paccTosasHHA 17 KM
APyT OT JApyra, BeIeXaJdH OJHOBPEMEHHO B IIPOTHMBOIOJJIOMKHBIX
HanpaBJIeHUAX ABa Bejocunenucrta. CKOpocTs IEpPBOTO BeJIO-
cunenucta paBHa 15 km/u. C KaKoU CKOPOCTHI0 €XaJ BTOPOM
BeJIOCHIIEUCT, €CJH Yepe3d D UACOB PACCTOSHHE MEKAY HHMH
crasio paeHo 187 xm?

r) Boak yeupgen saiina u morsHajics 3a HuMm. CKOpoCThH BOJIKAa
paBHa 750 m/MuH, a ckopocTs 3aina passa 800 m/mun. Yepes
10 MuH DOTOHH paccTOAHHE MEKAY HHMH cTasjo pasao 600 m.
Kakoe paccroamme 6BLI0O MeXXIy BOJKOM M 3aiilieM B TOT MO-
MEHT, KOI'Zla BOJK VBHAeJ 3aina?

W3 nyskToB A 1 B, HaxogAmuxca Ha paccrogHud 16 KM, 0JHOBPDEMEHHO HABCTPEUY
APYr ApYTY BHILILJIK ABa memexoza. IIepBHIH memexoj IIejl €O CKOPOCTBIO 3 KM/4, a
BTOPOH — CO CKOPOCTBIO 5 KM/4. BMecTe ¢ IIepBBIM IeIeXoAOM M3 IYHKTA A B IYHKT
B nobexxana cofaxa co cxopoctsio 12 km/4u. loGexar mo BTOpOro meumexoja, OHa
modesxasia obparHo K mepBomy. Tax oHa Oerana, IMoxka memexoXbl He BCTPETHJIMCH.
CroJbKO KHIOMeTpoB npobeskana cobaxa?
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LED
ey . .
@ 398 SanuInTe panuoOHATBLHOE YHCJIO B BHAe NEePHOAUYECKON AecATHUHON Apodu:

a) —?—g; 6) %; B) — %; r) 1T03g-
E SanuninTe NepUOZUYECKYIO JeCATHUYHYIO JPOoOb B BHJe OOLIKHOBeHHOI:
a) 0,(2); 6) —3,(12); B) —0,45(3); r) 1,2(36).
@ CpaBHMTE panMoOHAJIBHBIE YMCJIA:
8) 0,7 u 1; 6) ~0,(28) 1 0,283; 8) 2,(45) n 22,
@ Haiigure 3HaueHUe BHIDAIKEHT. !
1.1 56 (338 - 2): 82 + 512 - 0,34)
a) 0,5(6) + 0,4(3) - 0.32) ' 5035 - 0,8.

(13,(6) - 12,(7)) : g

402] Onpengenure, ABAAETCA JIH YHCJIO PAIMOHAJIBHBIM, ¥ OOOCHYITE CBOH OTBET:
a) —-5,8; 0) 15,0150015; B) —4,171171117...

403' Pemure ypasHeHuUe:
a) 0,15x + 1,675 — 0,875x = 0,0625x;
0) —2(x-7)—-11+ 78x + 6) + 5(x — 3) = 0.

@ CeBepHBIN M H0KHBIN CKJIALBI HOHYNKOBON KoMuanua AHToHa M Keronmm saxomaresa Ha
paccroaanu 30 kM Apyr ot Apyra. AHTOH OBLI Ha CeBePHOM CKJIaje, KOTZa C I0MHOTO
CKJIaJla TOBE3JH 3aKas3bl KJIMEHTAM KOMIIAHMH B HANPABJIeHHMH, NPOTHBOIIOJIOMXHOM
HanpaBJeHHIO Ha ceBePHEIH ckiuaj. Ilocie TOro Kak «rasejb» ¢ 3aKasaMH C KMKHOTO
CKJIAJa yiKe vexaya, AHTOH BCIIOMHHJI, UTO XOTEeJ BMECTe C 3aKaszaMy IepefaTh mmo-
JAapKH A KJIHeHToB. OH ceJl B CBOIO MAUINHY, PEIIHB AOTHATH «rasellb» H MepejaTh
nogapkn. CKOJBKO BpeMeHH notrpebyercs AHTOHY AJIS 9TOTO, €CJIM OH OyZeT exarsh co
ckopocThio 110 KM/4, cKopocTk «razeau» 60 KM/4 B o MOMEeHTa Brleda AHTOHA OHA
yenena y:ke npoexars 20 xm?

e 405 A mpoBeJeHHA HOBOIOAHEro OpAasJHHKA 3aKVIWUIH Imoxonaxku. Ux cramu

pacnpenesaTh IO IMoAapKaM, ¥ OKAa3aioch, YTO KaKAbIH pas3, KOrga BKJIALLIBA-

JH B nojapku 1o 2, 3, 4, 5, 6 man 7 mokKonagoK, BCerjga OCTABANACH OJHA JHUIUHAS
mokonaara. CKOJbKO MIOKOJAA0K KYIIHUJIN, ecad ux Obrro Menbmme 500 mryx?

406' Terymka Jleorcua Gonpmas JOONTENIbHHILA KOIIEK M
marematuku. Korga y Hee cipammBaioT, CKOJIBKO ¥ Hee O
KOIIIeK, OHa XATPO yablbaeTcsas M OTBevaeT: «Y MeHHA
OATH UIECTHIX MOMX KOIIEK ILIIOC IATH IIeCThIX KOIIKH».

CronbKo Komek v Teryiuku Jleoscun? O O

407 PaccraBere yncsaa or 1 710 9 B Kpy:KKaxX Tak, 4TOOLI CyM-
Ma YHceJ Ha KasKJ0H CTOpPOHEe TPeyroJibHHKA PABHSAJIACK! O O O O
a) 17; 6) 20.
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2. 3aKOHBI apu(pPMeTHUYECKHUX JeHCTBMH M PAaBHOCHJIbHBIE
npeodpa3oBaHud

Ilenvs mamemamuyeckoiL ¢cmpozocmu cocmoum 8 mom,
Ymobbl CAHKYUOHUPOBAMb U Y3AKOHUMb 3080068AHUS UHMYUYUL.

Hax Anamap (1865-1963),
GpaHOy3CKHUM MaTeMaTHUK

Ilpu peilleHUM NMPAKTHYECKHX 3aJa4 MBI YACTO COCTABJIAEM BBIDAKEHHA, TO €CTh 3a0H-
CH, COCTOSIIIIHE W3 Pas3/JIHYHBIX MATEMATHYECKHX CHMBOJIOB. Ec/iH BBIDAjKEeHUS COIEepKaT
TOJBKO YUCJIA, 3HAKU apu(pMEeTHUeCKUX NEeHCTBUNA M CKOOKH, 3aJaiollue IOPANXOK ITHX
neHcTBHI, TO UX HA3BIBAIOT YHCJAOBBIMH. ECJH »Xe B COCTAB BHIPAYKEHHHA NONOJIHUTEJIBHO
BXOIAT OYKBBI, TO X HA3BIBAIOT OYKBEHHBIMH BLIPAKEHUAMM.

IIpeo6pasysa BbIpakeHUS W BBIYHMCJISAA MX 3HAYEHUA, MBI, eCTECTBEHHO, CTPEMHMCH
caeJaTh CBOH AeMCTBHA MaKCHMAJbHO NPOCTHIMK K yAoOHBIMH. Hanpumep, 4T00BI HAlITH
dHaueHue cyMMbI 1 + 2 + 3 +... + 1000, MBI He cTaHEM CKJAALIBATH IOAPAJ BCe YHCJIA OT
1 xo 1000, a sameruMm, uTo cymmbr 1 + 1000, 2 + 999, 3 + 998 u T.1. paBHBEI MexKAY coOOH
u yTo nMeeTca Bcero 500 rakmx cymMm. 3HA4YHAT, 3HaAYEeHHE JAHHOTO BHIPDAsKEHHUA PABHO

(1 + 1000) + (2 + 999) + (3 + 998) + ... + (500 + 501) = 1001 + 500 = 500 500.

Ho moyeMy npu 3aMeHe HCXOLHOI'O BBIpAMKeHHS JAPYTHM, HOBLIM BEIPDAYKEHHEM MbI
ObLIH yBEpeHBI, UTO 3HaueHusa ux pasHbl? [loromy uTo B mpomecce npeobpasoBaHWil MBI
HCIOJIBL30BAIH 3aKOHLI apu(pMEeTHYECKHX JeHCTBHH (B JAHHOM CJIy4ae NepeMeCcTHUTeIbHBIH
U coUeTaTeNbHBLIH 3aKOHBI CJ0MKEeHUA). OTH 3aKOHBI BEPHBI HE TOJBKO JJIf NAaHHBIX 4HCeJ,
HO U JJif JIOOBIX PAUMOHAJLHBIX unceJs. [losromy MBI MOkeM cHOPMYyIHPOBATE UX B
000011eHHOM BHJE M 3aIlMCaTh C IIOMOIIBLIO OYKB.

BenmomMHUM OCHOBHBIE 3aKOHBI ADH(PMETHUESCKHAX AEHCTBUI ¢ PAIHOHAILHBIMYA YHUCIAMHU.

1. [lepemecTuTe bHBINH (KOMMYTATHBHBIN) 3aK0H CJI0KCHHA.
3HayeHUe CYMMEI HE 3aBHCHUT OT IOPAAKA CJlaraeMsblx:
Va,beQa+b=b+a SRROHB! APUPMETHKY

2. CoueraTebHbIH (ACCOLMATHUBHBIN) 3aK0H CJIOKEHHA.
3Ha4YeHMe CYMMEBI He 3aBHCHUT OT IOPAAKA AEHCTBHH:
Va, b,ceQ:(a+b)y+c=a+(b+c)
3. IlepemecTuTeNbHEIN (KOMMYTATHBHBIN) 3aKOH YMHOMKEHHS.
3HaueHUe NPOU3BEJEHUS HE 3ABHCHUT OT MOPAAKA MHOMKHUTeIei:
Ya,beQ:ab=ba
4. CoueraTebHbIH (ACCOIHATHBHEIN) 3aK0OH YMHOKEHH.
3HaueHHe NPOU3BEJeHUHA He 3aBUCHUT OT MOPAAKA NeHCTBHM:
Y a, b, ¢ € Q: (ab)e = a(be)
5. PacnpexeauTe bHBIN (IHCTPHOYTHBHBIN) 3aK0H YMHOMKEHH.
Yr0o0bI YMHOMUATE YHUCJIO HA CYMMY, MOMHO YMHOMHUTD 9TO YHCJIO Ha KaiKI0e U3 cJja-
raeMblX 9TOM CYMMBbI M MOJIYUEHHBIE PE3YJIbTAThI CJAOMKHUTE.
Va,b,ce@Q: alb+c)=ab+ ac
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MokHO nOKasaTh, YTO AAaHHbIe 3aKOHBI BEPHBI TaKyKe NJIA CYMM C HPOHM3BOJbHBLIM
YHCJIOM CJIaraeMBIX ¥ JJIs IIPOU3BEJEHHI ¢ IPOU3BOJBHBIM YHCJIOM MHOMKUTeNeH. UMeHHO
T0ATOMY Mbl M MMEJH BO3MOXKHOCTH B IPEABIAYIIEM IIPHMepe npeodpasoBaTh MCXOAHVIO
CyMMY TakK, 9TOOBI JIerko OBLIIO BHIIOJHHATH I'DOMOSAKHE BBIYMCIEHHS,

OcHOBHBIE 3aKOHBI CJI0MEHUA BEPHBI TAKIKe U JJIsl a12e0pauyecKux cymMm, To eCTh Bbi-
PaKeHwii, cogep:Kaniux HeCKOJIbKO MOCJIe0BATE/ILHBIX AeHCTBIH CI0OKEHUA U BEIUMTAHUSA,
Beans onepanua BRIYUTAHHASA PAIMOHAJIBHOrO YMC/Ia PABHOCHALHA ONEpPAIlUH NpubaBIeHNA
TIPOTHBONOJOKHOrO unca. Venoasays aTH 3aKOHB! IPH NPeodPa3oBaHUAX airedpamyecKux
CyMM, Mbl MOX{eM MOMEHTAJILHO HAWTH 3HAYEHHE, HANIPUMED, TAKOTO BHIDAYKEHUA:

1-2+3-4+..+999 1000 =1+ (-2) + 3 + (—4) + ... + 999 + (-1000) =
= (14 (=2)) + B + (-4)) + ... + (999 + (- 1000)) = (1) - 500 = —500.

BriaBieHue o6IIUX CBOMCTB apAdMeTHYECKHX AEHCTBHA U MX KOMIIAKTHASA 3aIMCh C
[IOMOIILI0 OYKB CTANH «IIOBOPOTHBIM IIYHKTOM» B Pa3BHUTHH MaTEeMATHKH: IE€PEXOAOM OT
apugpmemuru K aazeope.

Anrebpa — 5TO pasjes MaTeMaTUKH, PA3BUTHE KOTOPOrO CBA3AHO C PEHICHHEM CaMbIX
pasHbIX ypaBHeHMi. KopHm anrebpel yxogar B riiy0OKyIO ZPEBHOCTH, 4 caMO Ha3BaHHeE
IIPOMCXORUT OT apabCcKoro «aav-0xce6p» (BOCIOJIHEHUE, BOCCOEAUHEHHe, CBA3b) — MpPH-
eMa pelleHHsA ypaBHeHHI, onucaHHOro B Tpakrare «Kurad ans-Ixxebp Ba-1e-Mykabans»
apabckoro yuesoro Myxammena ubu Mycsr ans-Xopeamu (ox. 783 — ok. 850). Pemenue
ypaBHeHHH TpebyeT TakiKe UM YMEHHsA YIPOLIATH BXOASINHUE B Hero BhipaskeHus. Iloaro-
My airebpa mayuaer TakKe obuime cBoiicTBa apubMeTHUECKUX AEWCTBUI, HOMOramwliue
PallMOHAJIBLHO NPOBOAUTHL NPeo0pa3OBAHUA BhIPAKEHUIHA.

Anrebpa uMeer Je10 ¢ OYKBEHHBIMH BHIPAXKEHUAMH U UX IPeoOpa3OBaHUAMU, IIOITOMY
OyKBEeHHBIE BRIDAXKEHUSA HABBIBAIOT eIe anzelpauideckumu.

ITpeoGpasoBsiBas ClIoHBIe OYKBEHHBIE BBIPaXKeHUs B 0oJiee IPOCTHIe, BAXKHO IIOMHHUTE
O TOM, YTO B HTOre MBI JOJOKHBI MOJYYUTH PABHOCHJIbHBIE BhIpaskeHHA. To ecTh Takue
BBIPAYKEHHH, KOTOPBIe IIPH MOACTAHOBKE JIIOOBLIX JONYCTHMBIX 3HAYEHUI BXOAAIIMX B HUX
OykB OyAyT AaBaTh OJMHAKOBOE YMCJOBOe 3HAYeHUe. Beab B IPOTHBHOM Cjyyae MbI He
IPUJEM K BEPHOMY PEINEeHHIO HYMKHOU 3aJaumn.

Ho kak y0enuThca B TOM, 9TO BhINOJHEHHLIE NPeo0pa3oBaHus PABHOCHIBHBI, TO €CTh
9YTO OHM IIPHBEJM HAC K BHIDAKEHHI0, PABHOCHJIBHOMY HepBoHauanbHOMY? Kak, Hanpumep,
yOeauTBECA B TOM, YTO BBIPAYKEHHA HX — 2y — 3x + y U 2x — y paBHOCHWIbHBI? Beab Mbl
He MOKeM nepebpaTek Bce panuoHaJbHEIE YUCIa B YOeJUTHCA B TOM, YTO 00a BhIPArKeHUA
JaloT OJUHAKOBbIe YHCJIOBbIe 3HAYEHHA.

37ech HAM TaKXe [IOMOTaloT 3aKOHBI apu()MeTHYeCKHX NeHCTBUil, BeAb OHM BepHBI
JJA JTI00BIX parHoHANbHBIX uuced. Tak, HCXoAA M3 3THX 3aKOHOB M MX 0000I(eHuIH, MBI
MOKeM c(POPMYJIMPOBATH CJIeAyIONIHe IIPABUIA PABHOCHJIBHBIX IIpeoGpasoBaHMIA.

IIpaBnia paBHOCHABHBIX IpeobpaszoBaHmi

1. B 060 anrebpandeckoil cyMMe MOXKHO IPOM3BOJILHBIM 00pPa30M IEPeCcTaBIATh
cjaraeMele ¥ 00beAUHATE UX B IPYIIIEL.

2. B moboM npousBeeHMM MOKHO KaK YroAHO IepecTaBJAT> MHOMKUTENN H 00h-
€IUHATH UX B IPVILILL.

3. Eciiu HECKOJIBKO CJIaraeMblX ajiredpaudecKoil CyMMbI HMeIOT OOIMHI MHOKUTE b,
TO €ro MOXHO BHLIHECTH 34 CKOOKY.
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Hanpumep, paBHOCKHILHOCTD IIPHBEJEHHBIX BhIllle BRIpAXKeHUH MoskeT ObITh 060CHOBaHA
C IIOMOIIBIO THX MNPABHUJ CJAEAYIOIUM 00pasoM:
5x — 2y - 3x +y=5x +(=2y) + (=8x) + g = (6x + (=3x)) + ((-2y) +t y) =
=b-3)x+(-2+1)y=2x—-y.
IlepBeIit B mocieAHMI 1IArd npeoOpa3oBaHHI BBHINOJHEHbLI HA OCHOBE NpPaBHJ apHd-
MeTHUYEeCKMX AeHCTBHI ¢ palHOHaJIbLHBIMHM YHCJIAMH, BTOPOHM IIar — Ha OCHOBe IIpaBMJja
paBHOCHJBHBIX Ipeobpasosanuii 1, a Tpernii — Ha ocHoBe npaBmia 3. [loas3ysack npasu-

JIaMH PABHOCHJILHBIX IIPeo0pas3oBaHMii, MBI MOXKeM YIPOIIAThH He TOJBKO ajaredpamdecKue
CYMMBI, HO ¥ NIPOU3BEAECHUA!
1 1
12-a-b-(—§)-a=12-(—5)-(a-a]-b=—4a"’b.

3mech nepBhIi ar npeobpPA30BAHMM BHIOJHEH HA OCHOBAHHU IpaBHia 2, a BTOPOI —
Ha OCHOBe npaBu.n YMHOMEHHNA PAIIHOHAJIBHBIX qHuceddl 1 onpeneneunﬂ CTelneHHn 4Jyupcia.

KoHeuHO ke, YKA3aHHBIN CIHCOK IIPABWJ He HOJHBIH ¥ CYILECTBYIOT APYI'He IIpHEeMbI
IIPOBEAEHNA PABHOCHILHBIX npeobpasoBanuii. [Toaromy MeI OyZieM ITOCTENEHHO MONOJHATH
ero, yeeJIHUHBad Halll BOSMOMKHOCTH KpPacHBOTO pEIIIEHHﬂ aajad.

e 408} Kax maseiBaorcs npmBeseHHble 3anmmcn? Ha Kaxkme JBe IPYINBI MX MOMKHO

pasouTh?
a) 5,8; B) 4x + 5 * (=0,5y); 7)0-(1,7-3); x) 2¢d;
5 . _T. —6 - (-4.9): 2x
0) —3,2a + 4; r) 19 e) -6 - (—4,2); 3) 2"

409} Breaure 6ykBenHbIe 0603HAYEHMS M 3aNMIINTe BCe AAHHBIE UMCJIOBBIE BHIDAYKEHUH
¢ IOMOIIBI0O OAHOr0 OYKBEHHOI'O BhIpAYKEHHsi. B 4eM COCTOMT CMBICJ MCIOJB30BAHUSA
OYKBEHHBIX 0003HAUEHWIT?

a)2:-5+3-14; 6)2-(—7)4—3-%; B)7,4-2-3-0,5, r)-2:-6,8-0,8-3.
410} IIpounraiiTe BHIpaKeHHs M BHIYMCINATE MX 3HAUCHUSA DM YKA3AHHBIX 3HAYECHHUSX OYKB

(verno):

a)17a + 13dupua=1,d = 0; B)3p+q)'(p—q)upup =26, qg=4;

g r)—2(n+5):(m—-4)npun=-5 m=2.

QO

6) 6xyz mpu x = 4, y = 0,25, z =

411} HasoBure craraeMble yKasaHHBIX ajre6paHyecKUX CYMM M 3aUMIIMTEe 3TH CYMMBI,
CTaBA MEXIY CjlaraeMbIMH 3HaK «+». KakHe M3 JaHHBIX aJrebpanyecKMX CyMM #HB-
JAIOTCS PAaBHOCHJIBHEIMHA BhIpasmeHuaMu? ITouemy?

)a+b-c+d; 2)a+c-b+d; 3)a+d-c+b; 4)d+b+a-c.

412} Kakxue saxonbl apudMeTHuecKux NefCTBHU IO3BOJIAIOT YyTBePMkKIATh, YTO JaHHBIE
paBeHCTBa BepHEIe?

a) 38 + 17 + 43 = 38 + (17 + 43); B) 1512 + 15 -8 = 15(12 + 8);

0) 25 13-4 =(25-4)-13; r) 28 - 3,56 + 3,56 - 72 = (28 + 72) - 3,56.
413} Oupenenure, aBasiores nu BeIpaxkeHus A u B paBHOcHIbHBIME. W ecu aa, T0 06b-
SCHUTE, Ha OCHOBAHHMM KAKUX NPABWJ PABHOCHJILHBEIX HpeoGpasoBaHHUU B CAeJIANIH
9TOT BBIBOJ.

a) A = Ta + 15bc — 3a + 5bc, B = 4a + 20bc;

6) A = 3¢c — 6bc — ba + Tbe, B = —-2a + bc;

B) A = —12ac — 30c¢? — 18a%, B = -6(2ac - 5¢* — 3a?%);

r) A = 2xy — Txy? — 9x%, B = x(-Ty* + 2y — 9x).

I
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CocraBbTe IO ABA YHCJAOBBIX BBIDA:KEHMA, 3HAYEHHE KaKJOTO M3 KOTOPBIX PABHO
—7,2, HCTIONB3YSA IIPH 9TOM omnepanuu: 1) closkeHus; 2) BHIYMTAHUA; 3) VMHOXKEHUA;
4) crnoskeHUd, BBIYHTAHUSA H YMHOMKEHMA.

Yupocrure Bripaxkenue. Ha ocHOBaHNM KaKUX NPABHJI PABHOCHJILHBLIX Npeo0pasoBaHui
BBI JeMCTBOBAJHA?
a) Ta + b + 2a — 2b; B) 3mn? — Tm?n + 5mn® — 2m?®n;
6) 2ax + gax - Zax - ax; r) 5c2dk + 2cdk? ~ 3dke? — 4kde.
Ilpy KakHuX 3HAYEHUAX IEPEMEHHBIX MMEIT CMBIC BhIPAKEHU:
a) 4a; B) 12 | x) 1 . x) 5m A
’ c—-9’ (x + 3)(x — 6) (3m + 4)(0,5m - 3)’

0 3y . g 2(4 — k) )

(2 - yNy + 5) (B + 0,5)(4 — R)(4k — 2,8) °

IIpu KaKHX 3HAUEHHAX MepeMeHHON X 3HA4YeHHe BHIPAXKeHHA PaBHO a?

B 22=,a=15  6)(03x+9°:7,a=-5 8) (5 — x)(x + 4), a = 0.

4d - 5
6) 3b ~ 8; r) T

418' Kaxune BrICKa3BIBaHUA ABIAKTCA OOMIMMH, KaKHe — BBICKa3bIBAHUAMH O CY-
IIeCTBOBAHMHY, & Kakue — HH TeMH HH ApyrumMu? OnpeaesnTe UX MCTHHHOCTE.
Jnst MOKHBIX BBICKA3bIBAHMIN MOCTPOHTE OTPHIAHMSA.

a) Yucao, o6paTrHoe 3, paBHO —3.

6) Moayup yucaa x Mo:keT ObITH paBeH —X.

B) IIpousBenenue ABYX OTPHIATENLHBIX PAIMOHAJBHBIX YHCEJI €CTh UHCJIO IO0JIOMH-
TeJabHOEe.

I‘) Paanoc'm, ABYX NOJOKHUTEJIBHBIX pAalMOHAJBHBIX YHCEJ MOMKEeT OBITE YHCJIOM oTpR-
maTeJbHBIM.

1) Asrefpandeckas CyMMa PAIlMOHAJIBHBIX YHCEJI He 3aBUCHT OT HOPAJKA CJIAraeMbIX.
e) Ecau B npou3BeieHUH PANMOHAJIBLHLIX YHCeJ HOMEHATh NOPAJAOK JeHCcTBHH, TO pe-
3YJIbBTAT MOMeT H3MeHHUTLCH.

Pemure 3azauy:

a) Jlomans chefaeT KOIHY CeHa 3a 2 CYTOK, KOpoBa — 3a 3, oBua — 3a 6. 3a xakoe
BpeMs C'heJAT KOIMHY CeHa JIollajgb, KOPOBa M OBIA BMecTe?

6) I'apranTioa moxxer cbects 10 T Gysouek 3a 14 agHeil, a BMecTe CO CBOMM CHIHOM
Ilanrarproanem — 3a 10 mgueit. 3a ckoabko AHEH Moxker checth 10 T Gyaouex [lan-
TArpro3sab?

B) Ilociie Toro Kak cocefiu cBepxXy 3a0blIM BBIKJIIOUHTH BOJAY, K HAM CTaja IPOTEKaTh
BOJIa C BepxHero sraxa. K MOMeHTY, KOrja yAajoch BHIZBATEH aBAPMHAHYIO KOMAHAY H
HACOChl HAYAJM OTKAYMBATL BOAY, B KOMHAaTe okasasoch y:ke 300 Bemep Boawi. Ha-
BECTHO, YTO OAMH HAcoc BbIKauumBaeT 3a 2 yaca 48 sejep, a aApyroi 3a 6 gacos — 129
Beziep. Yepes CKOJIBKO YACOB BLIKAUAIOT STH JBa HACOCA BCIO BOJAY, €CJAH B TeUEHHE
4 yacoB ¢ Hauana paGoTHI HACOCOB eKEUACHO C BEPXHero sra)a Gyaer mocrynars 16
BeJep BOAKI?

r) Yepes kpan Boja 3amoJHseT OycToil 6ak 3a 3 uyaca, 4 4epes3 CJIUBHOE OTBEpCTHE
BOJIa M3 IOJHOTO 0aKa BeITeKaeT 3a 5 yacoB. CuuTas, 4TO CKOPOCTH 3aI0JHEeHHA faxa
¥ BBEITeKAaHHA M3 HEro BOJABI IIOCTOSHHA, ONpPeJeJnTe, 38 KaKoe BpeMsa BOJA HAIOJHHAT
M3 9TOr0 KpaHa IycTOH OaK IIPH OTKPHITOM CJIHBHOM OTBEPCTHH.
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Breruucanre:

a) 5,7+ 3,2)-(3,2-5,7—-1,4; r)225:3,75 - (208,45 — 2,5 - 3.38);
0)-2,3-(58-25-6,3-25):5; m1,35:2,7-(6,02-59~-04:2,5"(4,2-1,075);
B) 0,01 :(0,34:34-0,17:34); e)43-(3,5—-1,44:3,6)-1,44:3,6-(1,1 -0,1).

Pemmmre ypaBEEeHHE:

a)3(y — 2) - 2(y + b) — 5(6 — Ty) + 16y = 6;

6) 4(5x —3)—6(1 —x) -1 ="T72x — 4) + 5(3x — 2);

B) 0,5(2a + 4) — 0,2(3a — 7) + 3,6(a — 1) = -2,4(5 — a) — 4,2;
r) =0,7(2¢ - 5) — 0,1(4 — ¢) + 0,3(b — 2¢) + 6,9¢ = —(3 - ¢).

Haiigute omubKy B paccysxJeHHN:

«Br1 mpocuTe y MeHs oTnyck? Bel jke coBceM He paGoTaeTe, U ceifuac

A BAM 3TO HNpoJeMOHCTpHpyIo. CunTaiTe BMecTe cO MHOI.

Kax muaBecTHO, B rogy 365 aueii. Kaxple cyTKH BLI CIIUTEe 8 U, UTO B CYMMe COCTAB-
nger 8 © 365 = 2920 u, wiau 121 gens 16 u. ExxenneBHO BBI He paboraere eme 8 u,
To ecTh B cymme 121 mens 16 u. Ocraercsa mns paboTsl BCero:

365 mmeit — (121 mens 16 u) - 2 = 121 gess 16 u.

B roay 52 Bockpecenbsa 1 52 cy60oTsl. B atm gHUM Bl Takske He paboraere. Ocraercs
paa paborsl Bcero 121 gens 16 4 — 104 qua = 16 gaeir 8 u. Kak usBecTHO, B rogy
12 nmpasgEnYHbLIX gHEelA — ¢ 1 mo b anBapsa, 7 aaBapsda, 23 ¢Qespand, 8 mapra, 1 mas,
9 mas, 12 wionsa, 4 HOsOP:, B KOTODPBIE BbI TaKyke He paboraere.

B urore gana paborbl ocraercda Bcero 4 gHA W 8 4yacoB. M mocie 3TOro BEI TOBODHUTE,
YTO YCTAJH M BaM HYKEH OTHYCK?»

@ Omnpenenure, ABIAIOTCA JH BhIpaskeHus A U B paBHOCHIBHBIMH,
a)A=5x+Ty-3x+ 5y, B=2x+ 12y;

6) A = 3a — 5a® + 4b — 6b%?, B = —2a? — 2b?%;
B)A=8m — 32n — 24dmn, B = 8(m — 4n — 3mn);
r)A=—-5x— 7x? — 9x3, B = —x(5 — 7x — 9x2).

YrpocTrTe BhIparkeHHe:
a) 6x + 3y — 3x — 4y; B) 4a? — 2b® - 9a® + 2b%
1

6) Zcd — ged + 1xcd + Sed; r) —0,3n2 — 2,8n + n? + 1,8n.

Kapicon moxeTt cbects 20 mmromex, 6GaHKY BapeHbs U Kuiaorpamm Kouder 3a 30 muH,
a Bmecte ¢ Mansimom — 3a 20 MuHyT. 3a CKOJNBKO MUHYT cbecT 20 miomex, 6aHKY
BapeHbA W Kujorpamm xKoHper Massim?

Hpﬂ KaKHX 3HAUEeHHAX NepeMeHHBIX HMEeIOT CMbBICJ BhIDAXXEeHWA:
2 8¢ m—>5
5. _tt _ s -
a} 8a%; %) &y + 5’ B) €= B)c + 2)’ ") @m + 3)6 —m)’

Hpu KaKUX 3Ha4YeHHuAX nepemez{ﬂoﬁ Y 3HaUYeHHe BbIpa’K€HH#dA PpaBHO c?

D g c= 4 )W+ -3 -0 By -4, - 9.
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428' HeK&pHM IMOHYMKOBOM KomMmaHuu AHTOHa u Kciomu HGOﬁXOﬂ;HMO BBIIIOJIHATL ABa

3akasa: DOJBIION — ANA KOPINOPATHBHOTO MPa3fHUKA KPYIHOH KOMIOAHWUU, U B 2
pPa3a MeHBINWH — AJIA NpasfgHuKa HebosbIIoi koMnaHWH apyiseit. [lomoBury pabo-
Yero AHSA BCe MeKAPHU BBIMOJIHSIN OOJIBIION 3aKa3, & HA BTOPYIO MOJOBUHY AHSI OHH
pasmenunuck momosam. OmHA TOJOBUHA NPOAOJIKATIA BHIMOTHATHE GONBINOIT 3aKas, a
ApyTasi IOJIOBAHA NPHHSAIACE 3a BBINIOJHEeHHe MaleHbKoro. K KoHIy pabouero nHS
OoapiIOi 3akaz 6b11 BBIIOJHeH. Ha cienyiomiuil geHb JIHIIL OJUH NeKaAph 3aHHUMAT-
cs MaJIeHBbKHM BaKAa30M M K KOHOY pabodero nuA 3akoHUMI ero. CKOIbKO mexkapei
B NMOHUYMKOBOI KommaHum AHToHA W Kciomm, eciu Bce oHM paboTalT ¢ OJUHAKOBOH
IIPON3BOUTENBEHOCTEIO?

Pemure ypaBHeHUE:
a) 28x—5)—42—-4x)—1=3(x—5) + 5(2x — 1);
6) 0,3y — 1) - 0,13y — 9) — 2,1(y + 4) = 5(y — 2) - 0,7(3y — 6).

BrinosinuTe BBIYUCIEHUS U pacmiadpyiiTe HA3BAHME HAYKH O JeTHUKAX:

[] 2 + 0,43 + (7,57 - 4,1) [71] 16,8 + 1,095 - (10,8 - 0,905)
[] 252 - (327,63 + 52) +127,63 [0] 0.5 + 0,05 + (0,005 - 1,555)
7,8 + 0,107 — (5,907 — 3) (1] 4 + 0,57 - (3,4 + 0,17)

15,8 — 21,45 — (4,6 — 5,25) [0] 3,18 + 5,67 — (1,18 - 2,33)
[T] 41,5 - (20,7 + 18,5) + 10,7 [1] -(16,4 + 13,2) + 10,4 - 2,8

[4] 17,5 - (18,1 + 4,4) - 2

5 8 5,9 1 -5 -1 0 10 13 -2 -22

431i Kyna norepsiiace Monera? (Crapuanas 3amxaua)

Tpu myTenecTBeHHAKA 3abpeTu Ha TOCTOSIJIBIN ABOP, XOPOIIO TMOKYINAAH, 3arjiaTHIn
xo3qaike 30 MOHET W MOINIHA JAJbLIIe.

Yepes HeKOTOpOe BpeMsl HOCJe MX YXOoAa X03AiKa obHAapy:KuiIa, 4TO B3AJIA C IyTe-
IIIeCTBEHHUKOB JIMIIHee. Byayuu *KeHIIWHOH YecTHOM, OHA ocraBuia cebe 25 moner,
a 5 MoHeT Jaja MAJILUMKY M HAKA3aJIa eMy JOIHATL IIYTEeINIeCTBeHHHKOB U OTAATE UM
T HEHBIHU.

Mansuuk Geras 6LICTPO U CKOPO JOIHAJ IIYTEIIeCTBeHHU-
koB. Kak um genuts 5 MmoHeT Ha Tpoux? OHM B3sSIH KaXk-
AbIil o 1 MOHeTe, 8 2 MOHETHI OCTABHJIM MAJBUHKY 38 €TI0
6rpicTpoHOrOCThL. TakuM 06pa3oM, OHH CHAUAJIA 3AILJIATHIN
3a obexn o 10 moHer, HO mo 1 MoHeTe mony4YmaIH oOpaTHO.
CinepmoBaTenbHO, OHM 3aniaaTuau Bcero 9 + 3 = 27 moHer.
Ha 2 moHeTHl ocTasnuch y Magbuuka: 27 + 2 = 29 moner.
Ho Brauase-to 66110 30 moner. Kyzna nenacs 1 momera?

CxoMbKO pas K HauOOJbLIEMY OJHO3HAYHOMY YHCJIY HYXKHO HPUOABUTH HAWOOJIbILIEE
JABY3Ha4YHOE, YTOOBI MOJYyYATh Haubo/blllee TPEX3HAYHOE YHCIIO?
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§ 2. PaBHocunbHble npeoOpa3oBaHns

anrebpany4ecknx BbiPpaXXeHUn

1. PaBHOCHJIBHBIE NPeoOpPa30BaHUA AJredpamyecKux CyMM

Jy1we 6 coeepuwencmee 6blNOLHUMb HEOOALULYIO YACTb
deaa, wem coenamoe naoxo 6 decams pas OoJee.

Apwucrorens (384 mo H.9. — 322 g0 H.3.),
ApeBHerpedyecKuil ¢puaocod M yUeHBIH

IMTopsamox melicTBMII KAK B YMCIOBEIX, TAK M B OVKBEHHBIX (anrefpamuyecKkHx) BeIpAa-
JKEeHHUSAX MOXKeT OBITB 3aJ]aH PACCTAHOBKON CKODOK Pas3HOro BHJA, HATIDUMeD KPYIJIBIX
WM KBagpaTHbIX. IT0aTOMY AJIA TOrO, 4TOOLI YIPOIIATE TAKHE BHIDAKEHUA, MBI JOJISKHEI
HAY4YHUTHCA OPOHU3BOAUTE PABHOCHUIbHEIE TPeobpa3oBaHus anrebpandyecKux BBIPaKeHHH CO
crkobramu. Kak, HanpuMep, VIPOCTUTE CAEAVIOIYIO aaredpandecKyio CyMMy:

ox + 8y —(4y — 1 — 0,5(2x — by + 3(3y — 2x — 2(x + y))))?
Jna 2TOT0 BHAYAJE BBEIACHHM, KAKHE CYLIECTBYIOT IIPABH/IA PACKDBITHS CKOOOK.

3axonbl apuGMeTHYECKHX AeHCTBHI IOMOTAIT HAM MOJYYHThH CIEAYIOIIHe IPaBUIa:

L HS COYeTaTeJIbHOI'0O 3aKOHa CIOXXeHHdA caenyeT, 4TO eCJIH B OﬁH‘lHOﬁ CyMMe I1iepen
CKOOKaMM OTCYTCTBYIOT MHOMKHTENH, TO CKOOKH MOMKHO IPOCTO yOpaTs.

* 13 pacnpeneIHTeNIbHOrO 3aKOHA CJIEAYeT, YTO €CJIM Nepes cKoOKaMH, B KOTOPBIX
3alnucaHa CyMMa, CTOHT MHOMXHUTEIb, TO CKOﬁKH TAKKE€ MOHHO OIIyCTHTb, YMHOMHB
Ha 3TOT MHOMKHTEJIb KaKIoe cjaraemoe.

B npuHnune, sTHX OpaBHJ BIIOJHE JOCTATOYHO AJIA TOTO, YTOOBI YIPOCTHTE JHOYVIO
ajnredpan4ecKyio CyMMYy, B TOM 4YHCJIe H OIpHBeAeHHYIO Bbliie. Heyao0cTBO COCTOMT JIMIIb B
TOM, YTO KasK/ABIH Pas Mbl AOJKHBI 3aIMCEIBATE YIIPOIlaeMoe BEIPAsKeHHe B BHJ€ CYMMBbI,
TO €CTh 3aMEHATHh B HEM BBIUMTAHHE HEKOTOPOTro YucJja npubaBieHHeM IPOTHBOIIOJIOKHOTO
emy 4dmcya. A 9TO caenaeT HaIIM NpeodpasoBaHUA CIMIIKOM I'DOMO3LKMMMU.

Kax aroro nsbe:xars? BennoMauM, 4To paHee Mbl [IOJIb30BAINCH IPOCTHIMHU IIPABUIIAMEK
PacKprITUA CKOOOK, Iepes KOTOPBIMH CTOAT 3HAKH «+» ¥ «—», HO He ODOCHOBBIBAJIH HX.
Tenepsr HaM Hago 2TH npaBmJa 0G0CHOBATE.

IIpasuao 1. Eciou B anre6pandeckoi cymMMe nepes cKOOKOI CTOMT 3HAK «+», TO IOCJIe
PacKpBITHA CKODOK 3HaAKH cjlaraeMhbIx, pPaclnoJiOdeHHBbIX B CROGR&X, He U3MEeHAITCHA.

Horxaszamenvemso:

PaccmoTrpumM anrefpandecKyio CyMMY, B KOTOPOH Ilepef cjlaraeMbIMH CTOAT KAK 3HAKH
'&-I-», TAK H 3HAKH «—3». BaMeHHM Kaxgoe ,u,ex‘«'lc'rnue BEIUHMTAHHNA anﬁaBJ'lEHHeM OpOTHBO-
IIOJIOJKHOTO cliaraeMoro. B cooTBeTCTBHM € COUETATEILHBIM 3aKOHOM CJIO0MKEHUS MBI MOMKEM
Tereps yOpaTh CKOOKH, U 3HAKH CJIaraeMbIX IIPHA 3TOM He U3MeHSTcH. A 3HAYUT, ecaH Obl
MBI C CAMOTO HaYaja MNpocTo yOpanu cKoOKM, TO 3HAKH CJIAraeMBIX He M3MEHHJIHNCH O,
uyro u TpeboBasiock JOKazaThk. ¥

116



- - rhaea 3, §2, n.1
Hanpumep: )
at+tb-¢c)=a+b+(-c)=a+b+(-¢c)=a+b-c
IIpaBuao 2. Eciau B anrefpanueckoil cymMe mepej CKOOKOH CTOHT 3HaK «—», TO IIO-

cJle pPaCKpBITHSA CKOOOK 3HAKH cJlaraeMbIX, DACHIOJIOMKEHHBIX B CROﬁRaX, H3MEeHATCA Ha
OPOTHBOIIOJIOMHEIE.

Hoxazamenvcmao:

3ameHuM B ajre0pamMuecKodl cyMMe Kajkjoe AeHCTBHe BBIYHUTAHUA NpuUOaBIeHHEM
IIPOTHBOIIOJIOMHOI'O CJIaraeMoro.

Breipa)xeHue B ckOOKax NpH JIOOBIX 3HAYEHHAX BXOAAMIMX B Hero OYKB ABJAETCA He-
KOTOPBIM YHcIOM. 1J09TOMY ero BeIYMTAHKE TaKskKe MOYKHO 3aMEHHTL onepanuei npubas-
JIEHHA NPOTHBOIIOJOMKHOrO 4uciaa. JI1a aroro BhipakeHHe B CKOOKaxX YMHOXHM Ha (—1).

IIpu packpreITHH CKOOOK Kaskaoe ciaraeMoe aarefpamdecKON CyMMbI, HaxOoAsdmencs
B cKOOKax, ymMHOMxUTCA HaA (—1) (B COOTBETCTBHH C paclpefe/uTelbHbIM 3akoHoMm). H,
CJIeIOBATEJIBbHO, 3HAK KAaiKJOI0 cjlaraeMoro M3MeHHTCHA Ha HPOTHUBOIIOJIOMKHBINA, UTO U
TpeboBasoCch JoKasaTb. ¥V

Hampumep:

a-b-c)=a+(-1)-0+(-c)P)=a+C-1)-b+(-1)"(-c)=a-b+ec.

Takum oOpasomM, MBI OIPUXOAUM K CHeAVIOIIHM IIPDABHJIAM PACKPBITHA CKODOK IpH
PaBHOCHJIBHBIX IIpeoOpasoBaHUAX anrebpamyecKUX CYMM.

IIpasuia packpeITHA CKOOOK B aaredpandecKHX CyMMax

1. Ecau nmepes cKODKOHM CTOMT 3HAK «+», TO IIOCJE PACKPBITHA CKOOOK 3HAKH
claraeMblX, PACIOJOKEHHEIX B CKOOKaX, He M3MEeHAITCH.

2. Ecau nepen ckoOKOM CTOMT 3HAK «—», TO IIOCJ€ DACKDBITHA CKOOOK 3HAKH
cllaraeMblX, PACHOJIOKEHHEIX B CKOOKax, H3MeHAIOTCA Ha NPOTHBOIIOJIOMKHBIE,

Temnepb, NM0JB3YACH 3ITUMH ITPABUJIAMHM, YVIIPOCTUM BBIpaKeHWE, IPUBEIeHHOE B HaYaJe
oysxTa: 5x + 9y — (4y — 1 — 0,5(2x — 5y + 3(3y — 2x — 2(x + y)))).

Haunem packpeiTHe CKOOOK €O CKODKHM, pPacHoOJIOKeHHOH BHYTPH BCEX OCTAJIBHBIX.
YupoctuM cHauasta BeipaskeHue 3y — 2x — 2(x + y). Tak xak nepep cKoOKOH CTOHT 3HAK
«—» 1 MHOMKHTEJb 2, TO Kajkjoe ciaraeMoe B CKOOKe YMHOXHM Ha 2 ¥ U3MEHUM ero 3HakK
Ha DPOTHBOIOJIOYKHEIN, 8 3aTeM IIPHUBEAEM I0oJ00HbIe cjlaraeMble:

3y —2x-2(x+y)=3y - 2x — 2x — 2y = y — 4x.

IlogcraBuM DOIYyYEeHHOE BHIPDAMKEHHE B CAEAVIOMIYIO CKOOKY M BBIIIOJIHHUM AaJbHeHINNe
yupouieHusa: 2x — 5y + 3(y — 4x). 3xech mepen cKOOKOI CTOUT 3HAK «+» W MHOJKHTEIL 3,
IIODTOMY 3HaKH CJaraeMbIX MBI MEHATH He OyaeM, IIPOCTO YMHOMKHM KajykJoe U3 HEX Ha 3:

2x — b5y + 3(y — 4x) = 2x — by + 3y — 12x = -10x — 2y.

IlepexogumM K cieayIOIieMy BBIPDAKEHHIO, CHOBA IPUMEHAA IPABMJIO 2 PACKPBITUHA
cx0DOK ¥ pacrupefesuTe/J bHbII 32aK0H YMHOMKEHMN:

4y -1 - 0,5(-10x — 2y) =4y - 1 + bx + y = by + bx — 1.

¥ sakxoHel, mONB3yACh MPABHIOM 2, paCKpPOeM HOCJIEeIHIOK CKOOKY B MCXOIHOM BBI-
paskesun. [locae pacKpeITHA CKOOOK MBI BHAHM, YTO B BBIPAYKEHHH HMMEIOTCA IPOTHBO-
TIOJIOMKHBIE cIaraeMble, KOTOPBIE «B3aMMHO YHHUTOMKAIOTCH»:

S5x+ 03y —(By +5x—-1)=5x+Hy—by—-5x+1=1.

117



Fnasa 3, §2, n.1

Mel noy49usIn, YTO MCXOAHOE CIO0YKHOE BhIPajsKeHHe IPH BCeX 3HAYEHMAX X M Y paB-
HO 1:

S5x + 5y —(4y -1 - 0,5(2x — by + 3(3y — 2x — 2(x + y)))) = 1.

Taxum o6pa3oM, IpoBeIeHHbIE IPEOOPA30BAHMA 0YEHb CHJIBHO YIPOCTAT IIOCIEAYIOIIYIO
paboTy ¢ AaHHBIM BBIDAYKEHHEM.

e 433' Haﬁnm'e M 3aIHIIHTEe 9MCJja, NPOTHBONOJOMHBIE JaHHBIM:
a) 7,5; 6) —2%; 8) 0,4(15); 1) —~2-5-4) 1) -a; e (-m+ n).

434' HagzoBuTe cnaraembie ajredfpandecKuX CyYMM M 3AIMIUINTE UX, CTABS MEKAY CJIaraeMbl-
MH 3HAK «+». PackpoiiTe cKOOKH, MCIOJB3YA 3aKOHBI apu(METHUECKHUX AeiCTBHIA:

)a-b+(c—d); 2)-a-(b+c—-d); 3)a-(b-c)—d; 4)(a-d)- (b~ o).
435' PackpoiiTe cKOOKM M TIpHBeAUTE MOAOOHLIE caraemble:

a) (6 — x) - (4 — 2x); 1) =3(2¢ - d) + 5(c = 2d);

6) —(5y + 2) + (Ty — 3); e) 2(m + 4n) — 71(2m — n);

B) (=ba + 2¢ — b) — (4b — ¢ — 5a); k) 0,2(—3x + 15y — 42) — 0,5(=x + 6y — 22);
r) (3m — 5n — 4k) — (-6k + 3m) + 4n; 3) —%(a = %b + %c) - %(30 + b — 2a).

@ YnpocTuTe BBIpasKeHHe, BBINOJHAA PDABHOCHJbHBIE IIPe00pPasoBaHMAsA:
a) (2x + 3y) — ((x + 4y) — 6) — (x — 2y + 5);
6)3a+((a—c¢)+(c—-b))—(4a -b + ¢)

B) -5y — (-5x — (8y — 2x — 3)) — (2x + 3 - 2y);

r) (Ba — 3¢) — ((3¢c — 5a) — 2) = (-2¢ + (2 — 40));

1) ((6a — 8b) — (3a — 11b)) — ((3b + Ta) — (ba + b));

e)—(3m + 4n) - (8n — (4m + 5)) + (m — (9 — 6n)) — (2m — n).

437} Vupocrure ypaBHeHme, pasjenuB ofe ero 4acTH HA OLHO W TO yKe He PABHOE HYJIO

YHUCJIO, & 3aT€M HAWAUTE ero KOPHHU:

a) 9(7y — 5) - 3(9y + 11) = 6(15 - 4y) + 27;

6) 4(34x + 26) — 16(5 — 3x) — 48 = 8(Tx — 2) + 20(x — 4);
B) 28a — (43 + 8a) - 7T = 14(16a — 9) + 56;

r) 35¢ — 15(6¢c + 3) = 50 = (8¢ + 7) - 5.

Cocrasbre BBIpaXieHHue K 3ajgade H, eCJIM BO3MOXHO, VIIDOCTHUTEe ero:

a) OgHUM H3 YyYaCTHUKOB acradersl mo OmaraoHy Obuia komasaa «Mereop», cocro-
sAmas u3 4 cnopreMmeHoB. [lepBbiit GUATIOHHUCT 3TOM KOMAHABI MPOIIe] JUCTAHIIMIO 3a
X MuH, BTopoil — Ha 10 MmuH MeeHHee nepBoro, TpetTuil — Ha 6 MuH OBICTpEe BTOPOTO,
a yeTBepTHIH — HA 15 MuH ObicTpee TpeThero. Kakoil pe3ysibTaT B MHHYTaX ITOKasajaa
rKomanja «MeTeop» B aT0ii acradere?

6) B BuneomaraszmHe mpoaaioT O0eBHKH, MeNOAPAMEI, KOMEAHWH U NOKYMeHTaJbHEIe
¢unemel. BoeBUKOB B 5TOM BHOeoMarasmHe Bcerjga Ha 126 meHbIme, yeM KOMeAMi,
MeJsiogpam — Ha 68 mMenbnie, yeM GOEBUKOB, 4 YHCJIO JOKYMEHTAJIBHBIX (DUJIBMOB PABHO
oJycyMMe uucsa KoMmenuit u 6oesunkoB. CKOIBKO Bcero (hpMapMOB B 3TOM BHAEOMAra-
3HHE, eCJIM ceiluac B mpojake a KoMenui?
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439)

440]

441)

7

443)

YrupocTuTe BBEIpaXKeHHE:

a) 5 + ((2(x + 1) — 3x) + 5x) — 0,5(4x — (2x — 4)) + 4x — (5 — 2x);

6) m + 3(n ~ (-m + k)) — 2(m — (m — 2n) — 4k) + 2(m + n — 2k);

B) —(8(2a — b) + 2(2b — 1)) + 2(1 — (a — 4b) + 3(a — b) + 2) — (a + (b — 2a));
rp-3(g-2(r—s)—(-p-4q—1,5(r - 9) + (p + 2¢ — 3(p + q)).

Pemnre ypaBHeHHE:

a)3(x+2)+(x—-2(1 -x))+(5-(3x — 2(2 - 3x))) = -2;

6) 5y +(1-By—5) - ((9-5y)—3)+3(4-2y)=9;
B)a—-(2a+2(a@a-(B5-a))+4-32a~-(4a-9)+(a—3+4a)=75;
r) 1 —((c = 1) — 2(c + 2)) — 8¢ + (be — 3(2¢c — 3(3c — 4))) = —6.

Haiiaure sHaueHue GYKBEHHOI'0 BHIDAYKEHUA IIPH YKA3aHHBIX 3HAYCHHAX OYKB:
a)(x—(2xy —3x)—4xy +5x—-(T-(2-4-xy—x—-y) —25),ecu x = 2, y = 5;
6)p+32p—q)—4p* —3¢° +5-26-2p* - )~ Tp+ 3¢~ pg, ecmup=3,q=0;
B)b—0,4a + 0,2(8c — (d —3a)) + 0,3(2c —4d)—(-a—d +c),ecma=0,b=1,c=2,d =3;
r) 4x — ((2x — 3y) ~ 2) + 2x - 3(2y - (x — 2)) + 3y + 0,5(2y — 3(—2z + 4x)),

ecim x = 0,1; y = 0,2; z = 0,3.

@ Ilycrs A — MHOKECTBO IeJIBIX pelleHuii HepaBeHcTBa | a | < 3, a B — MHOKeCTBO

- menplx penieHui Hepasencra —1 € b < 5. OrmerbTe 2/IeMEHTHI MHOXECTB A U
B Ha yMCJIOBOH NPAMOH ¥ 3alMIIHTE 3TH MHOKECTBA C NOMONILI0 (GUIYPHBIX CKOOOK.
Haiigure o0'beluHeHNE M IlepeceyeHue MHOXKecTB A u B, HapucyiiTe JId HMX Jua-
rpammy Jitepa—BeHHa.

HUcnonssys auarpaMmbl Jiisepa—Benna, onpesenure OpaBUJAbHOCTE CAEAYIOMMX JIO-
THYECKHX BEIBOJOB:

a) Eciau HeKoTOpble NTHIEI LIaBAIOT, TO HEKOTOPHIE IIaBalOlINe MUBOTHBIE — IITHUIIHL.
0) Ecsiu HeKoTOphIe OBOIIM KpacHEIe, TO HEKOTOPhIe KPACHBIE IpeMeThl — OBOIIH.
B) Ecaiu HU ofMH MOE3]] He JIeTaeT, TO HH OJMH JIETAIOIUN IpeMeT — He IOoesJ.

r) Ecim HM oAMH NHHrBHH He XuBeT Ha CeBepHOM
noJioce, TO HM OAUH KUBYIIHHA Ha CeBepHOM IoJice —
He IHHTBHH.

.Il.) Ecan Bce NHUPOMHBIE CIaJKHe 1 HEKOTODBIe CJajKue
npeaMeTsl M3 LOOKOJana, TO HEeKOTOphie IpeaMeThl H3
IMoKoJIaga — IHPOMACHLIE.

e) Eciim Bce aBTOMOOMIIM HMEIOT ABUraTe/b M HEKOTOPhIe UMEIOI[He ABUraTe/Ib npegme-
ThI HE MOTYT ILIABATH I10J{ BOAOI, 3HAYHUT, HEKOTOPhIe ABTOMOOHIM He MOryT IJIaBaTh
oJ BOJOM.

»k) Ecsim HH OJJHH MaMOHT He JKHBET B HACTOsfAIiee BpeM#, & HeKOTOPhIe JKHUBYIIHE B
HaACTOsAIIee BpeMs KUBYT B ABCTpPAJIHM, 3HAYHT, HEKOTOPEIE YKUBYIIHE B ABCTPATIHHN —
He MaMOHTHI.

3) Ecau Bce KaKTYCBI — I[BETHL M HU OJMH KAKTYC HE PACTeT B JIeCy, 3HAYHUT, BCE IIBETHI
He pacTyT B Jiecy.
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444} Boruucaure:

1.2, ,3 5 .4, 9, 4 -7 3). ag.
)yt 7+3y 14 % +ag 1) (575 - 735 * 273) * 36;
1_,2_ .4 _ 2, ,1_ .1, 45l _ 203 1), 4=
6) 1g - 4E + 153 - § + 85— 1351 m) (455 - 305 + 154). 15;
2,5 T
4 .ol . 2, 3 6 18 37
B) 215 : 3,4 33 ‘9 e) 3 - 2 . 4 00"
5 15 45
445 Yupocrure BhIpasKeHHe ITPH JIONYCTHMBIX 3HAYCHHAX IIEPEMEHHBIX:
6ab _ ~27a% ~0,25a%° 0,12 - 35x%y1
2) 12pc’ B) “9qp? A "20a%° &) 0.7 - 80xy
6 1oxuz, ) —18cdh?, ) A8mntkS 5 ~0:dd - 13atbict
-5xz’ 6c2d%k ° ¢ 1. 6mkn’ -0,143 - a%be® °

446§ a) B xakom orHOmIenuy Hyx:HO cMemath 50%-it u 70%-ii pacTBODPHI JIAMOHHO KHUC-
JIOTBI, 4TOOBI MONy4YuTs 65% -it pacTBOpP JMMOHHON KHCJIOTHI?
6) Umeerca ABa KyCKa CILJIaBa MeJU U ITMHKA C IIPOIEHTHBIM cogep:xanuem menu 60%
n 10% coorBercTBeHHO. B KaKoM OTHOIIEHMYM HY;KHO B3SThL 9TH CILIABLI, YTOOHI, Ie-
peILIaBUB B3AThIe KYCKH BMecTe, MOJYIUTE CILIAB, cogepkamuii 30% mean?
B) B cocya emkoctsio 6 nmuTpoB Hamuro 4 gurpa 70%-ro pacTBOopa CepHOM KHCIOTEL.
Bo BTOpOIi cocyn Takoi ke eMrocTH Haauto 3 aurpa 90% -ro pacTsopa cepHOH KHCIO-
Tbl. CKOJIBKO JINTPOB PAcTBOpPA HYJKHO IIEPEJHTEH M3 BTOPOIO COCYAa B NEPBLIMA, YTOOKI
TONYYUTHL 75% -# pacTBOp CepHON KHUCIOTHI?

447' HaiizuTe 0CTATOK NPH AeJeHHM YHCIA @ Ha b, €CJIH USBECTHO, 4TO:

a) YMCJIO @ TIPH JeJIEHUH Ha 5 JTaeT 0CTATOK 2, a IPH JeJIeHHH Ha 3 — ocTaToK 1 u b = 15;
0) 4ncy0 a IpH JeJIeHUH Ha 5 JaeT ocTarok 1, a pu aejieHUH Ha 3 — ocTaTok 2 u b = 15;
B) YMCJIO @ TIPH JeJIEHUH Ha 3 TaeT ocTarok 1, a npu geeHun Ha 4 — octaToxk 3 u b = 12;
T') YHCJIO @ TIPH JeJIEHUW Ha 3 JaeT 0CTaToK 2, a npu neseHnu Ha 4 — octatoxk 1 m b = 12,

448' PackpoiiTe CKOOKHM M NpUBEAUTE MOJOOHBLIE ClaraeMsale:

a) (Tx — 3) — (bx — 4); B) —2(3a + b) + 3(2a — b);
6)(im-n—-k-(k—-m)+n r) 0,3(—=¢ + 2d) - 0,4(c — d) + 0,5(c — 2d).

449§ Brimonusas paBHOCHJIbHBIE TPe06DPA30OBAHMUS, YIPOCTHTE BEIPAXKEHHUE:

a) (a—20) - (5 —(2a + b))+ (4 —(a+ b))

6) (Bm —2n)—-(m—-2))—(8n—(n—2)) + (-m — (m + 2n)).

450f YnpocTure BhIpaskeHuUe:

a) bx — 4(y + 22) + 0,5(2x — 4(x + y) + 102) - 3(x — 2y - 2);

6) —(0,2(c — 3d) — 1,4d — 4) — 2(3 — 0,4(c + 2d) — 0,3(4c — d)) — 3(c + d).

451f Cocrasbre BRIpaKeHue K 3ajave W, €CJIM BO3MOKHO, YIPOCTHTE €ro:

3a KOHTPOJBHYI0 padoTy B CeAbMbIX KJjaccax ObLIM MONYYeHBI CIAEAVIOIIHE OIEeHKH:
«D», «4» 1 «3». Ilarepok orxasanoch Ha 9 MeHbIle, YeM 4YeTBEPOK, M Ha O GosbLie,

4eM TpPOeK. CKOJIBKO INKOJBHHKOB IMHCAJO 9Ty KOHTPOJIbHYIO pa60’1‘y, €CJ/IM Y€TBEPKH
HOJAyYuan b CeMHKIACCHUKOB?
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452' Vupocrure ypaBHeHue, pasieaus obe ero 4YaCTH HA OJHO H TO YK€ UMCJIO, OTJIAYHOE OT
HYyJs, 4 3aTeM HANJUTE ero KOpeHhb:

a) 5(3a — 2) — 15(2a - 5) = 10(3 — 4a) + 25;
6) 4(9x — 8) — 20(x — 4) = 16(3 + 2x) — 8(3x + 1).

453] Pemnre ypaBHeHue:
a) 8y + 0,5(2 — (6y — 8)) — 5((2 — Ty) — 11) — 49 + 6(2 — 3y) = —4;
0) 4a — 0,2(3a + 4(2a — (6 — 3a))) + 28 — 3(4a — (2a — 5)) — (8a — 7 + 12a) = 14.

454) IIycrs A — MHOMKeCTBO menBIX pelneHMil HepaBeHeTBa | @ | < 2, a B — MHOXeCTBO
IeJIBIX pellleHnit HepaBeHCTBa —1 < b < 3. OTmMeThbTe 3JIeMEHTHI MHOMKeCTB A 1 B Ha
YHCJIOBOM NMPAMOI M 3aIHUIIKATE 3TH MHOXKECTBa € IIOMOILIBI0 (PUrypHBEIX ckobok. Haii-
aure o0'beIUHEHUE U MepeceueHne MHOMKeCTB A u B, HapucyiTe IJd HUX AUATPDAMMY
Jitnepa—BenHa.

455] Onpenenure MpaBHILHOCTE CIEAYVIONIMX JOTMUECKHX BBLIBOJOB:
a) Eciim HeKOTODHIe JIOOHM YMEIT HHCATH CTHUXH, TO HEKOTOpPbIe yMeloliue IIHCATH
CTHXH — JIIOJH.
6) Ecaun Hu ofuH mkad B 3TOH KOMHATe He NePeBAHHBIH, TO HH OOHH AepeBAHHBIH
IIpeJMeT B 3TOH KOMHaTe — He mKad.
B) Ecan Bce (OpyKTH pacTyT Ha AepPeBbAX M HEKOTOPhLIE PACTyIHe Ha JepeBbsX Ipej-
MeTHI — 3eJIeHbIe, TO HEKOTODhIe 3€JIeHble IpeaMeTsl — QPYKTEL.

r) Ecaiu HEM oguH COTPYIHMK IOHYHMKOBOH KOMIAaHHMU He omasabiBaeT Ha pabory, a
HEeKOTOpLIE Olla3AEIBAIOIINe HAa paboTy e3aAT Ha MeTpPO, 3HAUHUT, HEKOTOPLIE e3AAIne
HA METPO — He COTPYAHHUKY IMOHYHUKOBOM KOMIIAHUH.

456f a) Ha ckiane morunkoBoil kommauuu Aurona u Kewomu umeerca 10 kr 7% -To caxap-
Horo cupona u 20 kr 10% -ro caxapHoro cupona. Ki1agoBmuKkn nepenyraiu HAKIEHKHA
Ha OYTHUIKAX ¢ CHPOIAMH M JJIs TOTO, uToOLI He pazbuparhed, IJe KAKOW cupom, Ie-
pesuiu Bce CHPOILI B 0AHY OyTeuIKy. Kakoll KOHIEHTpALUN CaXapHBIH CUPON Y HUX
IIPH 3TOM IOJYUHJICH?

0) Jl1A HOBOro pelenTa OPONUTKH AJIA MOHYNKOB HeoOxogum 12% -# caxapHbIi CHPOIL.
B KakoM OTHOIIEHWH HYKHO cMeruaTh 15% -it m 5% -i pacTBOPH!I caxapHOTO CHPOIIA,
4T00BI MOJIYYUTh CHPON HYKHOM KOHIEHTPAI[MH?

457 Haiigure ocraToK IpH AeJeHHH 4Ymciaa @ HA 21, ecm M3BECTHO, YTO:
a) YMCJO a IPH JeJeHHH Ha 3 AaeT OCTATOK 2, a IIPH AeJIeHWH HA 7 — OCTATOK 5.
6) uucio a UpH JeJeHHU Ha 3 maeTr ocTaToK 1, a mpH JeleHHH Ha 7 — ocTarok 4.

458 Bopuc sagymas HaTypajJbHOE YHCI0, YMHOMKIJ €ro Ha 13, 3auepKHYJ Iocjaes-
HI0I0 mudpy peayasrarta. [logyuyeHHOE YHCI0 OH YMHOMKII Ha 8, ONATH 3a4epK-
HyJ nociaefHior mudpy pesyaprara u noay4dma 20. Kakoe umcno sagyman Bopuc?

459) Ha mony niomazpio 12 M? JeskaT Tpu KOBpA, IUIOI[aAb IEPBOTO W3 HUX paBHA b5 M2,
' niomans Broporo — 4 M2, a Tpersero — 3 m%. Kaykasle [Ba KOBpa IepeKpBHIBAIOTCH Ha
naomazn 1,5 m?, mpuaem 0,5 M? us aTux 1,5 M? NpUXOANTCS HA YIACTOK, TePEKpPHI-
BaeMEbIil BCeMH TpeM#a KoBpaMd. YeMy pasHa ILIOMAAb I10JIa, HE NOKDPLITAA HA OXHHM
KoBpoM?
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Tpyden auwb nepséviit wae.

Mapxk Teperuuit Bappox (116 mo v.3. — 27 g0 H.2.),
PHMMCKHHM YVYEHBbIH-9HIIUKJIONEAHCT

B nmpeneinymem nyHKTe MBI pazobpanimuck ¢ TeM, KAK PACKPHIBATE CKOOKHM B anredpa-
nyecKnX cymmax. Ho mpu pemeHum passHoro poja 3ajad HaM YacTO NPUXOAUTCA CTATKH-
BATHhCA M ¢ anreOPamYeCKMMH BHIDAKEHUSAMH, COAEDSKAIIMMU IIPOM3BefleHHe M YaCTHOe
HECKOJIBKHX BeJHYHH. [ yKasaHHA HOpaAgKa JeHCTBHH 3Jech TAaKiKe HCIOJNbL3YVIOTCH
CKOOKH, a 3HAYUT, HAM HAJ0 HAYYHUTHCA PACKPBIBATH CKOOKH M B 5THX BBIPaXKeHHAX.

Kax, HanpuMep, YOPOCTHTH CIEAVIOIee BbIparkeHHeE:

MWe:b8)-(2:0)-(a-(B:a)-(b:c):(21:(2d))) - (6:d)?

Ecan a, b, ¢, d # 0, TO 1asHOe BBIPAYKEHHE HMMEET CMBICJ, IOITOMY MBI MOXMKEM
yupoctuTh ero. Y 3meck onATh BOSHHKAET BOMPOC: HA OCHOBAHWH KAKHUX 3aKOHOB MOXKHO
OCYIIeCTBUTh PaBHOCHJbHBIE IPe0o6pa3oBaHMsA B 3TOM BBIPAKEHHH?

ITockoubKy B OCHOBHBIX 3aKOHaX apM(pMeTHKH AaHBI IPaBHJIa TOJIbBKO AJisA npeobpaso-
BaHUSA CYMM H IIDOU3BEJEHUIl, TO eCTECTBEHHO CBECTH JeHcTBHEe NeJIeHHA K VMHOMKEeHHIO,
Mo00HO TOMY, KAK MBI CBEJM BBIUUTAHHME K CJIOKEHHIO.

Ilnd 3TOro BOCIOJIB3YEMCA TE€M, UTO YACTHOE UMCeN m u n, rae n # 0, paBHO NPOU3-
BeIeHHWI0 YHMCIA M Ha obpaTHOe K n:

m:n=m=m--1—.
n n

3HAYNUT, HCXOJHOE BhIpaMEeHHe Mbl MOMEM 3allucaTb

B BHE:
7£ga§Q2_d).5.
5 b a ¢ 21/ 4

CoruiacHO coyeTaTeILHOMY 3aKOHY YMHOMKEHUS, 8 JI000M Npou3gedeHul cKoOKU MONCHO
onycmume. 3HAYKUT, MbI MOMKEM CAeJATh 9TO U B HAIUEM BhIPA)KeHHM. 3amuineM HoJay-
YeHHOE MMPOH3BeJeHNe, IPEACTABIAA IIEJ0e YHCI0 WJIH OTHEeJbHYI0O OYKBY B BHIE ApPoOH
co sHaMmeHaregem 1:

=3
SO

.a.3.b
1 a ¢

oo

Ham usBecTHO Takke, 4TO HPOH3BeJeHHE HECKOJbKHX Apobeil paBHO ApoOH, B YHC-
JIATeJIe KOTOPOM CTOMT NpPOM3BeJeHHe YHCJIHTeNlell MCXOXHBIX Apobeil, a B 3HaMeHaTe-
Jie — IpOM3BeJieHHe WX 3HaMeHaTesel. BeIoNHUM gaHHOEe IpeoOdpaszoBaHUe W COKPATHM
MOJIVYEHHYO Apo0b:

1 1 11 1 1 1
1-£-2-d-B-¥-2-d-5_,

1T B-F 1-d-¢ 214
1 1 1 1 F-4 1
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Hrak, Doas3ysack TPABHIAMH DABHOCHJIBLHEIX TIpeobpasoBaHW, MBI (DAKTHYECKH
JIOKAa3aJd, 4TO NPH BCEX IOMYCTUMBIX 3HAUCHHUAX MepeMeHHHIX (a, b, ¢, d # ) BepHO
paBeHCTBO!:

Tc:B)'(2:0)-(@a-B:a)-(b:¢):(21:(2d))) -(6:d)=4.

PasencrBa, cupaBeijuBbie IPH JIOObIX 3HAUEHUAX BXOAAIINX B HUX OYKB, HA3BIBAIOT
TOXAecTBaMH. TakuM o0pasoM, NpaBHU/ia PABHOCHJIBHBIX IIpeoOpas’oBaHHI IO3BOJIAIOT He
TOJIBKO YIIPOIIATH BhIPAKEHHsA, HO M NOKAa3bIBATH TOKAECTBA, HEKOTOPBbIE M3 KOTOPHIX
Ana anrebpaudecKkux npeofpasoBaHMI Tay ke BaskHBI, Kak TabaHIla YMHOMKEHHUA B BbI-
YUCJIEHUAX.

IlepeynciuM npaBma PABHOCHUIbHBIX PeoOpasOBaAHUN [IPOMU3BELEHNI, KOTOPBIMHU MbI
TIOJIB30BAJINCH JJIA VIPOIIEHUA MCXOMHOIO BBIPAXKEHH.

i
IIpaBusia paBHOCHJBHBIX NpeoOpa3oBaHHH IIPOH3BeXeHUH

1. B BrIpaskeHUAX OMEPAIHIO JelleHHA HA UYHCJIO, OTJIMYHOE OT HYJIS, MOMKHO
3aMEeHUTHh YMHOMKEHHUEM HA YHCJIO, 0OpaATHOE MEeJTUTEIIO.

2. TlponsBegeHne HECKOMBKHX ApoOed MOMKHO 3aMHCATHL KAK €IUHYI0 Ap0o0b,
YHCJIMTENs KOTOPOH paBeH IPOM3BEJeHHIO YHCJINUTEeNed HMCXOZHBIX Apobeii, a 3Ha-
MeHaTeJ b — IIPOM3BeJeHHI0 HX 3HAMEHAaTeJIeH.

3. Ecu uyncauTe s 1 3HAMEHATEIb IPo0K MMeIOT 00Xl MHOYKHTEIh, OTIUMYHEIH
OT HYJA, TO Apo0b HAa HEro MOXKHO COKPATHUTS.

BocnosssyeMesd mosnyueHHBIME HAMHY NPABHJIAMH /A PEHIeHuA CJeAYIOIeH 3aJadi.
3anmaua. Hafigure gomycTuMele 3HAUEHUS NEPEeMEHHBIX H JOKAXKHTE TOMKJECTBO:
(Bx — (2y — 3(5x — 2y))) : 9x — 4y) = 2.
Horxasamenvcmso:
ITockonbKY AeaUTH HA HYJIb HEIb3fA, TO PABEHCTBO OYJAET HMETh CMBICH, TOJBKO ECJIHN
9x — 4y # 0. ITosroMy Bce sHaYeHMs IEPEMEHHBIX X U Y, YAOBIETBOPAIINE TaHHOMY
OTpaHHYEeHHNI0, ¥ OYAYT JONYCTHMBIMH 3HAYEHHUIMH.

Ha ocHOBaHMM yCTAHOBJIEHHBIX B JAHHOM IIYHKTe mNpaBmi 1 U 2 MBI MOKEM JJA BCex
JOMYCTUMBIX 3HAYEHUH X U Y 3allHCATb:

(Bx — (2y - 3(5x — 2y))) : (9x — 4y) = 32— (233;3&5; = 2y)

_Yupoc'rnm CHa4yaj a YHCJIHTEeNb 9TOH ApoOHM, MONB3yACh OPABHJIAMHA IIpeoOpa3oBaHHA
anrefpamyecKHX CYMM:
3x — (2y — 3(5x — 2y)) = 3x — (2y — 15x + 6y) = 3x — 2y + 16x — 6y =
= 18x — 8y = 2(9x — 4y).
3HAYHT, HAIlle UCXOJHOE BEIPAsKeHNEe PABHO Jpo6H, B KOTOPOH UMCAMTENL U 3HAMEHA-
Tesib UMeloT o0muit MEOxHUTeNns 9x — 4y, orauuHblil or 0. CoKpaTHM Ha HEro APoob:

Taxum 06pa3oM, MbI IOJIYYNIN, 4TO, ecau 9x — 4y # 0 (To ecTh NPU BCEX JOMYCTHMEIX
3HAYEHUAX NEPEMEHHBIX X ¥ J), BEPHO PABEHCTBO

(Bx — (2y — 3(5x — 2y))) : (9x — 4y) = 2,
uTO B TpeboBaJOCEH JOKA3aTh., ¥
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e 460' Haitgure 4YyHcIa, OﬁpaTHHe AaHHBIM I[IPpH OJOHOYCTHMBIX 3HAYEHHAX IIepeMeH-

HBIX:
A8 0-12% nZ 02k nDa om-n W -i; 3) — .
461' YupocTHTe BRIpa)KeHHe IPU JONYCTHMBIX 3HAUCHHUAX IepPeMeHHBIX!
a) (6 : (5x)) - ((10x) : 3); nN(7T:m)-m?-(—x:a): % * (—a?: 28);
6) (4da : ¢) - (b®: (8a)) : b; e) (20 : (=a?)) : g * ((ab) : 16) : (b : (4¢?));
B) (-p* : (69)) - ((39) : 1) : p; x) -b% i (—a*: 0%) - ((ay) : 18) : ((-by) : (2a));
2
r)(9:(a’n)) - a: ;}5 *(~a : 15); 3) —ba?y - E%c (=b) : ((—xy?) : 4) - (-—I%) .
462] OnpenennTe, Ipn KaKuX 3HAYEHUAX [EPEMEHHBIX UMEIOT CMbICJ BbIPAKEHMUS:
1, _x-3 . (@-1?* 3
2) xy’ B) (x + 3)(x — 3) A) (a-1) a
1 . 1 1 ab__ (a-—-1)
©) G-+ 2y Dan " m-1 Oe-a°' a -

463} Oupenennrte Ip; HONYCTHMBIX 3HAYEHUAX NEPEMEHHBIX, BO CKOJBKO Pas:
———

a) cyMMa Tpex IOCJIeNOBATEeNbLHBIX IEJLIX uuces Dosblne cpefHero apudMeTHdecKoro
HamnOOoJIBIIEro ¥ HAUMEHbIero U3 9THX YHCeN;

6) CyMMa 4YeThIpeX IIOCJIeNOBATEJIBHBIX IEeJbIX YHCeJT fospIne CYMMBI HauboJIBLIEero U
HauMeHBbIIEero M3 3THX YHCeJ.

464' YopocTuTe BhIpAXKEHHE IPH AONYCTHUMBIX 3HAYEHHAX [EePEeMEHHBIX, BLIHOCH INPH He-
00xoAMMOCTH 38 CKOOKM 00U MHOMKUTEIh:

a) c—5 ., r) B n . m)10~5x. %) x—-y . x+ty .
5(c - 2)’ k(n — m)’ x?— 2x° 2y + 2x 3x - 3y’
x+ 7 . a+ 2b . 2mn + m?, pg —4q . _p*¢ .
O5z+ A5+ a) %) mn ¥ 2n?’ M “dpg  dp-pP
)ag5—d!. )x53—4g!_ a®— ab, }mn—ml.nm+m!
B) 445 - dy ® Yy - 3)° H) 37— qp’ nk + kl  kl- kn
465[] Pemnre ypasHeHue:
a) (32x : 8) - (bx?: x): x = 4; B)(y—-3)(5-y:(2y-6)=1;
—oe.__ 9 _ . (Bx — 6)(5x — 1)(2x + 16) _
6) =~ 9" pEx—45 — % DBz + 24)x - 2) 18.

4661 Haiigure 3HaueHwe GYKBEHHOTO BHIDAYKEHUS NPH YKASAHHBIX 3HAYEHHAX OYKB:
27dc®  4bc®  2b o
) 55t ' 16be  Beq "PMb=1l,c=27d=-1
(4y — 8)6y — T)(3y — 18)(8y + 15)(2y + 5) _ .
0) =@y - 12)(15 + 8y)(7 - 6p)3y ~ 6)  "PHY T %
») Bx +7-(b—4x)N4y — 9+ (15 = 2y)(7x + 2y — (4y — 3x))
43 + y)2 + Tx)

) 5a’b — 3ab® — (4a’b — 2ab®) 12ab(2a + 3b)
i 4a?b? (a@-b)

npu x = 1, y = —1;

npua =2, b=-1.
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@ Haiigure gonycTuMbie 3HAUEHUS NePEMEHHBIX H JOKayKHUTe TOXLEeCcTBa:

0,15xy® — 0,25x% — (0,05xy® — 0,2x%y) + 0,05x%y _

a) 0,2xy? = 0,5y;
6) (Ty — 21)y — 5)8y + 16)(11y + 17)(2y — 3) _ -0.5:
(3 — 2y)(By — 24)(2 + y)(34 + 22y) (Ty — 35) >
atb—(c-ad)-(@a-(b-(c—d))+t(a+t2b—-(a—b) -5 _ .
B) c—-d 2
r) (m?> — (mn — 2m?)) — 3mn + gm’* ~—1-R2-@B-mn-m?)—2) _ 3m.
m-n

a)(28:9)-(9:7) 0) (—8:3):(2:9) B) (72 :17)- (51 :9): (8 : 5).

1) ChopmynupyiiTe BRICKA3LIBAHUA, OOpATHBIE TAHHBIM, U OINpeAeUTe MCTHHHOCTHL
OPAMBIX B OOpPATHEIX BBICKASbIBaHMI. [IJ1s JIOKHBIX BBHICKASBIBAHMH IOCTPOHTE HX
OTPHUIAHHSA B YCTAHOBHTE HCTHHHOCTL OTPHUIAHMN:

a) Ecam menoe uucao okanuuBaerca Ha 0, To oHO gemuTcda Ha 2 B Ha 5.
6) Ecau mesoe uuceao geauTes Ha 2, TO OHO OKaHYMBaeTcsa Ha 2.

B) Ecom cymma mudp HeJoro 4yucia JejJuTces HA 3 U YUCA0 OKAHUYMBAETCH HA 5 WU
Ha 0, To oHO menuTca HaA 15.

r) Ecau nenoe umncsao kpaTtHo 3 u 5, 70 oHO KpaTHO 15.

2) Kakue w3 npuBeIeHHBIX BLICKASBIBAHWNA ABISIOTCS paBHOCHAbHBIMEH? [IpuBemute
CBOM IIpHMep PAaBHOCHJIBHBIX BBLICKA3LIBAHUIA.

Ilo Tabauile yCTaAHOBHTE BOZMOMKHYIO (GOPMYJIY 328BHCHMOCTH MEMXJY IePeMeHHBIMH X
H U MOCTPOiTe rpaduK 3aBHCHUMOCTH Y OT X Ha KOOPAMHATHOH IJIOCKOCTH.

a)| x | -2 | -1 0 1 2 B)| x | 2| -1] 0 1 2
y 3 3 3 3 3 y | 4| 21 o0 2 4
)| x | 2|-1] 0] 1| 2 O x | -2(-1{0] 1| 2
y 6 3 0| -3] 6 y 0 2 4 6 8

Yro obmiero y rpathMKoB Beex STHX 3aBHCcHUMOcTei? MoHO JH ¢ TOMOIILI0 OYKRB 3a-
IHcaTh OJHY 06001IeHHYI0 (hOPMYITY, YACTHBIMH CIYUAAMUA KOTOPOI ABIAIOTCA TaHHBIE
saBHcCHMOCTH ?

Pemnre ypasnenue:

a)(12a —4): 4 + (15 — 5a) : 5 = 4;

0)(dx -3+ 2x):3-27T=(6x-21+2x): T;
B)(3x — 24 +5x): 8 -(42x — 30+ 6): 6 — (8x — 32 — 16x) : 8 = 15;
r)(bx — 22 + 6x) : 11 + (7x + 26 + 6x) : 13 — (9x — 51 + 8x) : 17 = -24.
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472

e

Iz

475

477

478

126

ITocTpoliTe MaTeMaTHYECKYIO MOJAENb W PElIuTe 3amady:

a) 3aBoJ 3alJIaHMPOBAJ NPOM3BECTH OJMHAKOBOE KOJHUUECTBO NPOAVKIMH B TeUeHHE
KasKJaor'0 M3 IePBEIX ABYX JIeT cBoeil paborel. B melcTBHTEILHOCTH 3a MEPBHIM I'0J pa-
60TBI 00'BEM IIPOU3BOZACTBA OKABAJICS BBIIIE 3aIJIAHMPOBAHHOTO, & B CIEAYIOIEM TOLY
IIPOIEHT €ro POCTA II0 CPABHEHHIO € 3aIlJIAHMPOBAHHBIM okasasyica Ha 10 Goxabiae, yem
B nepsoM. Oupezenure, HA CKOJBKO IIPOIEHTOB 00’beM NPOM3BOJACTBA B IEPBBIH roj
MPEeBBICHJI BAIJIAHHPOBAHHBIN, €CJIM H3BECTHO, YTO 34 ABA rojja ero o0mIuil mpHpoCT
K 3amlaHApoBaHHOMY cocraBui 48,5% .

0) B bank moso:Kmiam BKJazx B pasmepe 10 000 p.
nox 15% romoBeix. B KOHIle MEPBOTO TONA BKJIATYUK
JOMONHUTEJIRHO BHEC HA CUeT HEKOTOPYIO CYMMY.
K xoHIYy BTOpOTO TOfla pasMep ero BKJAama ObLI Ha
475% OosblIe IO CPaBHEHHWIO ¢ HDePBOHAYAILHBIM
BrIanoM. KaKyio cyMMy JOIOTHHTEILHO BHEC BKJIAJ-
YUK HA CUeT B KOHIIe mepsoro roga?

Briuncaure:

9 3 40). 1 1 1 1 1
a) 235 +(~75 + 839} Ba-st5-st e nnt1T-12 T 14 10

2 5, 4 . .5} 1 1 1 1 1

6) 5 + 2 : (117 - 1033) D3 7 7. 11711-156 T 15-19 T 19 - 23"
JlokasxuTe, 4TO:
a) ancao 444...444 se nenutcsa Ha 8; B) yncao 53005300...5300 penurca Ha 25;
6) uncao 1212...12 gennTca Ha 3; r) uncao 6363...63 penurca Ha 9.

a) Mumra u Ceperka sanuchbIBalOT ABeHAAIIATH3HAYHOE YHCJI0, CTABA IO o4Yepeay Iud-
poi. Haunraer Cepesxa. [loxkaxure, yTo Kakue Obl mudpsl Hu craBui Cepesxa, Muma
BCErZa CMOYKeT HOOHTHCSH TOI0, 4TOOBI MOJYYEHHOE YHCJIO AEJHJIOCH Ha 3.

6) Arzapeii u HlBaH sanmceIBalOT ABAANATH3HAYHOE YHCJIO, CTABA IO ouepeAn IUPPHI.

Haunnaer Augpeit, [lokaxuTe, uTo Kakue O0bI mudpsl Hu craBuia Aegpei, Bal Bcerga
CMOJKET JOOUTBECA TOro, YTOOLI IIOJYUEHHOE YHCIO AeJIHI0CH Ha 9.,

@ VrpocTuTe BhIpaskeHHe MPH AONYCTUMBIX 3HAYEHHUSX NePEMEHHBIX:

a) (7:6x) (9x:7); B)(-5:a®)-a (10 : (—ay) : (2 : ¥°);

) (—¢*:p)-P?:q):q; r) (11m? : (-mn)) : (-83m) * (-6n%: m?) : (n : (2,5m)).
OnpegenuTe, IPH KaKUX 3HAYCHHUAX TEPEMEHHBIX MMEIOT CMBIC/ BEIDAXKEHUA:

y L 1 c+4 mn__ . (n+3)
&) axe’ :

1 Sl ——— —_— .
6)E+p_1; B)(C+4)(C—‘7)’ r) (m+n)° =

HCIIOJH:S}’H PaBHOCHJIBHEBIE upeoﬁpaaOBaHHa, YIPOCTHTE BBIDAMKEHHE IIPH JONYCTHMBIX
3HaAYEHHUAX MNEePpeMEHHBIX:

2(a + 3). m-n_. 3hc —c2 | km — Tk  _ 8m? |
A3 ®) T(n = m)’ A Tpe T 36% ) “dkm m - Tm
p(p —q) . x* — xy, an + bad | xy + xz  xz — x°
0) 5q(p — q)° T) y: - xy’ e) 5d?n + dn®’ 2 xz—-22 jAHyz"
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Pemnre ypasueHue:

(6bx — 54)3x — 11)(2x + 18) _
(5x + 45)(x — 9) B

Hajfigure sHayeHre OVKBEHHOI'O BEIPAXKEHHS IPH YVKA3BAHHBIX 3HAUEHUAX OYKB:

bdx*y® 21yz* 112
a) 332_;;2 ’ Qyzzs "oy TPH X Z Ly=-2¢2

(9a — 27)(3a + 5)(4a — 32)(4a + T)(Ta - 3) -
0) *3a - 24)(10 + 6a)(-9 + 21a)a - 3) PEE =2

Hajinure gonycTuMble 3HAYEHUA IIePeMEHHBIX A JOKAXKHUTe TOMJAECTBA:

a) (Ta: 12)- (48a®: a) : o’ = T; 0)

24.

0,32ab* — 0,48a%° — (0,12ab* + 0,12a%*) — 0,2b%a _
-0,3a’

6) (6x — 36)(x + 11)(7x + 42)(2x +5) _ -0.1
(2x + 12)(—35 — 14x)(66 + 6x)(5x — 30) >

a) 2b;

ITocTpoiiTe MaTeMaTHYECKYIO MOZEJIb X PEIINTe 3ajady:

a) ArToH ¥ Kcloma samiaHApOBANH B 0I0/KeTe CBOel MOHYHKOBOM KOMIAHUM ITPOU3-
BECTH OJHHAKOBOE KOJHUYECTBO MOHUMKOB B TeUeHME JABYX JeT. B feHCTBATEILHOCTH
B IepBBIH roa paboTel 06beM IPOM3BOACTEA NPOAYKIIHH OKa3aJICA BHIIIE 3aIlIaHUPO-
BAHHOI'O, A B CJEAVIOUIEM r'OAY IIPOLEHT ero POCTa I10 CPABHEHUIO C 3aIlJIAHNPOBAHHBIM
oxazasucs Ha 25 Gonpme, uem B nepsoM. OnpejenuTe, HA CKOJIBKO IMPOIEHTOB 06BeM
[IPOM3BOJCTBA B II€PBBIA IO IPEBLICH 3AIJIAHKPOBAHHEIN, €CJIH H3BECTHO, YTO 32 ABA
roza ero OOIIME NPHPOCT K 3aIlIAHMPOBAHHOMY cocTaBui 35% .

6) KonuuecTBo cCOTPYAHHKOB NOHYMKOBOM KommaHnu AHToHa M Kcromm 3a rox yse-
auuniock Ha 10%, a KOJIMYECTBO TOII-MEHEIKepoB YMeHbIWIoch Ha 1% . CKoabKO
IIPOIIEHTOB OT OOIIero Yucjia COTPYIHAKOB MOHUYHKOBOI KOMIIAHHH COCTABJAIOT Telleph
TON-MEHe[XKepPbl, eCJIH roj Hasax ux owLio 7% ?

Kaxoe MuEMMaIbHOE KOJHYECTBO IHMP MoKeT ObITh B yncyae 111...11, ecom ussecrHo,
4TO OHO jenurcAa Ha 997

484' Moskno 1 paccTaBUTh uYMcaa B TabaHIe Tak, 4ToObl cyMMa B KaKIOH CTPOKe

ObLIa IOJOMKHUTENLHOH, 4 B KAYKAOM CTOJIOIE OTPUIATEIBHOMR?

Jna toro urobel ycmeTh HA MOCJIETHION 3JeKTPHYKY,
ceMbe M3 UYeThIpeX 4YesIOBeK HYXKHO IPOWTH IO Y3KOMY
MocTy OblcTpee yeM 3a 32 MuHYThI. OIHOBPEMEHHO IO
MOCTY MOTYT UATH He OoJsiee ABYX UeJIOBEK, IPHUYEM
BBHJY TEMHOI'O BPEMEHH OHM JOJKHBI HEPEXOIHUTE MOCT
¢ orapukom. Ecam MocT npoxogaT asBoe, TO OHHM HAYT
CO CKOPOCTBIO TOI'O, KTO HJeT MeajdeHHee. MoKeT Ju
yCoeTh Ha NOCHEJHIOK BJIEeKTPHUKY 3Ta CeMbs H KAK OHHU
JOJKHBEI IIepeXOAUTh MOCT, €CJHM HM3BECTHO, UTO Iama
MOXKeT IepeiTH MocT 3a 2 MMH, MaMa — 3a 4 MHH, HX
gousr — 3a 10 mun, a 6adbymka — 3a 16 mun? lasectHo
TAKIKe, UTO ¥ HAX TOJBKO ONUH (hOHAPHUK.
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3amauu A caMOKOHTPoJsA K I'iase 3

@ Brruuciaure:

a) 86 258 — 83 764 + 73 764 + 23 742; n) 121 - 120 + 120 - 79;
6) 19 + 27 + 48 + 3 + 21 + 42 + 76 + 35 + 24 + 15; €) 390 : 9 — 300 : 9;
B) (278 + 1092 — (478 — 308)) : (521 — 214 - (421 - 314)); ) 3% : 5% : %’ - %;

D54 g2 3,
r)3+1 + 577 311+22 45

) (555 ~ 134) : (- 373) - (085 - 8) : (g5
%+172 3_56 8

“)_1%'2 1 5'(Fﬁ)
7721 63

1 1 1 1 1 1 1
i tiT-15 1519 T19-23 T 23-27 T 27-31 ' 31- 35

487 Banmmure panmoHAaIBHOE YHCIO B BHAE NEPHOANYECKOH AeCATHIHOM Apobu:

17 47,
o -5 Dy D1 M3 o-f

488' Sanunure NePUOANUYECKYIO ACCATUUYHYIO Ap0ObL B Bue 0OBIKHOBEHHOMN:
a) 0,(7); 0) —2,(54); B) —8,(370); r) 3,0(36); n) —10,47(2).
489' CpaBHuTe palMOHAJILHEIE UHCJIA:

a) 0,584 1 5; 8) 0,(67) 1 0,676; %) 0,(619) 1 35;

6) ~1= 1 ~0,(46); r) —0,384 1 —0,(38); e) ~0,1(67) u —g.
490' Yupocrm're BBIDAIKEHHE:

a) —4x + y + 5x — 3y; B) —cd® — 2¢%d + cd® + 4c%d;

6) 12ab - 275ab — Lab + 2ab; 1) 0,57 + 0,2n? — 0,27 + 0,8n
491} Packpoiire ckobKku ¥ npUBeAUTE HOXOGHBIE YIEHBI:

a) (3a — 4) — (2a + 1); B) 2y + (—x +y — 42) — (52 — x + 3y);

6) ~(1,2 + 0,3b) — (0,8 — 0,4b); 1) (7ed — B3e) - (Fyed - 13¢%) - (~Fxed - 2,5¢9)
@ YnpocTuTte BhIpajKeHHE, BBRIIOJIHAS PABHOCHIbHbIE MPeobpasoBaHus:

a)(m + 6n) — ((2n — 4m) + 8) — (bm + 4n — 11);

6) - (4p — 2¢) + (=2p = (3¢ + 5)) = (2¢ — (T + 6p)) — (p — 3¢9);

B) s + 4(t — 0,5(2r — 4s)) - (3s — 2(s — 2(t — r))) + 2(8t + r — 3(t + 2s)).

493' OnpezeauTe, NPU KAKNX 3HAYEHUAX IIEPEMEHHBIX HMEIOT CMBICJ BHIPAYKEHHA:
- 1. 6) 1 1 : p-1T R . L (m— 1)
2x - 3y’ 3a’®  (a - 2)(b - 2) P+Tp-7 (n — 3) mn
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494

495

496

IIpu xakuX 3HAYEHHAX [IePeMEeHHON X 3HauYeHWe BHEIDAYKEeHHsS PaBHO a?
31

ek, — _R9. _ mez . — _9. _ —
a) 5% — 19° a 62; 6)(x—T7)2:3,a 3; B) (4 — x)(2x + 5), a = 0.
YupocTuTte BhIpaskeHHe NPU AOMYCTHMBIX SHAYEHHAX ITePEeMEHHbBIX!
aA)x:2x -y :y- (y— 2x); B) (ab) : (4b — 3) - (4ab — 3a) : b;

6) _521_11) *(8bc : T) : (3a’c) - (—4a®®) * (5c : 12b%); 1) (2b — 10ab) - (-b) : (45ab — 9b?).

Peniure ypaBHeHUA:

a) 5(6x — 7) — 2(4x — 3) = 4(6 — 5x) — 11;

6) 0,4(3a — 5) — 0,1(4da — 6) — 2,1(a + 2) = 0,4(a — 3) — 1,6(2a — 3) — 0,2;
B) 28b — 14(7b + 5) = =70 — (11b — 21) - 7 + 21(b - 5);
r)(5c—83+4¢):9-(28¢—-20+2):6 — (Tc — 36 —31c): 12 = 6.

Onpe,ue.rm're MIPABHJIBHOCTE CIeAVIOIIHX JIOTHYEeCKHX BBIBOJOB:

a) Eciam HeKoTOpbIe TEHOPH! MOKT B BoabimoM TeaTrpe, TO HEKOTOpPBIE NoIKUe B Bob-
IIIOM TeaTpe — TEHOPHI.

6) Eciii HH OMH KOMAap He JOJINOMKHTENb, TO HH OJHH JOJTNOKHTeNbh — He KoMap.

B) Eciin Bce KOMNIBIOTEPHBIE UIDBI HHTEPECHEIE M HEKOTOPEIE HHTEPeCHbIe BEelIH JI00H-
MBI IIKOJBHHKAMH, TO HEKOTOPBIE JIOONMBIE ITKOJBHUKAMUA Bellld — KOMIIBIOTEpPHBIE
WTPEIL.

r) Ecam Bce AXTH mJIaBalT B MOpPe M HEKOTOpHIe ILja-
BAWOIME€ B MOpe MpeIMeThl He MMEIT NapycoB, 3HAYHT,
HEKOTOpbIe AXThl HE MMEIT IapyCcoB.

n) Ecim HE oguH aBcTpaldmicKHil abopureH He yMmeeT
pemaThk ypaBHeHHs, a HeKOTOpPBIe YMeEIOIHe pelrarh
YPaBHEHMs YMEIOT HUIpaTh B IDaxXMaThl, 3HAYHUT, HEKOTO-
pbIe YMeEIOMIMe UIPaTh B IIAXMATBL — He aBCTPAJMHACKHE
a0OopHUIreHbl.

e) Ecan BCce CTYZEHTHI CoaNU 3MUMHIOK CECCHIO U HH OJMH
CIaBLIMI BMMHIOI CECCHI0 He MMeJI ABOEK Ha JK3aMeHax,
3HAYUT, BCe CTYAEHThI He HME/IH JBOEK Ha 9K3aMeHaXx.

ITocTpoiiTe MaTeMaTH4eCKYIO MOJeJb M PeHIUTe 3aady:

a) [Isa TpakTOpHCTa BBIEXAJM OJHOBPEMEHHO M3 ABYX JepeBeHb HaBCTpedy APYT APY-
Iy ¥ BeTpeTHauch uepes 3 yaca. Ckopocru tpaktopuctoB 10 KM/u u 11 xM/u. Yemy
PaABHO DacCTOAHHE MEXKIY ropogamm?

6) JIBa manpHOOOWIIUWKA BHIEXANH OJHOBPEMEHHO B OJHOM HANPABJEHHH H3 ABYX Io-
pomoB A u B, Haxogamuxcsa Ha paccroanun 360 km apyr ot Apyra. CKOpocTs 0ZHOTO
panpHOOOHIMKa paBHa 65 KM/4. UeMy paBHA CKOPOCTE APYIOro OaJbHOOOHIIMKA, €CJIN
BcTpeua cocrouTca depes 9 waco? (PaccmorpuTe 06a BOSMOMKHBIX BapyaHTa.)

B) MockBa u CMoJIeHCK HaxoAATcsa Ha paccToaHuu 399 kM apyr ot apyra. [IBa beryHa
BBIOEIKAIHA OJHOBPEMEHHO B IIPOTHBONIOJIOMKHEIX HanpariaeHuax u3 Mockeer 1 u3 CMmo-
aencka. Ckopocers mepeoro 6eryua passa 10 km/4g. C Kakoil cKopocTsio 6e3xas BTOpOi
GeryH, ecin uepe3 30 MHH paccTOAHHE MEMKAY HUMH cTaso pasHo 410 xm?
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499' a) Muma crwemaer TopT 3a 6 wacos, Harama — 3a 4, a Banus — 3a 3. 3a xakoe BpeMs
cheaar aToT TopT Muma, Harama n Bansa smecre?

0) IlepBEIii HAacOC HATIOJHAET ITyCTOM OacceiiH 3a 15 yacoB, a BTOPOH HACOC BEIKAUMBAET
BCIO BOAY U3 Dacceiina 3a 25 wacos. Cumrasi, 4TO CKOPOCTH pPaGOThl HACOCOB TOCTOAH-
HBI, ONPEEIATe, 38 KaKoe BpeMs OyjeT HAIOJHEH aToT DacceiH, ecla’m OH IIYCTOH M
oba Hacoca HaAYHYT padoTaTh OJAHOBPEMEHHO.

B) B kaxkoM orHOIIeHuH HYKHO cMemiats 10% - m 25% -it pacTBOp CONAHON KMCJIOTEI,
41066l HTONYYNTE 18% -if pacTBOp CONAHOM KUCIOTHI?

r) Umeerca gBa Kycka CoJjaBa MeJy ¥ OJOBa C IPOLEHTHBLIM COAEP:KAHHEM O0JIOBA
9% n 27% coorBercTBeHHO. B KaKOM OTHOIIEHHH HYHHO B3ATH 9TH CILIABEI, YTOOEI,
IIePeIUIABUB B3AThIE KYCKH BMeECTe, NOJYUYHUThL CILIAB, cogepskamuit 17% osopa?

500 Ha ckonbko mpouerToB uncio A Menbine unciaa B? Ha ¢KOJbKO IPOLEHTOB YUCIO B

MeHbIle unciaa A? 1

15 _3 273 50
—0,4(3]°ﬁ—:(-0,6(2) 21 2" 05@) | 53

3— - (2@ 2%) (22

SOIJJ Onpepenurte, ABJAAETCHA JIA YHCJI0 PAIHOHAJILHBIM:
a) 0,241; B) 1,010010001; m) —3,03030308...;
6) —7,(36); r) —9,090090009...; e) 4,525525525...

502 Pemnte ypaBHEHME:
a) 6x + 3(2—-(Tx - 9)) ~ 2((3 — 8x) ~ 5) — 37 + 4(5 — bx) =
6) 1 -((y—3)-3(y +3) -2y + 23y — 4y — 0,52y - 8))) = -

w21 (5% — 35)(3x — 4)(Tx + 42)
B) 41(x - 8)* - y7r —56) ~ ¥ r) Bx + 30)(7 - 2)

5031 Haiizure 3HaYeHHEe GYKBEHHOIO BHIPAKEHHUS IPH YKA3AHHBIX 3HAYCHHAX OVKB:
a) (2a — (3ab + Ta)) —dab + 5a = (5~ (9 - (7T ~8ab))) + Bupua=-1, b = 8;
0) 2m + 5(3n — m) — Tm? — 14n® + (7 - 3,5(=2m?* = 4n%)) + 4m — Snupu m = 3, n = 0;

3) (5x + 9 — (7T — 3x)6x — 6 — (15 — x))9x + Ty — (18x — )
8(7 + 28x)(15 — 5x)
6p*q — 4pq® — (3p*q — 5pq®) . 21p*¢*(3p — 3q)
5p°¢° (70 — Tq)
50 Haii,n,m*e JAONYCTHMEBIE 3HAYEHHA INePeMeHHBIX H JOKaXHTe TOX AEeCTBA:
0,29ab* - 0,37a%b — (0,15ab* — 0,16a%b) + 0,21a%b

npu x = 5, y = —5;

r) ,mpup =1, ¢ =-L

8) 0, 7ab = 0,305
6) (5d — 40)7d — 63)6d + 9)(39d + 24)(10d — 16) -1
(27 — 3d)(10d + 15)(16 + 26d)(56 — 35d)(3d —24) )
50501 Kaxoit mudpoii okaHYNBAOTCA YUCHA:
a) 21%; 6) 31000; 8) 32" r) 7100; m 7% e) 772
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2. a) 12 ner; 6) 3 mec. aun; B) 540 M. 3. a) 97,68 Thic. p; 0) 32,68 xM; B) 115,89 T1. 4. a) 1900 mr.;
6) 640 Toic. p.; B) 400 p. 5. a) 8 m 4; 3 1 9; 6) 5w 23; 13 u 15; 21 u 7; B) 9 n 35; 20 u 24;
31 u 13; 42 mw 2; r) 11 u 36; 26 u 21; 41 u 6. 9. a) —20; 6) 3,2; B) 4; r) 5. 10. a) 348 rwm;
6) 1113 Teic. p.; B) 421, 385 u 154; r) 26,3 c. 11. a) 625,57 Tric. p.; 6) 24 ven. 13. a) 13,7; 6) 8,3.
15. 26 Bein. 16. 75 cryn. 17. 234 m%. 19. 2) 58°, 60°, 62°. 20. a) 10; 6) 1; B) 7. 23. a) 12 KM;

0) 1620 ‘-Ie.J'[ B) 56 uein. 24. a) 15 u 25; 6) 36; B) 18 25.a) 3 r‘o,ua 6) 792,5 TrIC. p. 26. 6) 3; B) 4§
r)—20; ) 56,e)15 27.32°.28.835 p. 29. a) 563. 30. a)35, 6) 22,5; B)l .32.153apau. 41.a)a +32+b: 21101;
6) 4,7b — 3,3a; — 9,72; B) (a : 5)(b — 34); 139,8; 1) (a — 90) : (b 12); 100. 43. B) Tc; 0,98; 1) ——:
300; ,u) k, ; 0,75; e)p,11 44. a) 37 128 p.; 6]16764013,3]36 45. 1) {-1; 0; 1}. 46, A= 2, B= -1,
A > B, 49 200 mr. 50. 144 p. 52. 1,5 4. 59. a) 21— u; 6) 6 4 40 muH; B) 18 crankos; r) 30 pabounx.
60. 2) 64 xr; 6) 484 cm; B) 21,75 u; 1) 2233 p. 61 a) 4abe; 0) 2,6ax; B) 3; ) 9; n) 3b; €) == 38x
#) 12an; 3) _q_ 65 1350 semnexonoB. 66. Kcioma — 2 4, ABTOH — 4 4. 67. C > B > A. 76. a) 4xy,
6) 6a + 12b; B) 13 7% + 3y; 1) ba + 10b; n) 14x + 5y + 42; e) 59x — 22y — 17 2z; x) 6x — 4y;
3) 2d — 4c. 77. a) 181; 0) —99; B) —355; r) —4. 78. a) 70 nmeii; 6) 12 u; B) 6 uen. 82. a) 632;
6) 83. 84. a) Ba — 8b; 6) 6,54x + I%y; B) m — 2p; r) a — d + 1. 85. Bropyio Gpurazgy.

86. A — 7 06., B — 2 06. 94. a) {1; 2; 4; 8; 16; 32}; 6) {15 2; 3; 6; 7; 14; 21; 42}; 8) {1; 2; 3; 4; 5;
6; 10; 12; 15; 20; 30; 60}; r) {1; 3; 9; 27 81} m) {1, 7 13, 91} 95. a) 1; 6) 2; B) 3; 1) 4. 96. a) 75;

©) 56; B) 90; r) 52. 97. a) 3 4. 98. a) §, 6) —67; B) E’ r) _Sﬁ' 105. a) HOII = 4, HOK = 1008;

6) HOII = 6, HOK = 720. 106. 4 xm/g. 107. a) 0,6; 6) 2,5. 110. a) 55,5; 6) 4,558; B) 3,46; 1) —7,5.
111. a) 2,77; 6) 10,23; ) 1; r) 2. 112. a) 34,4; 6) —13,1; B) 78,2. 113. a) 5068 m.; 6) 1519 r. 114.
a) 164, 95 TwiC. p.; 6) 2256 asro. 115. 6) 90°, 116. a) 22 374 xr; 6) 10 052 mm; B) —43 4. 117. a) 23 gua;

6) 2,5 u. 122. a) 3b 5) 3¢ 5) ax; r) . m) 1; o) 200 ‘wb . 123. 1) (~2; —1; 0; 1; 2; 3). 124. a) 40 u 5;

28 m17; 16 u 29; 4H41 6)45H9 281{26 11 u 43. 137 a) HOJII = 15; HOK = 23 100; 6) HOII = 195,
HOK = 20 475; 8) HOJl = 56, HOK = 2%.32.527.11.13; r) HOJ] = 1, HOK = 5.7211.13217.19.
140. B) {372; 405; 10 350}; n) {31 808}; K) &; M) {700}. 141. a) 9 xm; 6) 25%; B) 40%; r) 63 u 105;
n) 25 200 p.; e) ym. ma 12,5%; x) moxyzmen Ha 19%; 3) ym. Ha 1%. 142. a) 30 kr; 6) 50 kr;
B) 94,72% . 148. a) HOJIl = 24; HOK = 27 720; 6) HOMI = 91; HOK = 20 020. 151. r) {1260}; e) &;
3){925; 40 375}; u) {150 024}; n) {1260}; m) &, 152. a) 53 500 p.; 6) 15,35% ; B) npudsLs — 31 732 p.;
perrabensHocTs — 59,31% . 163. a) 4; 6) 6; B) 9. 166. %) — a; 3) b. 167. a) 16; 6) 150; B) 0,04;
r) 50; n) 200; e) 28; x) 2,5; 3) 0,00125; u) 0,001. 168. a) Kapa V — 16 xer, ®parnuck I — 32 roza,
Joporur XIV — 72 roxma; B) 5620 p. 170. a) moxg 10 % — 675 TeIC. p., moxg 6 % — 1125 Twic. p.;

6) 12 597,12 p.; B) 50 000 p.; r) 10%. 177. r) 3a; n) fgg 178. a) 140; 6) 8000; B) 120; r) 34 000;
n) 312 500; e) 500. 180. 2; yactuoe 0, ocrarox 2. 185. B) 11 u 7; n) 2 u 35; e) 14 u 3. 186. a) 11;
0) 16; B) 25; 1) 12. 191.B) n # 0, x —y; r) x # 1, c; e) a # b, m. 192, a) 7; 6) —2; B) —17; ) %
193. a) macurrab 10 : 1085, Lectus ~ 36 M, Hoanyna ~ 77 M, Xeonca ~ 139 m; 6) 46,4 m; B) 8 ra 43 a 75 m2;
r) 1:1200. 194. a) 96 gu.; 6) 25 gu. 197. a) 32; 6) 34. 200.6)a # 0, x # 0, x_;y; B)n#®0,x#y, %

201. a) 7; 6) 2. 202. sa nepsoe. 203. 2,5 gua. 206. e) 23. 207. a) 13; 6) 11; B) 41; r) 1; 1) 17;
e) 89. 209. e) 36. 210. a) {5; 10; 35; 70}; 6) {12; 24; 36; 72}; B) {18; 54; 342; 1026}. 211. a) x = 28,
y=12;06) x = 35, y = 42; B) x =60, y = 96; r) x = 231, y = 147. 212, a) 420 6anok; 6) 1200 m,
8 sramoB. 213. B) 1; 1) 3; 1) 12; e) 14. 215. a) C(10) uau C(34); 6) C(11,5) nau C(25); B) C(13)
uwinu C(20,5); r) C(4) mmua C(—20). 216. a) 14x + 5y + 4z; 6) 3¢ + 3b — 2a; B) x — 5; r) —0,5a — b.
217. a) I — 462 Tric. map, II — 306 Terc. map; 6) Ilerp I — 43 roxa, Wsam I'posneiit — 37 jer.
218. a) 203; ©0) 517. 220. 6) 2; B) 19. 221. a) —x — 5y; 6) 5,6a — 6b. 222. a) 1050 &r; 6) Muma — 7000 p.,
Mapuna — 4060 p. 223. a) x = 10, y = 6; 6) x =24, y = 18. 225. pagom co II gomom. 234. B) 2; r) 0.

236. 1) {~6; —1; 4; 9). 239. a) 512,6) sg—; B) 1%; r) 5,4. 240. a) 5,65; 6) 41,6; 8) 30,95. 241. a) 13,8 xm/u,
V, © 13,15 xm/4; 6) 6 cyrok; B) 2 4; r) 4 u. 242. a) 12 cyrox; 6) 11 RM/ti 247. a) 3; 6) 2,5.
248. a) 23,05; 6) 9,03. 249. a) 3 cyrok 3 w; 6) 5866 mT. 250. a) E=1; H=13; [1=20. 262. a) —4;

131

14’



OrBeTbi

6) —8. 263. a) 20,7 °C; 6) 108 p. 264. a) Mau; 6) 3 m/c. 268. a) 1,6; 6) 10. 269. a) 18 234 p.;
6) 63,6 xm/q. 270. 13 u 15 mun. 272. 839. 273. 23 roga, 29 xer, 31 rox. 277. a) 1; 6) 3; B) 5; r) 4;
o) 1; e) 4. 278. a) 4; 0) 23; B) 25; r) 72; 1) 17; e) 105; :x) 139; 3) 219. 283. a) a® — 4; 6) b2 + 2b — 3;

B) —2; 1) 6 — d. 284. a) —1; 6) 0,5. 285. a) 28 y; 0) 5% pab. ausa; B) 6 cyT. 16 u; 1) 8,5 muH. 290. a) —5;

6) —5,5. 292. cmoryr. 293. A = 9; B = 2; 9 = 1 (mod 2). 295. 15 mansuukoe u 12 geBouex.
296. Ilera — 65 mT., Bana — 35 mwr., Tona — 20 mrr. 298. 1) a) 8; 6) 9; B) 17; 1) 1; 1) 6; e) 5; 2) a) 2;
6) 5; B) 5; 1) 16; 1) 9; e) 6; 3) a) 15; 6) 14; B) 9; r) 17; ,11)3 e) 2. 299. a) 12; 6) 2; B) 1; 1) 2; n) 2;
e) 3; ) 2; 3) 4; u) 3. 307. a) -6; 6) — 25 3)84 r) 10; n)3,e)836 308. a) {-5; 5}; 6) J; B) {-9; 9};
r) @5 1) {05 e)~T; 7). 309. a) 2; 6) {& B)z ; 1) ~1. 310. ) wexs 360 r, 01080 — 180 1. 6) 2 : 1;

B) 4 1; r) 5 Kr. 311. 187,65 ra. 312. a) Hanﬁ = 75%, HauM. — 60%; 6) naub. — 75% , Haum. — 30%.
313. 1) a) 13; 6) 2; B) 4; 2) a) 9; 6) 12; B) 165 3) a) 5; 6) 16; B) 8. 314. a) 0; 6) 1; B) 2; r) 6; 1) 15;

e) 2. 317.a) 7; 6) % 318. a) {—4; 4}; 0) {-3; 3}; B) @; r) {-2; 2}. 319. a) %; 6) 7,5. 320. y. va 4%..
321. 10%. 323. 7. 324, 1 — 15 mo=er, II — 5 morer. 325. a) 164 30 muxn; 6) 3 u 15 mun; 8) 12 u 30 Muxn;
r) 3 u 45 mun. 329. a) 6; 6) 1; B) 2. 331. a) 4: 6) 3; B) 3; r) 2. 332. a) 0,5; 6) 0,34; B) 7%;

r) —3,75. 333. a) 31; 6) 43. 335. a) 4,5 u; 6) 40 npeixkos; B) 4 u; r) 250 M. 336. a) 96 mun;
6) B 3 pasa. 337. a) 3; 6) 10,; B) 21; 1) 31; n) 43;; e) 105,. 338. a) 25; 6) 159; B) 249; r) 90; x) 149.

342. 53. 343. 3. 345. a) 5; 6) 9. 346. a) eg; 6) 0,6. 347. 26 vun. 348. a) 2;; 6) 10.; 5) 13 ; 1) 20 ;

n) 34.; e) 53,. 349. a) 11; 6) 137; B) 11; r) 66; ) 114. 351. Kapn — 33 r., Knapa — 22 r. 366. a) 5;
2

6) 2 8) 1;1) 1; 1) 9; €) 4. 371 a) £; 6) -2,5a; B) ~2x — 3; 1) 2; A1) n — k; €) a. 372. a) 115; 6) 4%; B) -2;

r) —2. 373. a) 60 mr.; 6) 180 ap6. u 500 apG.; 8) I — 20, IT — 12, III — 80, IV — 12; r) ym. Ha 38,8%;
) 12,6 xkm/4; ~ 11, 89 KM/49; e) 8 u; k) 8 q, 374 a) 5,65; ©6) 41,6; B) 30,95, 375. a) ~ 31,8898;

6) 186 xr. 376. a] 3 0) —63, B) 1; I“)l ,n]4 380. a) 2; 6) 6. 381. a) 3; 6) 4. 384. a) C(5,5);

6) C(9) nau C(37); B) C(13) unu C(20,2); r) C(2) HIn C( 26). 385. a) 4 1; 6) 708 xr; B) 50 p. 387. a) 0,05;
0) —0,04; B) 0,175; 1) —0,375; m) —2,25; e) 0,6. 388. a) 0,5(0); 6) 27 .(0); B) —-0,1(6); r) 0,(63);

) —3,3(8); e) 0,6(81); .?K) 0 (153846], 3) —5,(380952). 391. a) 2; 6) 3, B) 4,9; r) 3,6. 393. e) 3;
3) 40. 395. a) 16; 6) 123, B) 2; 1) 2— 396. a) 18 km; 6) 60 RM/q, :B) 19 KM/g; 1) 100 m. 397. 24 kM.
398. a) —5,3(0); 6) 0,8(6); B) -8 (90), r) 7,(846153). 399. B) — 75 r'} ==- 401. a) —5; 6) 0,25. 403. a) 2;

0) —1,25. 404. 1 4. 405. 421 wt. 406. 5 xowm. 417. a) 14; 6)@ B) {— 4 5}. 419. a) 1 cyr.; 6) 35 nnel-r,
B) 8 u; r) 7,5 u. 420. a) 10; 6) 0,2; B) 2; r) —194; n) —0,12; e)08 421. a) 1; 6) 1; B) -10; r) —

424. B) —5a* r) 0,7n% — n. 425. 60 muu. 427. a) 5,5; 6) 8u13 B) . 428. 8 nex. 429. a) T; 6)—04
432. B 10 p. 435. n) —c—7d e] 15n — 12m; k) 0,2z — 0,1x; 3) —c. 436. B) x — 6; r) 10a; n) a + b;
e) —4. 437. a) 3,25; 6) — 3,3) 2, r) —4.439.8)8 —a; 1) 0. 440 a) 9; 0) —3; B) 3,5; ) 1. 441. a)—9'
6) ~T; 8) 0,2; 1) 0,6. 444. a) ~1; 5)1,3)10 r) 4; x) 2,025 e)g r)—3"‘ ) - 8(lm;e —3—’35 ) A

3) 40abc. 446.a) 1 : 3;6) 2 : 3; B}l J. 447. a) 7; 6) 11; B) 7; 1) 5. 448. B) —-8b; r) 026.449 a)2b—1
6) —6n. 450. a) x; 6) —2. 452, a)—04 6) — 1 453 a) -1; 6) 0,5. 456. a) 9 %; 06) 7 : 3. 457 a) 5; 6) 4.
458. 20. 459. 4M2 461 r)—0,6n; m3a,e)~—,m)——,a)3 463. a) B 3 p.; 6) B 2 p. 464. r)——,e) y,s)—
m) -85 x) - 4,M) k2 465. 6) 21; 1) &. 466. a) 1; 6) -2; 5)6 r) 3. 471. a) 1; 6) 25; n) 2 r)—27
472. a) 43 ,0%3; 0) 38 500p 473. a) 16 6) 3; B) = 34, r) 69 476. a) 1,5; 6) —pg; B) 3 ) =
478. B)—-, r) y,,r:) b,e) an ;) 2; 8) — y . 479. a)025 6) 7. 480. a) —4; 6) 30. 482, a) 22, 5%,6}6 3%.
483. 18. 486. B) 6; 1) 2; e)lU x) 4; 3} 20 u) 3; R) 492&)3 6) 2 — p; B) 2r. 494, a) 9,25; 6) J;
B) {—2,5; 4}. 495. a) -X; 6) <. B) a?; 1") 9 496. a) 1; 6)6 B) —3; 1) —2,2. 498. a) 63 xM; 6) 25 kM/u wanr
105 km/4; B) 12 KM/4. 499 a) 1 u 20 mun; 6) 37,5 4; 8) 7: 8; r) 5 : 4. 502. a) -3; 6) 2; B) 11;
) 2%. 503. a) -8; 6) 10; B) 3; 1) 3,6. 505. a) 6; 6) 1; B) 1; 1) 1; 1) 1; e) 3.
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TABJIMIIA KBAJIPATOB
HATYPAJIbHBIX YHUCEJI JIO 100

12 1 212 441 412 | 1681 | 61* | 3721 | 81* | 6561
22 4 222 484 42% | 1764 | 622 | 3844 | 822 | 6724
32 9 232 929 43* | 1849 | 63* | 3969 | 83* | 6889

42 16 242 576 44% | 1936 | 64* | 4096 | 84% | 7056

5° 25 252 625 45% | 2025 | 65 | 4225 | 85* | 7225

62 36 26° 676 46% | 2116 | 66* | 4356 | 867 7396

72 49 272 729 472 | 2209 | 67% | 4489 | 87> | 7569

82 64 282 784 48* | 2304 | 68% | 4624 | 88 | 7744

92 81 292 841 49% | 2401 | 69% | 4761 | 89 7921

10? 100 307 900 50 | 2500 | 70* | 4900 | 90> | 8100

112 121 312 961 51* | 2601 | 71* | 5041 | 91* | 8281

122 144 322 | 1024 | 52% | 2704 | 72 | 5184 | 92% | 8464

132 169 33% | 1089 | 53% | 2809 | 73* | 5329 | 93% | 8649

142 196 34* | 1156 | 54* | 2916 | 74® | 5476 | 94> | 8836

15* 225 35% | 1225 | 55* | 3025 | 75%* | 5625 | 95* | 9025

162 256 36* 1296 | 56* | 3136 | 76% | 5776 | 967 9216

172 289 372 | 1369 | 57 | 3249 | 77 | 5929 | 97 | 9409

182 324 38% | 1444 | 58> | 3364 | 78> | 6084 | 98% | 9604

19° 361 39% | 1521 | 59* | 3481 | 79* | 6241 | 99* | 9801

20?2 400 40> | 1600 | 60* | 3600 | 80* | 6400 | 100> | 10000
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IIPOCTBIE YHUCJIA

A0 1000

2 3 5 7 11 13 17 19 23 29
31 37 41 43 47 53 59 61 67 71
73 79 83 89 97 101 | 103 107 109 113
127 131 | 137 139 | 149 151 | 157 163 167 173
179 181 | 191 193 | 197 199 | 211 223 | 227 229
233 239 | 241 251 | 257 263 | 269 271 | 277 281
283 293 | 307 311 | 313 317 | 331 337 | 347 349
353 359 | 367 373 | 379 383 | 389 397 | 401 409
419 421 | 431 433 | 439 443 | 449 457 | 461 463
467 479 | 487 491 | 499 503 | 509 521 523 541
547 557 | 563 569 | 571 877 | 587 593 | 599 601
607 613 | 617 619 | 631 641 | 643 647 | 653 659
661 673 | 677 683 | 691 701 | 709 719 | 727 733
739 743 | 751 757 | 761 769 | 773 787 | 797 809
811 821 | 823 827 | 829 839 | 853 857 | 859 863
877 881 | 883 887 | 907 911 | 919 929 | 937 941
947 953 @ 967 971 | 977 983 | 991 997
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